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10. Bounded Linear Functionals in L2

In the following, (2, F, 1) is a measure space.
Definition 78 We call subsequence of a sequence (x,,),>1, any sequence of

the form (2g(n))n>1 where ¢ : N* — N* is a strictly increasing map.

EXERCISE 1. Let (E, d) be a metric space, with metric topology 7. Let (z,,)n>1
be a sequence in E. For all n > 1, let F,, be the closure of the set {z : k > n}.

1. Show that for all z € F, =, Zris equivalent to:
YVe>0, Ing>1, n>ny = d(z,,x) <e
2. Show that (F),),>1 is a decreasing sequence of closed sets in E.
3. Show that if F,, | 0, then (F¢),>1 is an open covering of E.
4. Show that if (E,T) is compact then N> F, # 0.

5. Show that if (E,T) is compact, there exists 2 € E such that for all n > 1
and € > 0, we have B(z,¢) N{zy , k > n} # 0.

6. By induction, construct a subsequence (z,,),>1 of (2,)n>1 such that
Ty, € B(x,1/p) for all p > 1.

7. Conclude that if (E,7) is compact, any sequence (z,),>1 in E has a
convergent subsequence.

EXERCISE 2. Let (E,d) be a metric space, with metric topology 7. We assume
that any sequence (z,)n,>1 in E has a convergent subsequence. Let (V;);er be
an open covering of E. For x € E, let:

r(z) 2 sup{r >0 : B(x,r) CV;, for somei € I}
1. Show that Vz € E, 3i € I, 3r > 0, such that B(z,r) C V;.

2. Show that Vz € E, r(z) > 0.

EXERCISE 3. Further to ex. (2), suppose infecpr(z) = 0.
1. Show that for all n > 1, there is x,, € E such that r(x,) < 1/n.

2. Extract a subsequence (xp, )g>1 of (x,)n>1 converging to some z* € E.
Let r* > 0 and i € I be such that B(x*,7*) C V;. Show that we can find
some ko > 1, such that d(z*, 2, ) <7"/2 and r(zy, ) <7 /4.

3. Show that d(z*, zy, ) < r*/2 implies that B(zn,, ,7"/2) C Vi. Show that
this contradicts r(zn,, ) < r*/4, and conclude that inf,epr(z) > 0.
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EXERCISE 4. Further to ex. (3), Let 79 with 0 < 79 < inf e r(x). Suppose that
E cannot be covered by a finite number of open balls with radius rq.

1.

Show the existence of a sequence (z,)n>1 in E, such that for all n > 1,
Tpi1 ¢ B(J)l,?“()) U...u B(J)n,’ro).

Show that for all n > m we have d(z,, ) > 7o.
Show that (z,)n>1 cannot have a convergent subsequence.

Conclude that there exists a finite subset {z1,...,2,} of E such that
E = B(J?lﬂ"o) U...u B(l‘n,’l“()).

Show that for all z € E, we have B(x,ry) CV; for some i € I.
Conclude that (F,7) is compact.

Prove the following:

Theorem 47 A metrizable topological space (E,T) is compact, if and only if
for every sequence (xy)n>1 i E, there exists a subsequence (Tn, )k>1 of (Tn)n>1

T
and some x € E, such that x,, — x.

EXERCISE 5. Let a,b € R ,a < b and (z,),>1 be a sequence in |a, b[.

1.

2.

Show that (z,),>1 has a convergent subsequence.

Can we conclude that ]a, b[ is a compact subset of R?

EXERCISE 6. Let E = [-M,M] x ... x [-M,M] C R"™, where n > 1 and
M € R*. Let Tr» be the usual product topology on R", and T = (Tr»)|E be
the induced topology on E.

1.

Let (zp)p>1 be a sequence in E. Let x € E. Show that z, 5 4 i

. Trn
equivalent to x, = .

Propose a metric on R", inducing the topology 7r~.

Let (2p)p>1 be a sequence in R"”. Let € R™. Show that z, B 2 if and

only if, x; I8 2i for all i € N,,.

EXERCISE 7. Further to ex. (6), suppose (zp),>1 is a sequence in E.

1.

2.

Show the existence of a subsequence (z4())p>1 Of (2p)p>1, such that

T
Thp) M 21 for some #t € [-M, M).

Explain why the above convergence is equivalent to x;(p) I5 41
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3. Suppose that 1 <k <n —1 and (yp)p>1 = (Te(p))p>1 is a subsequence of
(xp)p>1 such that:

Vi=1,...,k, m;(p) T8 23 for some #7 € [—M, M)

k+1 Tr

Show the existence of a subsequence (yy () )p>1 0f (¥p)p>1 such that y /o =

xF*1 for some 2**1 € [~ M, M].
4. Show that ¢ o : N* — N* is strictly increasing.
5. Show that (Zgoqy(p))p>1 is a subsequence of (z;,),>1 such that:

Vi=1,....k+1, I8 09 € [-M, M)

J
b0y (p)
6. Show the existence of a subsequence (z4(p))p>1 of (2p)p>1, and z € E,

such that Tg(p) Iz T

7. Show that (E,7g) is a compact topological space.

EXERCISE 8. Let A be a closed subset of R™, n > 1, which is bounded with
respect to the usual metric of R™.

1. Show that A C E = [-M, M|x...x[—M, M|, for some M € R™.

2. Show from E'\ A = EN A° that A is closed in E.

3. Show (A, (7r~)|4) is a compact topological space.

4. Conversely, let A is a compact subset of R"”. Show that A is closed and
bounded.

Theorem 48 A subset of R™ is compact if and only if it is closed and bounded
with respect to its usual metric.

EXERCISE 9. Let n > 1. Consider the map:
Cn

R2n
¢:{ (a1+ib1,...,an+ibn)

—
- (alvblv"'vanvbn)

1. Recall the expressions of the usual metrics dgr» and dge» of C" and R?"
respectively.

2. Show that for all z, 2" € C", dgn(z,2") = drzn (6(2), ¢(2')).

3. Show that ¢ is a homeomorphism from C" to R?".

4. Show that a subset K of C" is compact, if and only if ¢(K) is a compact
subset of R?".

5. Show that K is closed, if and only if ¢(K) is closed.
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6. Show that K is bounded, if and only if ¢(K’) is bounded.

7. Show that a subset K of C" is compact, if and only if it is closed and
bounded with respect to its usual metric.

Definition 79 Let (E,d) be a metric space. A sequence (zy)n>1 in E is said
to be a Cauchy sequence with respect to the metric d, if and only if for all
€ > 0, there exists ng > 1 such that:

n,m>ng = dT,,Tm) <€

Definition 80 We say that a metric space (E,d) is complete, if and only if
for any Cauchy sequence (z,,)n>1 in E, there exvists x € E such that (z,)n>1
converges to x.

EXERCISE 10.

1. Explain why strictly speaking, given p € [1, +00], definition (77) of Cauchy
sequences in L% (2, F, 1) is not a covered by definition (79).

2. Explain why L4 (9, F, p) is not a complete metric space, despite theo-
rem (46) and definition (80).

EXERCISE 11. Let (z;)r>1 be a Cauchy sequence in C™, n > 1, with respect to
the usual metric d(z, 2’) = ||z — 2’||, where:

1. Show that the sequence (zx)x>1 is bounded, i.e. that there exists M € R™
such that ||zx]| < M, for all k > 1.

2. Define B = {z € C", ||z|| < M}. Show that §(B) < 400, and that B is
closed in C™.

n

3. Show the existence of a subsequence (zj, )p>1 of (2x)k>1 such that z, =
z for some z € B.

4. Show that for all ¢ > 0, there exists pg > 1 and ng > 1 such that
d(z, 21, ) < €/2 and:

k>ny = d(zk,zkm) < 6/2

5. Show that z Top z.

6. Conclude that C™ is complete with respect to its usual metric.

7. For which theorem of Tutorial 9 was the completeness of C used?
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. Ton
EXERCISE 12. Let (zx)r>1 be a sequence in R™ such that zy <" 2, for some
zeC".

1.
2.

Show that z € R™.

Show that R is complete with respect to its usual metric.

Theorem 49 C" and R™ are complete w.r. to their usual metrics.

EXERCISE 13. Let (F,d) be a metric space, with metric topology 7. Let F' C E,
and F denote the closure of F.

1.
2.

10.
11.
12.

Explain why, for all z € F and n > 1, we have F N B(z,1/n) # 0.
Show that for all € F, there exists a sequence (Tn)n>1 in F, such that

T
T, — .

Show conYersely that if there is a sequence (z,)p>1 in F with x, z, z,
then x € F.

. Show that F' is closed if and only if for all sequence (zy),>1 in F' such

that z,, Z, & for some = € FE, we have x € F.
Explain why (F,7|r) is metrizable.

Show that if F' is complete with respect to the metric dpyp, then F is
closed in E.

Let dg be a metric on R, inducing the usual topology 7g. Show that
d’ = (dg)rxr is a metric on R, inducing the topology 7.

Find a metric on [—1,1] which induces its usual topology.
Show that {—1,1} is not open in [—1,1].

Show that {—o0, +00} is not open in R.

Show that R is not closed in R.

Let dr be the usual metric of R. Show that d’ = (dg ) rxr and dr induce
the same topology on R, but that however, R is complete with respect to
dgr, whereas it cannot be complete with respect to d'.

Definition 81 Let H be a K-vector space, where K =R or C. We call inner-
product on H, any map (-,-) : H x H — K with the following properties:

(i)  VeyeH, (z,y) = (y)
) VeyzeH, (+zy) = (2,y) + (2,9)
) Ve,y € H,Va e K, (az,y) = alz,y)
(iv) VeeH, (z,z) >0
) VeeH, ((z,z) =0 & x=0)
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where for all z € C, Z denotes the complex conjugate of z. For all x € H, we
call norm of x, denoted ||z||, the number defined by:

Izl £ {z, 2)

EXERCISE 14. Let (-,-) be an inner-product on a K-vector space H.
1. Show that for all y € H, the map = — (z,y) is linear.
2. Show that for all z € H, the map y — (x,y) is linear if K = R, and

conjugate-linear if K = C.

EXERCISE 15. Let (-,-) be an inner-product on a K-vector space H. Let z,y €
H. Let A = ||z||?, B = |{z,y)| and C = ||y||?. let @ € K be such that |a| = 1
and:

B=alny)

1. Show that A, B,C € Rt.

2. For all t € R, show that (z — tay,» — tay) = A — 2tB + t2C.
3. Show that if C = 0 then B? < AC.

4. Suppose that C' # 0. Show that P(t) = A — 2tB + t>C has a minimal
value which is in R*, and conclude that B? < AC.

5. Conclude with the following:

Theorem 50 (Cauchy-Schwarz inequality:second) Let H be a K-vector
space, where K = R or C, and (-,-) be an inner-product on H. Then, for all
x,y € H, we have:

[z 9)| < [l[- ]Iyl

EXERCISE 16. For all f,g € LE(Q, F, i), we define:

/ Jgdu

1. Use the first Cauchy-Schwarz inequality (42) to prove that for all f, g €
LEL(Q, F, ), we have fg € LE(Q, F,u). Conclude that (f,g) is a well-
defined complex number.

2. Show that for all f € LEL(Q2, F, ), we have | fll2 = /(f, )

3. Make another use of the first Cauchy-Schwarz inequality to show that for
all f,g € LE(Q,F, 1), we have:

(£ < ([ fll2-llgll2 (1)
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4. Go through definition (81), and indicate which of the properties (i) — (v)
fails to be satisfied by (-,-). Conclude that (-,-) is not an inner-product
on L%(Q,F, 1), and therefore that inequality (*) is not a particular case
of the second Cauchy-Schwarz inequality (50).

5. Let f,g € L&(Q, F, ). By considering [(|f|+ t|g|)?du for ¢t € R, imitate
the proof of the second Cauchy-Schwarz inequality to show that:

[ Vssla< (/QIfIQduf (f IQIQdM)%

6. Let f,g: (,F) — [0,400] non-negative and measurable. Show that if
J f?dp and i g?dp are finite, then f and g are p-almost surely equal to
elements of L& (€2, F, ). Deduce from 5. a new proof of the first Cauchy-
Schwarz inequality:

e (L)’ ()

EXERCISE 17. Let (-,-) be an inner-product on a K-vector space H.
1. Show that for all z,y € H, we have:
[ +yl? = [l2* + lyll* + (2, ) + (z,9)
2. Using the second Cauchy-Schwarz inequality (50), show that:
o +yll < llzl + [yl

3. Show that d(. .y(x,y) = ||z — y|| defines a metric on H.

Definition 82 Let H be a K-vector space, where K =R or C, and {-,-) be an
inner-product on H. We call norm topology on H, denoted 7. .y, the metric
topology associated with d. .y(x,y) = ||z —y|.

Definition 83 We call Hilbert space over K where K = R or C, any
ordered pair (H,(-,-)) where (-,-) is an inner-product on a K-vector space H,
which is complete w.r. to d. y(z,y) = ||z —yl|.

EXERCISE 18. Let (H, (-,-)) be a Hilbert space over K and let M be a closed
linear subspace of H, (closed with respect to the norm topology 7. .y). Define

[ = () mxm
1. Show that [-,] is an inner-product on the K-vector space M.
2. With obvious notations, show that d[. .} = (d(..))| mxm-

3. Deduce that 71. 1 = (7(..y)jm-
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EXERCISE 19. Further to ex. (18), Let (z,,)n>1 be a Cauchy sequence in M,
with respect to the metric dj. ;.

1. Show that (z,)n>1 is a Cauchy sequence in H.

T
2. Explain why there exists « € H such that z,, S g

3. Explain why x € M.

T,
4. Explain why we also have z, g

5. Explain why (M, (-,-)|amxam) is a Hilbert space over K.

EXERCISE 20. For all 2,2’ € C™, n > 1, we define:
(z,2") 2 z”: 2%
i=1
1. Show that (-,-) is an inner-product on C".
2. Show that the metric dy. .y is equal to the usual metric of C".
Conclude that (C™, (-,-)) is a Hilbert space over C.

Show that R" is a closed subset of C".

Show however that R is not a linear subspace of C™.

SO A

Show that (R"™, (-, -)g»xr~) is a Hilbert space over R.

Definition 84 We call usual inner-product in K", where K = R or C, the
inner-product denoted (-,-) and defined by:

n
V(E,y e K" ) (x,y> = szgz
i=1

Theorem 51 C" and R" together with their usual inner-products, are Hilbert
spaces over C and R respectively.

Definition 85 Let H be a K-vector space, where K = R or C. Let C C H.
We say that C is a convex subset or H, if and only if, for all x,y € C and
t € [0,1], we have tx + (1 —t)y € C.

EXERCISE 21. Let (H, (-,-)) be a Hilbert space over K. Let C C ‘H be a non-
empty closed convex subset of H. Let g € H. Define:

Sunin = inf{||z — zo| : z €C}
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1. Show the existence of a sequence (zp,),>1 in C such that
||xn - CL'()” i 5min~

2. Show that for all z,y € H, we have:

lz = ylI* = 2]lz|* + 2[lyl|* — 4

r+y 2
2

3. Explain why for all n,m > 1, we have:

Tn + Ty
2

<

6min =~ — Xo

4. Show that for all n,m > 1, we have:
2

min

l2n = @m | < 2l|ln = @0l* + 2l|zm — z0]|* — 40

T
Show the existence of some z* € H, such that x, 80 2,

Explain why a* € C

Show that for all z,y € H, we have | ||z| — ||y|l | < ||z — y]|.

® N o o

Show that ||z, — xo|] — ||z* — xo]|
9. Conclude that we have found z* € C such that:
lz* — xol] = inf{||z — zo|| : =z €C}
10. Let y* be another element of C with such property. Show that:
lz* = y*[|* < 2f|2* — 20]|* + 2[ly* — zol|* — 4955,

11. Conclude that x* = y*.

Theorem 52 Let (H,(-,-)) be a Hilbert space over K, where K =R or C. Let
C be a non-empty, closed and convexr subset of H. For all xg € H, there exists
a unique x* € C such that:

lz* — a0l = inf{||z — zo|| : = €C}

Definition 86 Let (H,(-,-)) be a Hilbert space over K, where K = R or C.
Let G C H. We call orthogonal of G, the subset of H denoted G+ and defined
by:

Qlé{xEH s {zy)=0,Vyeg}

EXERCISE 22. Let (H, (-,-)) be a Hilbert space over K and G C H.

1. Show that G is a linear subspace of H, even if G isn’t.
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2. Show that ¢, : H — K defined by ¢,(z) = (z,y) is continuous.

3. Show that G+ = Nyecgd, ' ({0}).

4. Show that G+ is a closed subset of H, even if G isn’t.

5. Show that )+ = {0}+ = H.

6. Show that H* = {0}.
EXERCISE 23. Let (H, (-, -)) be a Hilbert space over K. Let M be a closed linear
subspace of H, and zg € H.

1. Explain why there exists * € M such that:

|lz* — xo|| = inf{ ||z — x| : €M}
2. Define y* = xg — x* € H. Show that for all y € M and a € K:
ly*I1” < lly™ — ayll?
3. Show that for all y € M and a € K, we have:
0 < —aly,y") —aly,y*) + o]yl

4. For all y € M\ {0}, taking o = (y,y*)/||y||?, show that:
*\ |2
y< L)

[yl

5. Conclude that z* € M, y* € M+ and 2oy = z* + y*.
6. Show that M N ML = {0}

7. Show that 2* € M and y* € M~ with xg = 2* + y*, are unique.

Theorem 53 Let (H,(-,-)) be a Hilbert space over K, where K = R or C.
Let M be a closed linear subspace of H. Then, for all xo € H, there is a unique
decomposition:

where x* € M and y* € M.

Definition 87 Let H be a K-vector space, where K = R or C. We call linear
functional, any map A : H — K, such that for all z,y € H and o € K:

Az + ay) = Mx) + ai(y)

EXERCISE 24. Let X be a linear functional on a K-Hilbert! space H.

INorm vector spaces are introduced later in these tutorials.
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1. Suppose that A is continuous at some point xg € H. Show the existence
of 7 > 0 such that:

VeeMH, [lx—xol| <n = |[ANz) = AMao)| <1
Show that for all # € H with = # 0, we have |A(nz/||z|])| < 1.
2. Show that if X is continuous at xg, there exits M € R™, with:
Ve e, [Az)| < Ml (2)

3. Show conversely that if (2) holds, A is continuous everywhere.

Definition 88 Let (H,(-,-)) be a Hilbert®> space over K =R or C. Let X be a
linear functional on H. Then, the following are equivalent:

(i) A (H,7.y) — (K,Tk) is continuous
(i1) IM eRT | VxeH, |Az)| < M.||z||

In which case, we say that \ is a bounded linear functional.

EXERCISE 25. Let (M, (-,-)) be a Hilbert space over K. Let A be a bounded
linear functional on H, such that A(xz) # 0 for some = € H, and define M =

ATH{OD).
1. Show the existence of xg € H, such that xg & M.
2. Show the existence of z* € M and y* € M~ with xg = z* + y*.
3. Deduce the existence of some z € M= such that |z|| = 1.

4. Show that for all & € K\ {0} and = € H, we have:

&(z, az) = Ax)

5. Show that in order to have:
VeeH, MNz) = (z,az)
it is sufficient to choose o € K\ {0} such that:

A
Ve eH , %—xEM

6. Show the existence of y € H such that:
Ve e H, M) = {(z,y)

7. Show the uniqueness of such y € H.

2Norm vector spaces are introduced later in these tutorials.
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Theorem 54 Let (H,(-,-)) be a Hilbert space over K, where K = R or C.
Let X be a bounded linear functional on H. Then, there exists a unique y € H
such that: Yo € H , ANz) = (z,y).

Definition 89 Let K = R or C. We call K-vector space, any set H,
together with operators & and @ for which there exits an element Oy € H such
that for all x,y,z € H and «, f € K, we have:

(a+f)@r=(a@r)® (B 7)
a®(rdy)=(a2r)® (a®y)

(1) Oy br==x

(i1) IH—x)eH, (—z)Dax=0x
(ii4) r®(ydz2)=(xdy) Dz
(iv) Thy=ydu

(v) l@r==z

) a@@er)=(f)®

)

)

EXERCISE 26. For all f € L% (€, F, 1), define:

HE{[f] : felk(QFop)}

where [f] = {g € Lg(F,p) : g = f,pras}. Let Oy = [0], and for all
[f],19] € H, and o € K, we define:

[f] & 9] [f +4]

a®|[f] [af]
We assume f, f/,g and ¢’ are elements of L& (Q, F, u).

> >

1. Show that for f = g p-a.s. is equivalent to [f] = [g].

2. Show that if [f] = [f'] and [g] = [¢], then [f +g] = [f" + ¢'].
3. Conclude that @ is well-defined.

4. Show that ® is also well-defined.

5. Show that (H,®,®) is a K-vector space.

EXERCISE 27. Further to ex. (26), we define for all [f], [¢] € H:

(U7 (gl 2 / fady

1. Show that (-, )y is well-defined.

2. Show that (-, -)# is an inner-product on H.
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3. Show that (H, (-, -)#) is a Hilbert space over K.

4. Why is (f, g) 2 Jo fgdp not an inner-product on Lg (Q, F, p)?

EXERCISE 28. Further to ex. (27), Let A : L& (Q,F,u) — K be a continuous
linear functional®. Define A : H — K by A([f]) = A(f).

1. Show the existence of M € R* such that:
Vi€ Lg(Q,F,n) , IMF| <M fl2

2. Show that if [f] = [g] then A(f) = A(g).
3. Show that A is a well defined bounded linear functional on H.

4. Conclude with the following:

Theorem 55 Let A\ : L (Q,F,u) — K be a continuous linear functional,
where K = R or C. There exists g € L (Q, F,p) such that:

Vi€ L Fop)  A(f) = / fady
Q

3As defined in these tutorials, L%< (92, F, n) is not a Hilbert space (not even a norm vector
space). However, both L2 (2, F, 1) and K have natural topologies and it is therefore mean-
ingful to speak of continuous linear functional. Note however that we are slightly outside the
framework of definition (88).

www.probability.net


http://www.probability.net

Solutions to Exercises 14

Solutions to Exercises

Exercise 1.

1.

Let (x,,)n>1 be a sequence in F, and € E. Suppose that x, Z 2. Let
e > 0. The open ball B(z,€) being open in FE, there exists ng > 1, such
that n > ng = x, € B(z,€). In other words, we have:

n>nyg = d(xz,,z) <e (3)

Conversely, suppose that for all € > 0, there exists ng > 1 such that (3)
holds. Let U be open in E, with x € U. By definition (30) of the metric
topology, there exists € > 0 such that B(xz,e) C U. Since, there exists
ng > 1 such that (3) holds, we have found ny > 1 such that:

n>ny = x, €U

This proves that x, R

. B, ={xk: k>n}. So F,41 C F, for all n > 1. Being the closure of some

subset of E, for all n > 1, F,, is a closed subset of E, (see definition (37)
and following exercise). It follows that (F,),>1 is a decreasing sequence
of closed subsets of F.

Suppose F, | 0, ie. F,11 C F, with N,>1F,, = 0. Then:

+00 ¢ 4o
E=0°= (ﬂ Fn> = JFs
n=1 n=1

Since each F, is closed in F, each F is an open subset of . We conclude
that (FS),>1 is an open covering of E.

Suppose (E,T) is compact. If N,>1F, = 0, then from 3. (Ff),>1 is an
open covering of F, of which we can extract a finite sub-covering (see
definition (65)). There exists a finite subset {n1,...,n,} of N* such that:

E=Fg U...UFS

and therefore Fy,, N... N F, = (. However, without loss of generality,
we can assume that n, > n;, for all K =1,...,p. Since F;,11 C F, for all
n > 1, it follows that:

Fo,=F,N...0F,, =0

This is a contradiction since I, contains all x;’s for k > n,. We conclude
that if (E,7) is a compact, then N,>1F), # 0.

Suppose (E,T) is compact. From 4., there exists © € Ny>1F,. Then, for

all n > 1, we have x € F,, = {xy : k > n}, i.e. x lies in the closure of
{z), : k > n}. It follows that for all € > 0:

{zr:k>n}NBx,e) #0 (4)
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We have proved the existence of z € E, such that (4) holds for all n > 1
and € > 0.

6. Let z € E be as in 5. Take n = 1 and ¢ = 1. Then, we have {xj : k >
1} N B(x,1) # 0. There exists ny; > 1, such that z,, € B(x,1). Suppose
we have found n; < ... < n, (p > 1), such that z,, € B(x,1/k) for all
ke N,. Taken=n,+1and e=1/(p+1) in 5. We have:

{zg:k>n,+1}NBx,1/(p+1)) #0

So there exists ny41 > nyp, such that z, ., € B(z,1/(p + 1)). Follow-
ing this induction argument, we can construct a subsequence (x,),>1 of
(n)n>1, such that x,,, € B(x,1/p) for all p > 1.

7. If (E,T) is compact, then from 5. and 6., given a sequence (x,,),>1 in E,
there exists x € E and a subsequence (x,,),>1 such that d(z,z,,) < 1/p

for all p > 1. From 1., it follows that z,,, L ras p — —+oo, and we have
proved that any sequence in a compact metric space, has a convergent
subsequence.

Exercise 1

Exercise 2.

1. Let € E. By assumption, (V;);cs is an open covering of E, so in partic-
ular £ = U;c;V;. There exists i € I, such that x € V;. Furthermore, V; is
open with respect to the metric topology on E. There exists r > 0, such
that B(z,7) C V;. We have proved that for all x € FE, there exists ¢ € [
and r > 0, such that B(z,r) CV;.

2. Let € E. Then r(x) = sup A(x), where:
A(z) & {r>0:3i eI, Bla,r) CV}

From 1., the set A(x) is non-empty. There exists r > 0 such that r € A(z).
r(x) being an upper-bound of A(z), we have r < r(z). In particular,
r(x) > 0. We have proved that for all x € E, r(z) > 0.

Exercise 2
Exercise 3.
1. Let o = inf epr(z). We assume that & = 0. Let n > 1. Then a < 1/n.

a being the greatest lower bound of all r(z)'s for € E, 1/n cannot be
such lower bound. There exists =, € F, such that r(z,) < 1/n.

2. From 1., we have constructed a sequence (2, )p>1 in E, such that r(z,) <
1/n for all n > 1. By assumption (see previous exercise (2)), the metric
space (E,d) is such that any sequence has a convergent sub-sequence. Let

(@n,, )k>1 be a sub-sequence of (x,,),>1 and let * € E, be such that z,,, R
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x*. From exercise (2), there exists r* > 0 and i € I, with B(z*,r*) C V;.

Since r* > 0 and xy,, KR x*, there exists k| > 1, such that:
k>ky = da*,x,,) <r"/2

Since ny, 1 400 as k — +oo, there exists k{ > 1, such that:
1
k>kl = — <r*/4
ng

It follows that for all k& > k{j, we have r(z,,) < 1/ny < r*/4. Take
ko = max(kg, ky). We have both d(z*, x,, ) <r*/2 and r(zy, ) < r*/4.

3. From 2., we have found ko > 1, such that d(z*,zp, ) < r*/2. Let y €
B(xn,,,7*/2). Then, from the triangle inequality:

* * T'* T* %
d(:L‘ ’y) < d(x 7xnk0) +d(xnk07y) < 5 + 3 =T
Soy € B(z*,r*). Hence, we see that B(zn, ,r*/2) C B(z*,r*). However,
from 2., B(z*,7*) C Vi. So B(wy, ,r*/2) C V;. It follows that r*/2
belongs to the set:
A(@n,, ) ={r>0:3iel, B(xn,,,r) CVi}

and consequently, 7*/2 < 7(zp, ) = sup A(x,, ). This contradicts the
fact that r(zn,, ) < 7*/4, as obtained in 2. We conclude that our initial
hypothesis of a = infyegr(x) = 0 is absurd, and we have proved that
infrepr(x) > 0.

Exercise 3

Exercise 4.

1. Let 79 > 0 be such that 0 < r¢g < inf,egr(z). We assume that E cannot
be covered by a finite number of open balls with radius ro. Let x; be
an arbitrary element of E. Then, by assumption, B(x1,7) cannot cover
the whole of E. There exists zo € E, such that zo ¢ B(z1,79). By
assumption, B(z1,r9) U B(xg,r9) cannot cover the whole of E. There
exists x3 € E, such that x3 € B(x1,79) U B(x2,70). By induction, we can
construct a sequence (z,)n>1 in E, such that for all n > 1:

Tny1 & B(x1,7m0) U...UB(2n,70)
2. Let n > m. Then z,, & B(xm,10). S0 d(Tpn,Tm) > ro.

3. Suppose (zy)n>1 has a convergent sub-sequence, There exists * € E, and

a sub-sequence (x,, )r>1 such that z,, Z 4*. Take ¢ = ro/4 > 0. There
exists kg > 1, such that:

k>ko = dx*,z,,) <ro/4
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It follows that for all k, k' > kg, we have:
d(Zny > Tn,, ) < d(@”,2p,) +d@*,2,,,) <710/2

This contradicts 2., since d(xy, , Tn,,) > ro for k # k'. So (2,)n>1 cannot
have a convergent sub-sequence.

4. From 3., (z,)n>1 cannot have a convergent sub-sequence. This is a con-
tradiction to our initial assumption (see exercise (2)), that any sequence in
E should have a convergent sub-sequence. It follows that the hypothesis
in 1. is absurd, and we conclude that F can indeed be covered by a finite
number of open balls of radius rg. In other words, there exists a finite
subset {z1,...,2,} of E, such that E = B(x1,79) U...U B(xy, 7).

5. Let « € E. By assumption, ro < infyepr(z). In particular, we have
ro < r(x) = sup A(z), where:

Alx)={r>0:3iel, B(z,r) CV;}

r(z) being the smallest upper-bound of A(z), it follows that ry cannot be
such upper bound. There exists r > 0, r € A(x), such that ro < r. Since
r € A(z), there exists i € I, such that B(z,r) C V;. But from o < r,
we conclude that B(x,rg) C V;. We have proved that for all © € F, there
exists ¢ € I, such that B(z,rg) C V;.

6. From 4., we have E = B(x1,7r0) U...U B(x,,19). However, from 5., for
all k € N, there exists i, € I, such that B(zg,ro) C V;,. It follows that:

E=V,,U...UV,, (5)

Given a family of open sets (V;);er such that E = U;eV; (see exercise (2)),
we have been able to find a finite subset {iy,...,i,} of I, such that (5)
holds. We conclude that the metrizable space (E,7) is a compact topo-
logical space.

7. Let (E,T) be a metrizable topological space. If (E,7) is compact, then
from exercise (1), any sequence in E has a convergent sub-sequence. Con-
versely, if E' is such that any sequence in E has a convergent sub-sequence,
then as proved in 6., (E,7) is a compact topological space. This proves
the difficult and very important theorem (47).

Exercise 4

Exercise 5.

1. Let a,b € R, a < b. Let (x,,)n>1 be a sequence in Ja,b[. In particular,
(n)n>1 Is a sequence in [a, b]. From theorem (34), [a, ] is a compact sub-
set of R. Applying theorem (47), there exists a subsequence (2, )k>1 of
()n>1, and z € [a, b], such that x,, — z*. So (x,,),>1 has a convergent
subsequence.

. : Tr Tla,b]
4In a clear context, we shall omit notations such as zn, 5 z or zn, — .
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2. No. One cannot conclude that ]a,b[ is compact. In fact, R being Haus-

dorff, from theorem (35), if |a,b] was compact, it would be closed, and
] — 00, a] U [b,+00[ would be open in R...One has to be careful with the
phrase having a convergent subsequence. As proved in 1., any sequence in
la,b[ has a convergent subsequence, but the limit of such subsequence may
not lie in Ja, b[ itself (we only know for sure it lies in [a,b]). This is why,
one cannot apply theorem (47) to conclude that ]a, b[ is compact.

Exercise 5

Exercise 6.

1.

The equivalence between z, %5 4 and Zp R 4 has already been proved
in exercise (7) of the previous tutorial. Since the topology 7 is induced
by the topology Tr» on E, whether we regard (z,),>1 and z as belonging
to E or R", is irrelevant as far as the convergence x, — z is concerned.
Note however that it is important to have z, € Fforallp > 1, and z € E.

As seen in exercise (14) of Tutorial 6, various metrics will induce the
product topology 7g~» on R™. The most common, viewed as the usual
metric on R", is:

AN
dQ(xa y) =

Other possible metrics are:

A i i
di(z,y) = 2" =y
=1

or:

yAN . .
doo(2,y) = max |z* —y'|

Let (z,)p>1 be a sequence in R™ and z € R". Suppose that z, — x°.

Then for all € > 0, there exists pg > 1, such that:

n

p>po = di(x,xp) :Z|xi —x;| <e
i=1

In particular, for all i € N,,, we have:
p>po= |2 x| <e

So x; — %6 for all i € N,,. Conversely, suppose x; — ' for all i’s. Given
€ > 0, for all i € N,,, there exists p; > 1, such that:

p>pi = |mi—m§,|§e/n

5

6

. Tgrn
i.e. xp — x, as should be clear from context.

. i TR
ie. xj, — ', as should be clear from context.
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Taking pp = max(p1,...,pn), we obtain:
p>po = di(x,xp) Z|x —xz|<e

So x, — x, which is equivalent to [z/, — 2 for all i € N,]. Note that
although we used the metric structure of R and R"™ to prove this equiv-
alence, we had no need to do so. In fact, any sequence with values in
an arbitrary product, even uncountable, of topological spaces, even non-
metrizable, will converge if and only if each coordinate sequence itself
converges. For those interested in this small digression, here is a quick
proof: let (x,),>1 be a sequence in the product IL;c;€;. Let = be an
element of II;c€2;. Suppose z, — z, with respect to the product topol-
ogy. Let i € I and U be an arbitrary open set in €2; containing z*. Then
U x H#ZQJ» is an open set in IT;c7€; containing . Since x, — x, zp is
eventually” in U x ILj4;Q;. It follows that x, is eventually in U, and we
see that xp — z'. Conversely, suppose xp — ' for all i € I. Let U be
an open set in I1;¢7€); containing x. There exists a rectangle V = ;¢ A;
such that 2 € V. C U. Theset J={i € I:A; # Q;} is finite, and for all
j €J, Aj is an open set in €; containing 7. From xJ — x7 we see that
xg, is eventually in A;. J being finite, it follows that =, is eventually in
(ILjesA;) x (I;gsQ) = V. Since V C U, z, is eventually in U, and we
have proved that z, — x.

Exercise 6

Exercise 7.

1. Let (zp),>1 be a sequence in E. Then (x}),>1 is a sequence in [-M, M],
which is a compact subset of R. From theorem (47), we can extract
a subsequence of (x )p>1, converging to some z* € [~M, M]. In other
words, from deﬁnltlon (78), there exists a strictly increasing map ¢ : N* —

N*, and z! € [-M, M] such that® xé)(p) — 2!, Hence, we have found a
subsequence (z4(y))p>1 such that z}  — a', for some ' € [-M, M].

2. The topology on [—M, M] being induced by the topology on R, the con-
vergence x;(p) — a1 is independent of the particular topology (that of R

r [—M, M]) with respect to which, it is being considered.

3. Let 1 <k <n—1 Let (yp)p>1 = (T4(p))p>1 be a subsequence of (zp),>1,
with the property that for all 7 € Ny, we have yj — 27 for some 2/ €
[—M, M]. Then, (yh™)p>1 is a sequence in the compact interval [—M, M].
From theorem (47), there exists a strictly increasing map ¢ : N* — N*
such that yzzrpl) — zk*1 for some z¥+! € [-M, M].

“there exists pp > 1 such that p > pg = xzp € U X I 2;2;.

(- M, M) Tr
="zl which is the same as z® = gl

8: 1
16 T é(p)

&(p)
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4. If both ¢, : N* — N* are strictly increasing, so is ¢ o 1.

5. Since ¢ o ¢ is strictly increasing, (Tgoy(p))p>1 is indeed a subsequence

of (x)p>1, which furthermore coincides with (yyp))p>1, as defined in 3.

k+1 k+1
It follows that x; . : )
(Yp)p>1 is assumed to be such that y) — 27 for all j € Ny. Hence, we
— 27 for all j € N. We conclude that

— T Furthermore, from 3. the subsequence

J J i J
also have Yy = T 1€ Toou(p)

($¢ow(p))p21 is a subsequence of (xp)p>1 such that xéow(p) — 27 for all
J € Npy1.

. From 1., given a sequence (z,)p>1 in E, we can extract a subsequence

(Tp(py)p>1 Of (2p)p>1 such that xé(p) — ! for some 2! € [-M, M]. Given
1 <k <n—1, and a subsequence (z4(p))p>1 Of (7p)p>1, such that for all
7 € Ny, mé(p) — a7 for some 27 € [~ M, M], we showed in 5. that we could
extract a further subsequence (240 (p))p>1 having a similar property for
all j € Njy1. By induction, it follows that there exists a subsequence
(Tp(py)p>1 Of (7p)p>1, such that for all j € N, we have xé(p) —
for some 2/ € [-M,M]. Hence, taking z = (a!,...,2"), we see that
T(p) — 2.

. Let (zp)p>1 be a sequence in E. From 6., there exists x € E, and a

subsequence (Z4(p))p>1 Of (Tp)p>1, With 24,y — . From theorem (47),
we conclude that (E,7g) is a compact topological space, or equivalently,
that E is a compact subset of R"™. The purpose of this exercise is to prove
that the n-dimensional product [—M, M] x ... x [—=M, M] is compact!?.

Exercise 7

Exercise 8.

1.

If A=0then A C [-M,M]x...x[-M,M], for all M € R*. We assume
that A # 0. Let §(A) be the diameter of A (see definition (68)) with
respect to the usual metric:

d(z,y) =

ie. 0(A) =sup{d(z,y) : x,y € A}. Since A # (), 6(4) > 0. Furthermore,
A being assumed to be bounded with respect to the usual metric of R™,
we have §(A4) < +00. So §(A) € RT. Let y be an arbitrary element of A.
For all x € A, we have:

z' — y'| < d(z,y) < 5(A)

So |2¢| < |yt| + 6(A), and taking M = max(|y|,...,|y"|) + 6(A), we
conclude that A C [-M, M] x ... x [-M, M], with M € R*.

9Both with respect to 7g and Tr».
10Tychonoff theorem will hopefully be the subject of some future tutorial :-)
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2. By assumption, A is a closed subset of R™. So A€ is open. It follows
that £\ A = E N A¢ is an element of the topology induced on E, by
the topology on R™ . In other words, E \ A is an open subset of E. We
conclude that A is a closed subset of E.

3. Fromex. (7), (F, 7g) is a compact topological space. From 2., A is a closed
subset of E. Using exercise (2)[6.] of Tutorial 8, we conclude that A4 is a
compact subset of £. In other words, (A, (7g)|4) is a compact topological
space. However, the topology 7g is induced by Trn, i.e. Tg = (Trn)|g. It
follows that (7g)ja = (Trn)ja- So (A, (7rn~)|4) is a compact topological
space, or equivalently, A is a compact subset of R".

4. Let A be a compact subset of R™. From theorem (35), R™ being Hausdorft,
A is closed in R™. From exercise (6)[4.] of Tutorial 8, A is bounded with
respect to any metric inducing the usual topology of R™. This proves
theorem (48).

Exercise 8
Exercise 9.
1. dc» and dre2- are defined by:
don(z,2') = Z |z — zL]?
i=1
2n
dren(z,2') = Z(mz — x})?
i=1
for all z,2’ € C™ and z,2’ € R*™.
2. Given z,z’ € C", we have:
don(z,2") = Z(Re(zi) — Re(z))? + Z(Im(zi) —Im(z]))?
i=1 i=1

It follows that dgn(z,2") = drza(9(2), 9(2')).

3. ¢ is clearly a bijection between C" and R?". From 2., we see that ¢ is
continuous, and furthermore that:

den (971 (2), 67" (2")) = dran (2, 2)

for all x,2' € R®". So ¢! is also continuous. From definition (31), ¢ is a
homeomorphism from C” to R?".

4. Let K C C". Suppose K is a compact subset of C". Then, (K, (7c»)|k)
is a compact topological space. ¢ being continuous, its restriction ¢x

www.probability.net


http://www.probability.net

Solutions to Exercises 22

is also continuous.!! Using exercise (8) of Tutorial 8., the direct image
@k (K) is a compact subset of R?". In other words, ¢(K) is a compact
subset of R*". Conversely, suppose ¢(K) is a compact subset of R?".
Since K can be written as the direct image K = ¢~ (¢(K)) of ¢(K) by
¢!, and ¢! is continuous, we conclude similarly that K is a compact
subset of C™. We have proved that for all K C C", K is compact if and
only if ¢(K) is compact.

5. Let K C C". Suppose K is a closed subset of C". Since ¢(K) can be
written as the inverse image ¢(K) = (¢~ 1)~ (K) of K by ¢!, and ¢!
is continuous, we see that ¢(K) is a closed subset of R?". Conversely,
suppose ¢(K) is a closed subset of R?". Since K can be written as the
inverse image K = ¢~ (¢(K)) of ¢(K) by ¢, and ¢ is continuous, we see
that K is a closed subset of C™. We have proved that for all K C C", K
is closed if and only if ¢(K) is closed.

6. Let K C C™ and 6(¢(K)) be the diameter of ¢(K) in R*™:

o(o(K)) = sup{dren(z,2’):2,2" € ¢(K)}
= Sup{dR27L(¢(z)v ¢(zl)) P2, 7' e K}
= sup{dcn(z,2): 2,2 € K}

ie. §(¢(K)) = 6(K), where §(K) is the diameter of K in C". It follows
that §(K) < 400 is equivalent to d(¢(K)) < +o0o. we have proved that
for all K C C", K is bounded if and only if ¢(K) is bounded.

7. Let K C C". From 4., K is compact, if and only if ¢(K) is compact.
From theorem (48), ¢(K) being a subset of R?", it is compact if and only
if, it is closed and bounded. From 5. and 6., this in turn is equivalent to
K being itself closed and bounded. We have proved that for all K C C™,
K is compact if and only if K is closed and bounded.

Exercise 9
Exercise 10.

1. Definition (79) defines the notion of Cauchy sequences in a metric space.
In contrast, definition (77) defines the notion of Cauchy sequences in
L%(Q, F,p). Since that latter was defined in (73) as a set of functions,
as opposed to a set of u-almost sure equivalence classes, strictly speaking
L%(Q, F, u) is not a metric space. So definition (77) is not a particular
case of definition (79).

2. Definition (80) defines the notion of complete metric space, as a met-
ric space where all Cauchy sequences converge.!'? Theorem (46) does
state that all Cauchy sequences in L5 (€2, F, pt) converge. However, since
LE%(Q, F, ) is not strictly speaking a metric space, it cannot be said to
be a complete metric space.

I If uneasy with K = () and ¢k = 0, consider the case separately.
126 a limit belonging to that same metric space. . .
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Exercise 10

Exercise 11.

1. Let (zx)r>1 be a Cauchy sequence in C". Taking € = 1, there exists
ko > 1, such that:

kK >k = Iz — zi|| < 1
Since |||z]| = [|IZ||| < ||z — 2’| for all z, 2" € C™, we have:
k>ko = [zl <1+ [zl

Taking M = max(1+ ||zx, ||, [|z1]], - - - || 2ko—1]|), We see that ||z|| < M for
all k> 1. We have proved that (zj)>1 is a bounded sequence in C”.

2. Let B ={z € C" : ||z|]| < M}. For all z,2" € B, we have ||z — 2/|| <
|[z]| + [|2']| < 2M. It follows that §(B) < 2M, where §(B) is the diameter
of B in C". So §(B) < 400, i.e. B is a bounded subset of C™. Let
zo € B° Then M < ||zg||. Let € = ||z0]| = M > 0, and z € C™ with
Iz — 20|l < €. Then, we have ||zo|| — ||z|| < ||z — 20]| < € = ||20]| — M, and
consequently M < ||z]|, i.e. z € B¢. So B(zg,€) C B¢. For all zy € B¢, we
have found e > 0, such that B(zp,e¢) € B¢. This proves that B¢ is open
with respect to the (metric) topology of C™. So B is a closed subset of
c".

3. From 2., B is a closed and bounded subset of C™. From exercise (9), it
follows that B is a compact subset of C™. In other words, (B, (Zcn)|p) is
a compact topological space. However, from 1., (z;)r>1 is a sequence of
elements of B. Using theorem (47), (zx)r>1 has a convergent subsequence,
i.e. there exists z € B, and a subsequence (2x,)p>1, such that z, — 213

4. (z)k>1 being Cauchy, given € > 0, there exist ng > 1, such that:
koK' >no = d(zg,21r) <€/2
Furthermore, since z, — z, there exists py > 1, such that:
p>py, = d(z,zr,) <€/2

Moreover, since k, T 400 as p — +oo, there exists pj > 1, such that
p > py = kp > ng. Take pg = max(py,py). Then, d(z, 2, ) < €/2, and
we have:
k>mno = d(z,2k,,) < €/2
5. From 4., we have found ng > 1, such that:

k>nyg = d(z,2z) <e€

It follows that 2z — =.

13Both with respect to Zgn and the induced topology (Z7cn)|B-
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6. From 5., we see that every Cauchy sequence (zj)r>1 in C™, converges to
some limit z € C™. From definition (80), we conclude that C™ is complete
metric space.

7. The completeness of C was used in exercise (12)[6.] of Tutorial 9, leading
to theorem (44) where we proved that any sequence (f,,),>1 in L5 (92, F, i)
such that:

+oo

ST fesn — filly < o0

k=1
converges to some f € LE(Q, F, ). This, in turn, was crucially important
in proving theorem (46), where L (2, F, p) is shown to be complete.

Exercise 11

Exercise 12.

1. Let (zx)r>1 be a sequence in R™, such that x, — z, for some z € C". For
all k > 1 and 7 € N,,, we have:

[Im(2")| = [Im(2") = Im(z})| < ||z — x|

Taking the limit as k — +o0, we obtain I'm(z) = 0. This being true for
all i € N,,, we have proved that z € R".

2. Let (zx)k>1 be a Cauchy sequence in R™. In particular, it is a Cauchy
sequence in C™. From exercise (11), C™ is a complete metric space. Hence,
there exists z € C”, such that x;, — z. From 1., z is in fact an element of
R™. We have proved that any Cauchy sequence (z)r>1 in R™, converges
to some z € R™. From definition (80), we conclude that R™ is a complete
metric space. This, together with exercise (11), proves theorem (49).

Exercise 12

Exercise 13.

1. Let x € F. From definition (37), if U is an open set with z € U, then
FNU # (. Given n > 1, the open ball B(x,1/n) is an open set with
x € B(z,1/n). So F N B(x,1/n) # 0.

2. Let z € F. From 1., for all n > 1, we can choose an arbitrary element
xn € F N B(x,1/n). This defines a sequence (x,)p>1 of elements of F,
such that d(x,x,) < 1/n for all n > 1. So x,, — x.

3. Let z € E. We assume that there exists a sequence (x,),>1 of elements
of F, with x,, — x. Let U be an open set containing x. Since z,, — =,
there exists ng > 1, such that:

n>ny = x, €U

In particular, z,, € U. But z,, is also an element of F'. So z,, € FNU.
We have proved that for all open set U containing z, we have FNU # 0.
From definition (37), we conclude that = € F.
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4.

10.

11.
12.

Suppose that F' is closed, and let (zy),>1 be a sequence in F' such that
x, — x for some € E. From 3. we have x € F. However from exer-
cise (21) of Tutorial 4, we have F = F. So x € F. Conversely, suppose
that for any sequence (z,,)n>1 in F such that =, — z for some z € E, we
have z € F'. We claim that F is closed. From exercise (21) of Tutorial 4.,
it is sufficient to show that F' = F, or equivalently that F' C F. So let
x € F. From 2. there exists a sequence (Tn)n>1 in F such that z, — =.
By assumption, this implies that 2 € F. It follows that F C F.

The fact that the induced topological space (F,7|p) is metrizable, is a
consequence of theorem (12). The induced topology 7|r is nothing but
the metric topology associated with the induced metric djp = d|px -

Suppose F' is complete with respect to the induced metric d|p. Let z € E
and (2, )p>1 be a sequence of elements of F, with x,, — . In particular,
(zn)n>1 is a Cauchy sequence with respect to the metric d. (x,)n>1 being
a sequence of elements of F', it is also a Cauchy sequence with respect to
the induced metric d|p. F being complete, there exists y € F, such that
rn, — y. This convergence, with respect to 7, is also valid with respect
7. Since we also have z,, — x, we see that x = y. It follows that = € F.
Given z € E, and a sequence (z,)n>1 of elements of F' such that z,, — z,
we have proved that z € F. From 4., this shows that F is a closed subset
of E. We conclude that if F' is complete (with respect to its natural metric
dir), then it is a closed subset of E.

From theorem (12), the induced metric d’ = (dg)r induces the induced
topology (7g)|r. Such topology is nothing but the usual topology on R.
It follows that d’ induces 7Tgr.

Let dr be the usual metric on R. From theorem (12), the induced met-
ric (dr)|j—1,1] induces the induced topology on [~1,1]. Such topology is
nothing but the usual topology on [—1, 1].

From 8., if {—1, 1} was open in [—1, 1], there would exists ¢ > 0, such that
]1 —¢,1] € {-1,1}, which is absurd.

If {—o0, +00} was open in R, then {—1,1} would be open in [—1, 1], since
one is the inverse image of the other, by a strictly increasing homeomor-
phism.

If R was closed in R, then {—oc0, +00} would be open in R.

Let dr be the usual metric on R. Then dgr induces the usual topology
on R. However, from 7., the metric d’ also induces the usual topology
on R. It follows that dgr and d’ both induce the same topology. From
theorem (49), R is complete with respect to its usual metric dg. If R was
complete with respect to d’ = (dg)|r, then from 6., R would be a closed
subset of R, contradicting 11. So R is not complete with respect to d’.
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We conclude that although the two metric spaces (R, dr) and (R, d’) are
identical in the topological sense, one is complete whereas the other is not.

Exercise 13

Exercise 14.

1.

Let y € H. For all z,2" € H and o € K, using (i) and (4i¢) of defini-
tion (81), we obtain:

(@ +az’,y) = (x,y) + ala’,y)
We conclude that  — (x,y) is linear for all y € H.

Let € H. For all y,y' € H and a € K, using (¢), (#4) and (iii) of
definition (81), we obtain:

(z,y+ay') = (x,y) + alz,y')

where @ is the complex conjugate of o. Hence, y — (x,y) is conjugate-
linear for all z € H. In the case when K = R, it is in fact linear.

Exercise 14

Exercise 15.

1.

The inner-product (-,-) has values in K. From (iv) of definition (81),
(x,x) > 0 for all z € H. It follows that ||z| = /(x,z) is a well-defined
element of RT, for all z € H. Hence, we see that A = ||z|* and C = ||y||?
are both well-defined elements of R*. Furthermore, B = |(z,y)| being the
modulus of an element of K, is a well-defined element of R ™.

Let t € R. Using the linearity properties of exercise (14):
(x —tay, x — tay) = (z,z) — ta(z,y) — talz,y) + t2aaly,y)
Since B = B = a(z,y) and aa = 1, we conclude that:
(x —tay, x — tay) = A — 2tB + tC
Suppose C' = 0. Then (y,y) = 0. From (v) of definition (81), we see that

y = 0. From the conjugate linearity of y' — (x,y’), we have (z,0) = 0 for
all z € H, and consequently (z,y) = 0. So B = 0, and finally B?> < AC.

. Suppose C # 0. Let P(t) = A—2tB +t2C for all t € R. Since C' > 0 and

P'(t) = 2tC — 2B, the second degree polynomial P has a minimum value
at t = B/C. From 2., for all t € R:

P(t) = (x — tay,z —tay) > 0
In particular, P(B/C) > 0. It follows that B? < AC.
From B? < AC, since A, B,C € R*, we obtain B < VAC, i.e.

[z, 9| < llz|-lyl
This proves theorem (50).
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Exercise 15

Exercise 16.

1.

Let f,g € LL(Q,F,u). Then, fg is a complex-valued and measurable
map. Furthermore, from theorem (42):

[t ([ ieras)” ([ larn)’

So [|fgldp < 400 and fg € L&(Q2, F, ). It follows that (f,g) = [ fgdu
is a well-defined complex number.

Let f € LL(Q,F,p). From definition (73), ||f[|2 is defined as | f|l2 =
([ |f[2du)*/2. Tt follows that:

11l = (/ffduf )

Let f,g € LE(Q, F, ). From theorems (24) and (42) , we have:

(f. )] = \ / fgdu‘ < [ lghdn < 171l

. Among properties (i) — (v) of definition (81), only (v) fails to be satis-

fied. Indeed, although f = 0 does imply that (f, f) = [|f|[*du = 0, the
converse is not true. Having [ |f|?dyu = 0 only guarantees that f = 0
p-almost surely, and not necessarily everywhere. We conclude that (-, -)
is not strictly speaking an inner-product on L%(Q,F, u), as defined by
definition (81). Tt follows that equation (1) which we proved in 3., cannot
be viewed as a consequence of theorem (50).

Let f,g € LE(Q,F, ). Let P(t) = [(|f| + t|g])?du for all ¢t € R. Then,
P(t) > 0 for all ¢ € R, and furthermore:

P(t)= A+ 2tB +t*C

where A = [|f|?du, B = [|f||gldp and C = [ |g|?dpu. All three numbers
A,B and C are elements of R*.' If C = 0, then ¢ = 0 p-a.s. and
consequently B = 0. In particular, the inequality B> < AC holds. If
C #0, from P(—B/C) > 0 we obtain B> < AC, and consequently:

[iralan< (| |f|2du)é (/ |g|2du>é

Let f,g : (2, F) — [0,+00] be non-negative and measurable. Suppose
both integrals [ f2du and [ g*du are finite. Then f and g are p-almost
surely finite, and therefore p-almost surely equal to f1(y«4 oy and glygc ooy

1B can be shown to be finite from |fg| < (|f|% + |g/|?)/2

www.probability.net


http://www.probability.net

Solutions to Exercises 28

respectively. It follows that f and g are p-almost surely equal to elements
of L (Q,F, ). Applying 5. to J1{f<qo0y and gligcooy, We obtain:

frms ([ (f)

If [ f?du = +oc or [ g?dp = 400, such inequality still holds. We have
effectively proved theorem (42), without using holder inequality (41).

Exercise 16
Exercise 17.
1. Let x,y € H. Using (i) of definition (81), we have:
lz+yl? = (e +y,2+y) = {wa+y) + .2 +y)

Furthermore, using (¢) and (i4):

(@, +y) = (@ +y ) =(2,2) + {y2) = ||2]* + (z,9)

and also:
(y,x+y) = (+y,y) = lyl*+ (z,v)
We conclude that:

o+ yll* =zl + Iyll* + (2, y) + (2, 9)

2. From the Cauchy-Schwarz inequality of theorem (50):

[z, y)| = Kz, p)| < [l]|. ][yl
Consequently, using 1., we have:
Iz +yl* < ll2l* + llyl* + 2llz]l-lyll = (]l + lyl})?
We conclude that for all z,y € H, we have:
o +yll < llzl + [yl

3. Let d = dy..y be the map defined by d(z,y) = ||z — y||. Note that from
(iv) of definition (81):
d(@,y) = |z =yl = V{z =y, 2 —y)

is well-defined, and non-negative. So d is indeed a map from H x H, with
values in R Let z,y,z € H. d(z,y) = 0is equivalent to (x—y,z—y) = 0,
which from (v) of definition (81), is itself equivalent to = y. So (i) of
definition (28) is satisfied by d. Furthermore, we have:

I = 2] = (-2, —2) = —(~z,2) = [|=|*

and consequently, d(z,y) = [z —y| = |ly — zl| = d(y,x). So (i) of
definition (28) is satisfied by d. Finally, using 2.:

e =yl =lle—z+z -yl <lle—z]+lz -yl
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and we see that d(z,y) < d(z,z) + d(z,y). So (iii) of definition (28) is
also satisfied by d. Having checked conditions (7), (i) and (ii7) of defini-
tion (28), we conclude that d is indeed a metric on H.

Exercise 17

Exercise 18.

1. M being a linear subspace of the K-vector space H, is itself a K-vector
space. [, -] being the restriction of (-,-) to M x M, is indeed a map
[,]: MxM— K. For all z,y € M, we have:

[z,y] = (z,y) = (y,2) = [y, 7]

So (i) of definition (81) is satisfied by [-,-]. Similarly, it is clear that all
properties (i7)— (v) of definition (81) are also satisfied by [-, -]. We conclude
that [+, -] is indeed an inner-product on the K-vector space M.

2. Recall that from definition (83), the metric d|. .} is defined by:

di.(z,y) = V]z -y, —y]
[-, -] being the restriction of (-,-) to M x M, we have:

(x—y,x—y>—

We conclude that the metric d|. .} is nothing but the restriction of the
metric d(.}.) to M x M, i.e. d[.’.] = (d(~,~))|M><M-

3. From theorem (12), the topology induced on M by the norm topology
7..,y (the latter being the metric topology associated with dy. .y, by defini-
tion (82)), is nothing but the metric topology associated with (d. .y) mxm =
dy...; (which by definition (82), is the norm topology on M, i.e. 7}. ;). So
(Te. ) m =T,

Exercise 18

Exercise 19.

1. Since (2)n>1 is a Cauchy sequence in M, with respect to the metric d|. ;,
from definition (79), for all e > 0, there exists an integer no > 1, such that:

n,m>ng = di (T, rm) <€

However, since d|._j is the restriction of d;. ., to Mx M, we have d|. j(x,y) =

di.y(z,y) for all z,y € M. It follows that (z,)n>1 is also a Cauchy se-
quence in H, with respect to the metric d. y.

2. (H,(-,-)) being a Hilbert space, from definition (83), H is a also a complete
metric space. From definition (80), (2, )n>1 being a Cauchy sequence in
‘H, there exists x € ‘H such that x,, — x.

3. M is a closed subset of H, and (2, ),>1 is a sequence of elements of M
converging to x € H. From exercise (13) [4.], we conclude that x € M.
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4. As seen in the previous exercise, the norm topology 7|. .} on M is induced
by the norm topology 7. ., on H. Since (z,)n>1 is a sequence in M and
x € M, the convergence z,, — z relative to the topology 7. 1, is equivalent
to the convergence x,, — x relative to the topology 7. ..

5. Given a Cauchy sequence (z,,),>1 in M, we have found an element © € M,
such that x, — x. From definition (80), this shows that (M,d]. 1) is a
complete metric space. It follows that M is a K-vector space, that [-, -] is
an inner-product on M, under which M is complete. From definition (83),
we conclude that (M, [-,-]) = (M, (-, )| mxm) is a Hilbert space over K.
The purpose of this exercise is to show that any closed linear subspace
of a Hilbert space, is itself a Hilbert space, together with its restricted
inner-product.

Exercise 19

Exercise 20.

1. Let 2z,2/,2"” € C" and a € C. We have:

n n
(2,2 = Zziz_i' = Zz‘izg = (2/,2)
i=1 i=1

n

(z+2,2") = z:(zz + 207" = (2,2") + (z',2")

i=1

n

(az, 7'y = Z(azi)z_i' =afz,2")

i=1

n n
(z,2) = Zziz‘i = Z |z:]? >0
i=1 i=1

and finally, (z, z) = 0 is equivalent to z; = 0 for all i € N,,, itself equivalent
to z = 0. Hence, we see that all five conditions (i) — (v) of definition (81)
are satisfied by (-,-). So (-,-) is indeed an inner-product on C".

2. The metric d,. .y is defined by:

don(er#) = = T2 =T =

It therefore coincides with the usual metric on C™.

3. From theorem (49), C" is a complete metric space, with respect to its
usual metric. The latter being the same as the metric d. .y, we conclude
from definition (83) that (C”, (-,-)) is a Hilbert space over C.
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4. For all i € Ny, let ¢; : C* — R be defined by ¢;(z) = Im(z;). For all
2,2 € C", we have:
16i(2) = 6i ()] = [Im(zi — z))| < ||z = 2'|| = den (2, 2)
So each ¢; is a continuous map. The set {0} being a closed subset of
R, the inverse image ¢; ' ({0}) is a closed subset of C™. Tt follows that

R" = N7_,¢; '({0}) as an intersection of closed subsets of C", is itself a
closed subset of C™.

5. Given x € R"™ and « € C, «a.x is not in general an element of R™. So R™
is not a linear subspace of C™. It is of course an R-vector space. ..

6. Since R™ is not a linear subspace of C", we cannot rely on exercise (19)
to argue that (R™,(-,-)) is a Hilbert space. In fact, we want to show
that R™ is a Hilbert space over R, (not C), so exercise (19) is no good
to us...However, the restriction of (-,-) to R™ x R"™ also satisfies con-
ditions (i) — (v) of definition (81), and is therefore an inner-product on
R, which furthermore induces the usual metric on R™. Since from the-
orem (49), R™ is complete with respect to its usual metric, we conclude
from definition (83) that it is a Hilbert space over R.

Exercise 20
Exercise 21.

1. Since C # (), there exists y € C. From Omin < ||y — 9|/, we obtain
dmin < Fo0o. In particular, dmin < Omin + 1/n for all n > 1. Op;, being
the greatest of all lower-bound of ||a — z¢|| for © € C, it follows that
Omin + 1/n cannot be such lower-bound. There exists z,, € C, such that
|2, — @o|| < Omin + 1/n. This being true for all n > 1, we have found a
sequence (z,)n>1 in C, such that dmin < ||2n — 2o|| < dmin + 1/n, for all
n > 1. In particular, ||z, — 20| — dmin.

2. For all z,y € H:

lz =yl = (& =y, 2 =) = ll=* + lyll* = (z,9) = (&, 9)

Iz +yl* = (z +y, 2 +y) = 2l + ly]I? + (x,9) + (x,9)
and therefore:

lz =yl + Il +yl* = 2]jz|* + 2]lylI?

or equivalently:

lz = yl* = 2]lz|® + 2|lyll* - 4 (6)

r+y 2
2

3. Let n,m > 1. z,, and x,, are both elements of C. Since we have 1/2 € [0, 1],
from definition (85), C being convex, (2, + @, )/2 is also an element of C.
Since dpmin is a lower-bound of ||z — || for « € C, we conclude that:

Tn + Ty
2

<

5min >~

(7)

— T

www.probability.net


http://www.probability.net

Solutions to Exercises 32

4. Let n,m > 1. Applying (6) to z = x,, — xo and y = x,,, — xo:

2
Ty +2
2 = @l = 220 = oll* + 2z — w0 =4 | I — g
and therefore, from (7):
2 = @l < 2o = 20l + 2w = oll® - 46, ®)

5. Let € > 0. Since (zp)n>1 is such that ||z, — 2o|| — Omin, in particular,
there exists N > 1 such that:
n>N = 2|z, —xo|® <262, +€*/2
Using (8), we have:
nm>N = ||z, — p|? < €

It follows from definition (79) that (x,),>1 is a Cauchy sequence in H.
Since H is a Hilbert space, it is also a complete metric space. So (z,)n>1
has a limit in 7. There exists * € H, such that z,, — 2*1°.

6. From 5., we have x,, — «*, while (z,),>1 is a sequence of elements of C.
Since by assumption, C is a closed subset of H, using exercise (13) [4.], we
conclude that z* € C.

7. Let x,y € H. From exercise (17), we have:
lzll < llz =yl + 1yl

lyll < llz =yl + llz|
where we have used the fact that ||z — y|| = ||y — x||. Hence:

—llz =yl < llzll = llyll < lz -yl
or equivalently |[lz]| = [ly[|| <[l — yl|.
8. For all n > 1, from 7., we have:
2 — 2ol = 127 — 2ol [ < [l2" — @n|
Since x, — =¥, ||a* — z,|| — 0, and so ||z, — xo|| — ||z* — 20|

9. By construction, (z,)n>1 is such that ||z, — zo|| — Omin. However, from
8., |zn — zo]| — ||z — xo||l. So ||z* — zo|| = Omin. Since z* € C, we have
found x* € C, such that:

| — zo|| = inf{||x — 20| : 2 € C}

T

15 Convergence relative to the norm topology, so = G g,
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10. Suppose y* is another element of C, such that:
ly" = xol| = inf{[lz — zo| - € C}
Applying (6) to x = z* — 29 and y = y* — xg, we obtain:

lz* = y7II* = 2]]a* — ol + 2lly* — zo]|* — 4 — o

Since C is convex and z*, y* are elements of C, (z* + y*)/2 is also an
element of C. It follows that:

x*+y*

5min =~ — Xo

and finally [|z* — y*||? < 2||l2* — zo]|? + 2|jy* — wo]|? — 462

min*

11. Since dmin = ||a* — zo|| = ||y* — 20|, we see from 10. that ||z* — y*|| = 0,
and finally 2* = y*. This proves theorem (52).

Exercise 21

Exercise 22.

1. For all y € G, (0,y) = 0.{0,y) = 0. So 0 € G+ and in particular G+ # ().
Let 1,22 € G and o € K. For all y € G, we have (z1,y) = 0 and
(x2,y) = 0. Hence:

(T + axa,y) = (x1,y) + o(x2,y) =0

This being true for all y € G, x1 + axs € G+. We conclude that G* is a
linear sub-space of H. Note that no assumption was made, as to whether
G is itself a linear sub-space or not.

2. Given y € H, let ¢, : H — K be defined by ¢,(z) = (z,y). From
the Cauchy-Schwarz inequality of theorem (50), if z1,22 € H, we have
16y (01)=6y (@2)| = |(@1—22,9)]| < [lyll- 12| or equivalently dic(y (1), 6, (22)) <
llyll.d..y(21,22), where dk is the usual metric on K. It follows that
¢y + H — K is a continuous map, with respect to the norm topology
on H, and the usual topology on K.

3. Suppose z € G+. For all y € G, we have (z,y) = 0 = ¢,(z). So x €
Nyeg®, '({0}). Conversely, if © € Nyegp, ' ({0}), then for all y € G,
we have ¢,(z) = 0 = (x,y), and therefore z € G*. This proves that
G+ =Nyegd, ' ({0}).

4. The set {0} is a closed subset of K. Since ¢, : H — K is a continuous map
for all y € H, the inverse image qby_l({O}) is a closed subset of H. From

3., G* being an arbitrary intersection of closed subsets of H, we conclude
that G+ is itself a closed subset of H.
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5. )+ C H and {O}l C 'H are obviously true. Furthermore, a statement such
that [Vy € 0, (x,y) = 0] is also true for any x € H. So H C (. Moreover,
for all x € H, (x,0) = 0, i.e. # € {0}*. So H C {0}+. We have proved
that H = 0+ = {0}+.

6. For all y € H, (0,y) = 0. So {0} € H*. Conversely, if z € H*, then
(z,z) = 0 and therefore z = 0. So H+ C {0}.

Exercise 22

Exercise 23.

1. M being a linear sub-space of H, it has at least one element, namely
0. So M # (). Furthermore, for all z,y € M and «,3 € K, we have
ax + Py € M. In particular, for all t € [0,1], tx + (1 — t)y € M. From
definition (85), it follows that M is also a convex subset of H. Having
assumed M to be closed, it is therefore a non-empty, closed and convex
subset of H. Applying theorem (52), there exists * € M such that:

|lz* — xo|| = inf{||z — xo]| : € M}
2. Let y* = x¢p — x*. Since z* € M, for all y € M and a € K, * + ay is
also an element of M. It follows that:
|2 — 2ol < [l2" + ay — @o|

or equivalently:
ly*II* < ly* — ayll? 9)

3. Let y € M and o € K. We have:

ly* — oyl = [ly*I* = aly, ¥*) — oy, y*) + el [lyl|>

Hence, using (9), we obtain:
0 < —afy,y*) — aly, y*) +|a]?[ly]? (10)

4. Given y € M\ {0}, take a = (y,y*)/|ly||* in (10). We obtain:

[y, y*)I?

lyl1?

5. It follows from 4. that [(y,y*)|* < 0 for all y € M\ {0}. So (y*,y) =
(y,y*y = 0, for all y € M\ {0}. Since (y*,0) = 0, we in fact have
(y*,y) = 0 for all y € M, and we see that y* € M. So z* € M,
y* € M+, and since y* = 29 — 2*, we conclude that zg = z* + y*.

0< -~

6. M and M being linear sub-spaces of H, 0 is an element of both M and
M*. So {0} € M N M+, Conversely, suppose # € M N ML, From
r € M, we have (z,y) = 0 for all y € M. From z € M, we see in
particular that (z,z) = 0. From (v) of definition (81), we conclude that
z=0. So MnN M+ ={0}.
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7. Suppose there exist z € M and § € M*, such that o = z + 4. Then
¥ + y* = 4+ y and consequently z* — z = y — y*, while 2* — 2 €¢ M
and § —y* € M*. Since M N M+ = {0}, we conclude that z* = z and
y* = 7. So x* € M and y* € M such that xg = z* + y* are unique.
This proves theorem (53).

Exercise 23

Exercise 24.

1. Let A : H — K be a linear functional, which is continuous at zo € H!6.
Given an open set V' in K containing A(zg), there exists an open set U in
‘H containing xg, such that f(U) C V. Since the two topologies on H and
K are metric, this is easily shown to be equivalent to the property that
for all € > 0, there exists § > 0, such that:

VeeH, ||lr—xol| <6 = |Az) —Axo)| <e

In particular, taking e = 1 and some 1 > 0 strictly smaller than the
associated 0, we have:

VeeH, [lx—xol| <n = |AMz) = AMao)| <1
Hence, given z € H, x # 0, we have:

[Amz/||z])] = [Mao + na/[z]]) — Azo)| < 1

2. If X is continuous at some zy € H, from 1., there exists n > 0 such that
[X(nz/||z]])| <1 for all z € H\ {0}. So |A(z)| < ||z||/n for all z € H \ {0},
which is obviously still valid if x = 0. We have found M = 1/ € R,
such that:

Ve e H, [MNz)| < M|z (11)

3. Suppose A : H — K is a linear functional, such that (11) holds for some
M € RT. Then for all 21,22 € H, we have:

[A(z1) = Ax2)| = |21 = @2)| < M[z1 — 22|
So A is continuous (everywhere).
Exercise 24
Exercise 25.
1. Let xg € H such that A(xg) # 0. Then xg € M = A~1({0}).

2. M = X"1({0}) is a linear sub-space of H. Indeed, it is not empty (A\(0) =
0), and if A(z1) = Ma2) =0 and o € K, then:

Mzy + axe) = Ma1) + ar(z2) =0

16 Continuity at a given point is defined in what follows.
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Furthermore, A being a bounded linear functional, is continuous, and M =
A71({0}) is therefore a closed subset of H. So M is a closed linear sub-
space of H. From theorem (53), there exists z* € M, y* € M, such that
o =x" +y*.

3. Since z* € M, A(y*) = Aao) and therefore A(y*) # 0. In particular,
y* # 0. Taking z = y*/||y*||, we have found z € M=, such that ||z = 1.

4. Let a € K\ {0}. We have (z,az)/a = (z, (az)/a) = (z,z) = 1. Tt follows
that A\(x)(z, az)/a = A(z) for all x € H.

5. In order to have A\(z) = (x, az) for all x € H, we need:
0=Mx)— (z,az) = XNx)(z,az)/a — (z,az) = (MNx)z/a — z, az)
Since z € M, it is sufficient to choose v € K \ {0}, with:

VméH,L%)Z—xe/\/l (12)
a
6. Since M = A~1({0}), property (12) is equivalent to:

0= <% - x> = M@)A(2)/d — A(z)

for all x € H, which is satisfied for o = A(z), provided A(z) # 0. But if
A(z) = 0, then 2 € M. So z € MNM* and (z,z) = 0, contradicting

the fact that ||z|| = 1. Hence, if we take & = A(z), then condition (12) is
satisfied, and therefore A(z) = (z,az) for all € H. Taking y = az =

A(2)z, we have found y € H, with:

VeeH, MNz) = (z,y) (13)
In case one has any doubt about (13), one can quickly check:
Mz) = (@, M2)z) = AMz)(z,2) = A=)z, 2)
= (Ma)z — A(2)z, 2)
0

the last equality arising from \(z)z — A(2)x € M and z € M*.

7. Suppose § € H is such that A\(z) = (z,7) for all z € H. Then (z,y—7) =0
for all € H, and in particular ||y — 9||> = 0, i.e. ¥ =y. Soy € H
satisfying (13) is unique. This proves theorem (54) 17 .

Exercise 25

Exercise 26.

7The case A = 0 is easy to handle.
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1. Suppose f = g pa.s. For all h € [f], we have h = f p-a.s. and therefore
h =g p-a.s., i.e. h € [g]. So [f] C [g], and similarly [g] C [f]. Conversely,
if [f] = [g], then in particular f € [g] and therefore f = g p-a.s. We have
proved that f = g p-a.s. is equivalent to [f] = [g].

2. Suppose [f] = [f'] and [¢g] = [¢/]. Then f = [’ p-a.s. and g = ¢’ p-a.s. So
f+9=1f+g p-as and [f+g] = [f'+ 4.

3. @ is defined as [f] @ [g] = [f + g]. This definition may not be legitimate,
as [f] @ [g] is defined in terms of particular representatives f and g of the
equivalence classes [f] and [g]. Since such representative are normally far
from being unique, this may lead to different values of [f + g], as f and ¢
range over all possible choices. However, as shown in 2., [f + g] is in fact
independent of the particular choice of f € [f] and g € [g]. So [f] @ [g] is
unambiguously defined, i.e. the operator & is well-defined.

4. Let « € K. If [f] = [f], then f = f" p-a.s. and af = af’ p-a.s. So
[af] = [af']. Tt follows that [ f] is independent of the particular choice
of f € [f]. So a® [f] is unambiguously defined, i.e. the operator ® is
well-defined.

5. For all [f],[g],[h] € H and «, 3 € K, we have:

(i Ol @ [f] = [0+ f]=[/]
& =Aefl=1=f+1=10
' e (gl eh) =[f+g9+h=(flelg) & h
[

[h
flolgl =[f+ 9] =gl ® [f]

(v Lo [f]=[1.f1=1[f]

(vi a® (B [f]) = [abf] = (af) @ [f]
(vid (a+p)@[fl=laf+8fl=(ae[f) & BeI[f])
(viii a® ([flelg]) =laf +agl = (a@[f]) ® (e [g])

Exercise 26

Exercise 27.

1. Suppose [f] = [f'] and [g] = [¢/]. Then f = f’ p-a.s. and g = ¢’ p-a.s. So
fg = f'g" p-a.s. and therefore:

/ fgdp = / 15 dp (14)

It follows that (14) is independent of the of choice of f € [f] and g € [g].
We conclude that ([f], [g])» is unambiguously defined, i.e. (-, ) is well-
defined.
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2. Let [f],[g] € H, o € K and (-,-) = (-, -)3.. We have:
(i) j/fgdu [ERG)
G) (e gl i) = ﬂﬂwmw (LA, Tl + {Lgl, 1)
(i) (a®(fllo) = [ (@fgdn=a(lf).lo)
() (AL = [ IfPdne R

and finally, ([f],[f]) = 0 is equivalent to [ |f|*du = 0, which is in turn
equivalent to f = 0 p-a.s., i.e. [f] = [0]. From definition (81), we conclude
that (-,-) is an inner-product on H.

3. H is a K-vector space, and (-, )y is an inner-product on H. From defini-
tion (83), to show that (7, (-, ) ) is a Hilbert space over K, we need to
prove that H is in fact complete with respect to the metric induced by the
inner-product. Let ([fn])n>1 be a Cauchy sequence in H. For all € > 0,
there exists ng > 1 with:

n,m >ng = ||[fu] = [fm]ll2 < €'®

However, for all f € L% (Q,F, n), we have:

171 = 151 ir0® = ([ 10P0)” =110

It follows that (f,)n>1 is a Cauchy sequence in L (Q, F, u). From theo-
rem (46), there exists f € L& (Q, F, u), such that f,, — f in L?. In other
words, for all € > 0, there exists ng > 1, such that:

n>ng = |[fn—fll2<e€

Since || fr. — fll2 = |[fn] — [f]ll#, we conclude that [f,] — [f] with respect
to the norm topology on H. Having found a limit for the Cauchy sequence
([fn])n>1, we have proved that H is complete, and (H, (-, -)3) is finally a
Hilbert space over K.

4. (f,g9) = [ fgdu is not an inner-product on L (2, F, u1), as property (v)
of definition (81) fails to be satisfied. If (f, f) = 0, then we know for sure
that f = 0 p-a.s. There is no reason why f should be 0 everywhere. This
is the very reason why in this exercise, we go through so much trouble
considering the quotient set H = (L& (9, F, 1)), where R is the p-a.s.
equivalence relation on L% (2, F, 11).

Exercise 27

Exercise 28.

18[fn] — [fm] is a light notation to indicate [fn] ® [~ fm]-
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1. Since L% (Q,F,u) is not a Hilbert space, we cannot use exercise (24) in
its literal form. However, most of what we did then, can be reproduced
here. Let A : L% (Q,F,u) — K be a continuous linear functional. The
open ball B(0,1) = {z € K : |z]| < 1} being open in K, the inverse image
A"Y(B(0,1)) is an open subset of L& (€, F,u). Since 0 € A71(B(0,1)),
there exists 6 > 0, such that B(0,8) C A1 (B(0,1)), where B(0,§) is the
open ball in L% (Q, F, ). Taking an arbitrary > 0, strictly smaller than
§, for all f € LE(Q,F, ), we have:

[fll2<n = IXf)| <1

It follows that |A(nf/[|f]l2)] < 1 for all f € L& (Q,F,u), f # 0, and
finally:

VféL%GLRu),Mﬁﬂélwmz (15)

2. If [f] = [g], then f — ¢ = 0 pra.s. and || f — g||2 = 0. It follows from (15)
that A(f) = A(g).

3. A : H — K is defined by A([f]) = A(f). Since A(f) is independent of
the particular choice of f € [f], A([f]) is unambiguously defined, i.e. A is
well-defined. For all [f],[g] € H and o € K:

A(lf1e (e @lg])) = A([f + agl) = Af) + aA(g) = A([f]) + aA((g])

So A is a linear functional on H. Furthermore, since we have ||[f]||lx =
|| fllz for all f € L& (Q,F, ), we obtain immediately from (15) that:

WﬂeHmangﬁwmi

and we conclude from definition (88) that A is a well-defined bounded
linear functional on H.

4. Let A : L (Q, F, u) — K be a continuous linear functional. Then from 3.,
A 1 H — K defined by A([f]) = A(f) is a bounded linear functional on the
Hilbert space H. Applying theorem (54), there exists [¢g] € H, such that:

vifl e H, A([f]) = ([f], [9])n
It follows that:

VfeLk(Q,F, ), /fgd,u

This proves theorem (55).

Exercise 28
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