Tutorial 16: Differentiation 1

16. Differentiation

Definition 115 Let (2, 7) be a topological space. A map f : Q — R is said
to be lower-semi-continuous (L.s.c), if and only if:

VAe R, {A< f} is open
We say that [ is upper-semi-continuous (u.s.c), if and only if:

VAe R, {f <A} is open

EXERCISE 1. Let f: © — R be a map, where € is a topological space.
1. Show that f is Ls.c if and only if {\ < f} is open for all A € R.
2. Show that f is u.s.c if and only if {f < A} is open for all A € R.

3. Show that every open set U in R can be written:
U=Vvtuv-ul e, sl
iel
for some index set I, a;,3; € R, VT =0 or V' =|a, +o0], (a € R) and
Vo=0or V- =[-,03] (8 €R).

4. Show that f is continuous if and only if it is both l.s.c and u.s.c.

5 Letu:Q —Rand v:Q — R. Let A € R. Show that:

A<u+o}= U M <u}yn{ <o}
()\1,)\2)ER2
A+ A=A

6. Show that if both u and v are l.s.c, then u + v is also Ls.c.
7. Show that if both u and v are u.s.c, then u + v is also u.s.c.
8. Show that if f is Ls.c, then af is Ls.c, for all & € R™T.
9. Show that if f is u.s.c, then of is u.s.c, for all @ € R™.

10. Show that if f is l.s.c, then —f is u.s.c.

11. Show that if f is u.s.c, then —f is lL.s.c.

12. Show that if V is open in €2, then f = 1y is Ls.c.

13. Show that if F is closed in €2, then f = 1p is u.s.c.

EXERCISE 2. Let (f;)ics be an a arbitrary family of maps f; : Q — R, defined
on a topological space ().

1. Show that if all f;’s are L.s.c, then f = sup;c; f; is Ls.c.
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2.

Show that if all f;’s are u.s.c, then f = inf;c; f; is w.s.c.

EXERCISE 3. Let (2,7) be a metrizable and o-compact topological space. Let p
be a locally finite measure on (2, B(€2)). Let f be an element of L (Q, B(2), p1),
such that f > 0.

1.

10.
11.
12.
13.
14.

Let (sp)n>1 be a sequence of simple functions on (2, B(Q2)) such that
sn T f. Define t; = s; and t,, = s, — sp—1 for all n > 2. Show that ¢, is
a simple function on (9, B(Q?)), for all n > 1.

. Show that f can be written as:

+o0o
f= Z anla,
n=1

where a,, € RT\ {0} and 4,, € B(Q), for all n > 1.
Show that p(A,) < +oo, for all n > 1.
Show that there exist K, compact and V,, open in €2 such that:

€

K,CA,CV, , p(Vp \ K,) <

< G
foralle >0and n > 1.
Show the existence of N > 1 such that:
o0 c
Z anN(An) < 5
n=N+1
Define u = Zgzl apnlg, . Show that u is u.s.c.
Define v = 3 a1y, . Show that v is Ls.c.
Show that we have 0 < u < f <.
Show that we have:
“+oo “+oo
v =1u-+ Z onlg, + Z anl\/n\Kn
n=N+1 n=1

Show that [vdu < [udp+ € < +oc.

Show that u € L (€, B(2), u).

Explain why v may fail to be in Lk (Q, B(2), u).

Show that v is p-a.s. equal to an element of L (2, B(Q), ).

Show that [(v —u)dp <e.
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15. Prove the following;:

Theorem 94 (Vitali-Caratheodory) Let (2,7) be a metrizable and o-compact
topological space. Let p be a locally finite measure on (2, B(2)) and f be an el-
ement of Ly (Q,B(Q), ). Then, for all € > 0, there exist measurable maps
u,v: Q — R, which are p-a.s. equal to elements of Lk (Q,B(Q), ), such that
u< f<wv,uisu.s.c visls.c, and furthermore:

/(U—u)duée

Definition 116 Let (Q2,7) be a topological space. We say that (Q,7) is con-
nected, if and only if the only subsets of 2 which are both open and closed are
Q and 0.

EXERCISE 4. Let (£2,7) be a topological space.

1. Show that (2,7) is connected if and only if whenever Q = AW B where
A, B are disjoint open sets, we have A = () or B = ).

2. Show that (€, 7) is connected if and only if whenever Q@ = AW B where
A, B are disjoint closed sets, we have A = () or B = ().

Definition 117 Let (2,7) be a topological space, and A C Q. We say that
A is a connected subset of 2, if and only if the induced topological space
(A, T)4) is connected.
EXERCISE 5. Let A be open and closed in R, with A # () and A° # ().

1. Let x € A°. Show that AN [z, +oo] or AN] — 0o, z] is non-empty.

2. Suppose B = AN [z,+o0[# 0. Show that B is closed and that we have
B = AN|x, +o0[. Conclude that B is also open.

3. Let b = inf B. Show that b € B (and in particular b € R).
4. Show the existence of € > 0 such that |b —¢€,b + ¢[C B.

5. Conclude with the following;:

Theorem 95 The topological space (R,TRr) is connected.

EXERCISE 6. Let (€2, 7) be a topological space and A C Q be a connected subset
of Q. Let B be a subset of 2 such that A C B C A. We assume that B = VW15
where V7, V5 are disjoint open sets in B.

1. Show there is Uy, Us open in 2, with Vi, = BNU;, Vo = BN Us.
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3
4
)

. Show that ANU; =0 or ANUy = ().
. Suppose that ANU; = (. Show that A C Uf.
. Show then that Vi = BNU; = 0.

. Conclude that B and A are both connected subsets of .

EXERCISE 7. Prove the following:

Theorem 96 Let (2,7), (Q,7') be two topological spaces, and f be a contin-
uous map, f:Q — Q. If (Q,T) is connected, then f(Q) is a connected subset
of €.

Definition 118 Let A C R. We say that A is an interval, if and only if for
all z,y € A with © <y, we have [x,y] C A, where:

[x,y]é{zeﬁ s <z<y}

EXERCISE 8. Let A C R.

1

© ° N>

. If A is an interval, and o = inf A, 8 = sup A, show that:
Ja, BIC A C [, ]

Show that A is an interval if and only if, it is of the form [a, B], [e, B,
la, B] or |, B[, for some a, § € R.

Show that an interval of the form | — oo, o[, where @ € R, is homeomorphic
to ] —1,d/[, for some o’ € R.

. Show that an interval of the form |a, +o0o[, where o € R, is homeomorphic
to Jo/, 1[, for some o’ € R.

Show that an interval of the form Ja, ], where o, 5 € R and a < g, is
homeomorphic to | — 1, 1][.

Show that ] — 1, 1[ is homeomorphic to R.
Show an non-empty open interval in R, is homeomorphic to R.
Show that an open interval in R, is a connected subset of R.

Show that an interval in R, is a connected subset of R.

EXERCISE 9. Let A C R be a non-empty connected subset of R, and o = inf A,

3=
1
2

sup A. We assume there exists z¢ € A°N]a, G][.

. Show that AN]zg, +oo[ or AN] — 0o, xo[ is empty.

. Show that AN]zg, +oo[= 0 leads to a contradiction.
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4

. Show that |a, 5[C A C [a, 5].

. Show the following:

Theorem 97 For all A C R, A is a connected subset of R , if and only if A
is an interval.

EXERCISE 10. Prove the following:

Theorem 98 Let [ : Q@ — R be a continuous map, where (Q,7) is a con-
nected topological space. Let a,b € Q such that f(a) < f(b). Then, for all

z €

[f(a), f(D)], there exists x € Q such that z = f(x).

EXERCISE 11. Let a,b € R, a < b, and [ : [a,b] — R be a map such that f'(z)
exists for all = € [a, b].

1
2

. Show that f’: ([a,b], B([a,b])) — (R, B(R)) is measurable.
. Show that f’ € Li([a,b], B([a,b]),dz) is equivalent to:

b
/ F()|dt < +o0

We assume from now on that f’ € Lg([a,b], B([a,b]),dx). Given e > 0,
show the existence of g : [a,b] — R, almost surely equal to an element of
L& ([a,b], B([a, b]),dz), such that f’ < g and g is L.s.c, with:

b b
/ g(t)dt < / F(t)dt + e
a a
. By considering g + « for some « > 0, show that without loss of generality,

we can assume that f’ < g with the above inequality still holding.

We define the complex measure v = [ gdz € M'([a,b],B([a,b])). Show
that:

Ve >0, 35 >0, VE € B([a,b]) , dz(E) <é = |v(E)| <€

For all n > 0 and z € [a,b], we define:

/ "9t — f(z) + f(a) +nz — a)

a

Fy(z) =

Show that F, : [a,b] — R is a continuous map.

7 being fixed, let = sup F, *({0}). Show that z € [a,b] and F,(z) = 0.
We assume that © € [a,b]. Show the existence of § > 0 such that for all
t €]z, x + 6[N[a, b], we have:
t) —
fa) <o) ana LTI piy iy
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9. Show that for all ¢t €]z, x + §[N[a, b], we have F, (t) > F,(z) = 0.
10. Show that there exists ¢y such that @ <ty < b and F,(t9) > 0.
11. Show that F, (b) < 0 leads to a contradiction.

12. Conclude that F,(b) > 0, even if x = b.

13. Show that f(b) — f(a) < f; f(t)dt, and conclude:

Theorem 99 (Fundamental Calculus) Leta,b€ R, a<b, and f : [a,b] —
R be a map which is differentiable at every point of [a,b], and such that:

b
/ 1 (8)]dt < +oc
Then, we have:

b
F(b) - f(a) = / F(t)dt

EXERCISE 12. Let @ > 0, and k, : R™ — R" defined by ko (z) = ax.
1. Show that k. : (R™, B(R")) — (R, B(R™)) is measurable.
2. Show that for all B € B(R"), we have:

dz({ka € B}) = %dx(B)

3. Show that for all ¢ > 0 and x € R"™:
dx(B(z,€)) = €"dx(B(0,1))

Definition 119 Let i be a complex measure on (R™, B(R™)), n > 1, with total
variation |u|. We call maximal function of p, the map Mpu : R™ — [0, 400],
defined by: W(B@.9)
n A wl(B(x, e
Ve e R", (Mp)(z) U (Bl e))
where B(x,¢€) is the open ball in R™, of center x and radius €, with respect to
the usual metric of R™.

EXERCISE 13. Let p be a complex measure on (R, B(R")).

1. Let A € R. Show that if A < 0, then {\ < Mpu} =R™.

2. Show that if A =0, then {\ < Mpu} = R" if 4 # 0, and {\ < Mpu} is the
empty set if p = 0.

3. Suppose A > 0. Let z € {A < Mp}. Show the existence of € > 0 such that
|u|(B(z,€)) = tdx(B(x,€)), for some ¢t > .
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4. Show the existence of 0 > 0 such that (e + )™ < €"t/A.
5. Show that if y € B(x,0), then B(z,¢) C B(y, e+ 9).
6. Show that if y € B(x,¢), then:

n

(e+0)"

7. Conclude that B(z,0) € {A < Mu}, and that the maximal function
Mp:R™ — [0, +00] is Ls.c, and therefore measurable.

lul(B(y,e+9)) > dz(B(y, €+ 6)) > Adx(B(y, € +9))

EXERCISE 14. Let B; = B(x4,€¢;), i =1,...,N, N > 1, be a finite collection of
open balls in R™. Assume without loss of generality that ey < ... < ¢;. We
define a sequence (J;) of sets by Jo = {1,..., N} and for all k > 1:

é{Jk_lﬂ{j:j>ik,BjﬁBik=@} ika_l#(Z)
10

Tk if Ju_1=0

where we have put 4, = min J;_1, whenever Jy_1 # (.

1. Show that if Jy_1 # 0 then J C Ji_1 (strict inclusion), k > 1.

N

Let p=min{k > 1: J, = 0}. Show that p is well-defined.
Let S = {i1,...,4p}. Explain why S is well defined.
Suppose that 1 < k < k' < p. Show that iy € Jy.

Show that (B;);cs is a family of pairwise disjoint open balls.

& vk W

Let i € {1,...,N}\ S, and define k¢ to be the minimum of the set {k €
N, : i € Ji}. Explain why k¢ is well-defined.

7. Show that i € Ji,—1 and i, < 3.
8. Show that B; N By, # 0.
9. Show that B; C B(w;, , 3¢, )-

10. Conclude that there exists a subset S of {1,..., N} such that (B;);cs is
a family of pairwise disjoint balls, and:

N
U B(Jﬁi, 67;) Q U B(Jﬁi, 361')
i=1 €S

11. Show that:

N
dz <U B(z;, 51‘)) <3"> da(B(wi,€))

i=1 i€S

EXERCISE 15. Let p be a complex measure on R". Let A > 0 and K be a
non-empty compact subset of {\ < Mpu}.
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1. Show that K can be covered by a finite collection B; = B(z;,¢€;), i =
1,..., N of open balls, such that:

Vi=1,...,N, Mxz(B;) < |u|(B;)
2. Show the existence of S C {1,..., N} such that:
da(K) < 3" A7yl <U B(»ﬂﬁi))
€S
3. Show that dz(K) < 3"\ 71||u||

4. Conclude with the following:

Theorem 100 Let p1 be a complex measure on (R™,B(R™)), n > 1, with
mazimal function Mu. Then, for all X € RT \ {0}, we have:

dz({\ < Mu}) < 3"A7H ||

Definition 120 Let f € L5(R™, B(R"),dx), and p be the complex measure
pw= [ fdx on R™, n > 1. We call maximal function of f, denoted M f, the
mazximal function Mu of .

EXERCISE 16. Let f € L§(R™, B(R™),dz), n > 1.

1. Show that for all z € R™:

1
(MP)(a) = s1p s /B N

2. Show that for all A > 0, dz({\ < M f}) < 3" A7 f]1.

Definition 121 Let f € L5(R"™, B(R"),dz), n > 1. We say that z € R™ is a
Lebesgue point of f, if and only if we have:

1
lim ————— — f(z)ldy =0
0 B o, )~ T
EXERCISE 17. Let f € L§(R™, B(R™),dx), n > 1.
1. Show that if f is continuous at x € R"”, then x is a Lebesgue point of f.

2. Show that if x € R"™ is a Lebesgue point of f, then:

. 1
flz) = li%m/}g(w)f(y)dy
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EXERCISE 18. Let n > 1 and f € L§(R™, B(R"),dx). For alle > 0 and 2 € R™,
we define:

TN E Fptay fo 1F0) Sy

(1>

and we put, for all z € R™:

orok W

&

(Tf)(@) = limsup(T.f)(x) £ inf sup (T,f)(x)
€l 0 €>04€)0,¢[

. Given n > 0, show the existence of g € C&(R"™) such that:

If =gl <n

Let h = f — g. Show that for all e > 0 and x € R™:

1
(Teh)(z) < 4Bz, ) /B(M) |h|dz + [h(z)|

Show that Th < Mh + |h.
Show that for all € > 0, we have T.f < T.g + T.h.
Show that T'f < Tg+ Th.

Using the continuity of g, show that T'g = 0.

7. Show that T'f < Mh + |hl|.

10.

11.

12.
13.
14.

Show that for all @ > 0, {20 < Tf} C {a < Mh}U{a < |h|}.
Show that dz({a < |h]}) < a7 |-

Conclude that for all @ > 0 and 7 > 0, there is Ny, € B(R"™) such that
{2a < Tf} C Nq,yy and dz(Na,y) <.

Show that for all o > 0, there exists N, € B(R"™) such that {2a < T'f} C
N, and dz(N,) = 0.

Show there is N € B(R"™), dz(N) = 0, such that {T'f > 0} C N.
Conclude that T'f =0, dr—a.s.

Conclude with the following:

Theorem 101 Let f € LE(R™, B(R"),dx), n > 1. Then, dz-almost surely,
any © € R™ is a Lebesgue points of f, i.e.

dx-a.s. , lim

1
cl10 dz(B(z,€)) /B(z,g) |f(y) — f(z)ldy =0
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EXERCISE 19. Let (2, F, 1) be a measure space and Q' € F. We define 7" =
Fior and i/ = pyz. For all maps f: Q" — [0,+00] (or C), we define f: Q —
[0, +00] (or C), by:

oo flw) i wed
f(“’)_{o it wgQ

1. Show that 7 C F and conclude that ' is therefore a well-defined measure
on (', F").

2. Let A € F' and 1’y be the characteristic function of A defined on Q. Let
14 be the characteristic function of A defined on €. Show that 1’y = 14.

3. Let f: (@, F") — [0, +0o0] be a non-negative and measurable map. Show
that f: (2, F) — [0, +0o0] is also non-negative and measurable, and that

we have:
[ i = | Fau
'e% Q

4. Let f e LE(Y,F',i'). Show that f € L5(Q, F,u), and:

[ = /Q fdu

Definition 122 b : RT — C is absolutely continuous, if and only if b is
right-continuous of finite variation, and b is absolutely continuous with respect
to a(t) =t.

EXERCISE 20. Let b: R™ — C be a map.

1. Show that b is absolutely continuous, if and only if there is f € LE 1OC( t)

such that b(t fo s)ds, for all t € RT.
2. Show that b absolutely continuous = b continuous with b(0) = 0.
EXERCISE 21. Let b : RT — C be an absolutely continuous map. Let f €
Léloc(t) be such that b = f.t. For all n > 1, we define f,, : R — C by:

af fOlon(t) if teR*
f"(t)_{O o if t<0

1. Let n > 1. Show f, € L§(R, B(R),dz) and for all ¢ € [0, n]:

/ fndx

2. Show the existence of N, € B(R) such that dz(N,) = 0, and for all
t € Nf, t is a Lebesgue point of f,,.
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3. Show that for all t € R, and € > 0:

1

t+e 2
)1 a0l < /BM

4. Show that for all ¢ € N, we have:

1 t+€

Elﬂ% . \ fa(s)ds = fu(t)

|fn(s) = fu(t)lds

5. Show similarly that for all ¢ € NS, we have:

1
lim —
ell0 €

/ :fn(S)dS = )

6. Show that for all t € NS N[0, n[, b/(t) exists and V' (t) = f(t).!

7. Show the existence of N € B(R™), such that dz(N) = 0, and:
Vit e N¢, b'(t) exists with b'(t) = f(t)

8. Conclude with the following;:

Theorem 102 A map b : RT — C is absolutely continuous, if and only if

there exists f € Lé’lac(t) such that:

VteRT | b(t) = /Otf(s)ds

in which case, b is almost surely differentiable with b = f dx-a.s.

1’ (0) being a r.h.s derivative only.

www.probability.net


http://www.probability.net

Solutions to Exercises 12

Solutions to Exercises

Exercise 1.

1. Let f: Q — R be a map, where € is a topological space. Suppose that
{\ < f} is open for all A\ € R. Then in particular, {\ < f} is open for all
A € R. So f is l.s.c. Conversely, suppose f is l.s.c. Then {\ < f} is open
for all A € R, and since:

{—o<f=Jr< 1}
AER

it follows that {—oco < f} is also open. Furthermore, {+o0 < f} is
the empty set, and in particular, {+o00 < f} is open. We conclude that
{\ < f} is open for all A € R. We have proved that f is Ls.c if and only
if {\ < f} is open for all A € R.

2. Similarly to 1. we have:

{f <+oo} = J{r <}
AER
and {f < —oo} = ) which is open. We conclude that f is u.s.c if and only
it {f < A} is open for all A € R.

3. Let U be open in R. If +00 € U, let V*t =], +0c] where a € R is such

that Ja, +00] C U. Otherwise, let VT = 0. If —co € U, let V™~ = [—c0, 3],
where 3 € R is such that [—oo, 3[C U. Otherwise, let V=~ = (. Then, we
have:

U=V TuV-u(UnR)
and U N R is an open subset of R (possibly empty). For all x € U N R,
let o, B € R be such that = €]a,, 8.[C U NR. Then, we have:

UQR: U ]azaﬂz[

zeUNR

where it is understood that if U N R = (), the corresponding union is the
empty set. Taking I = U N R, we conclude that:

U=VTtuv-ulJle, sl

i€l

4. Suppose that f is continuous. For all A € R, the interval |\, +0o0] is an
open subset of R. Tt follows that {\ < f} = f~(JA, +00]) is open. This
being true for all A € R, f is Ls.c. Similarly, the interval [—oo, \[ is an
open subset of R. It follows that {f < A} = f~!([—~o0, \]) is open. This
being true for all A € R, f is u.s.c. Hence, if f is continuous, it is both
Ls.c and u.s.c. Conversely, suppose f is both l.s.c. and u.s.c. Let U be an
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open subset of R. Using the decomposition obtained in 3. we have:

Yy = <v+ UV U Jles, @[)

i€l

ot v uly s as s

iel
FAVH UV U JHa < fEn{f < Bi}

iel
Since f~1(V*) is either {a < f} or 0, and f~*(V ™) is either {f < 3} or 0,
it follows that f~1(U) is a union of open sets in €, and is therefore open.
Having proved that f~*(U) is open for all U open in R, we conclude that
f is continuous. So f is continuous, if and only if it is both Ls.c and u.s.c.

5. Let u: Q — Rand v:Q — R. Let A\ € R. Note that having restricted
the range of u to be a subset of R, the map u + v is well defined, as there
can be no occurrence of (+00) 4+ (—o0). We claim that:

A<u+o}= U M <u}yn{ <o}
()\1,)\2)ER2
A+ A=A

It is clear that if w € Q is such that Ay < u(w) and Ay < v(w) for some
A, A2 € R with Ay + A2 = A, then A < u(w) + v(w). This shows the
inclusion O. To show the reverse inclusion, suppose that w € Q is such
that A < u(w) + v(w). Then, we have A — u(w) < v(w), and there exists
A2 € R such that:
A —u(w) < A2 < v(w)

Define Ay = A — Aa. Then Ay < v(w) and A\ < u(w) where A1, A2 are
elements of R such that A\ + A2 = A. This shows the inclusion C.

6. Suppose that both u and v are l.s.c. Then for all A1, 2 € R, {\ < u}
and {\y < v} are open subsets of . It follows from 5. that {\ < u+ v}
is also an open subset of 2, for all A € R. So u + v is Ls.c.

7. Suppose that both v and v are u.s.c. Similarly to 5. we have:

{u4+v<\}= U {fu < }n{v<i}
(/\1,)\2)€R2
A+ A=A

and consequently {u + v < A} is an open subset of , for all A € R. So
u 4 v is u.s.c. Anticipating on questions 10. and 11., an alternative proof
goes as follows: if 4 and v are u.s.c, then —u and —v are l.s.c. so —u — v
is L.s.c. and finally v + v is u.s.c.

8. Suppose f isls.cand let « € R*. If @ = 0, then of = 0 and consequently
af is continuous and in particular l.s.c. We assume that o > 0. Then for
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10.

11.

12.

13.

all w € Q, A < af(w) is equivalent to \/o < f(w) (this is certainly true
when f(w) € R, and one can easily check that it is still true when f(w) €
{—00,400}). It follows that {\ < af} = {A\/a < f} and consequently
{\ < af} is an open subset of Q. This being true for all A € R, we
conclude that af is Ls.c.

Suppose that f is u.s.c and o € RT. If @ = 0 then af is u.s.c. We assume
that a > 0. Then {af < A} = {f < A/a} and consequently {af < A} is
open for all A € R. So af is u.s.c.

Suppose that f is l.s.c. Then {—f < A} = {=X < f} for all A € R, and
consequently {—f < A} is an open subset of Q. So —f is u.s.c.

Suppose that f is u.s.c. Then {A < —f} = {f < —A} for all A € R, and
consequently {A < —f} is an open subset of Q. So —f is Ls.c.

Let V be an open subset of Q and f = 1y. Let A € R. If A < 0 we have
A< f} =9 If0 <A< 1wehave {\ < f} =V. If 1 < X we have
{A < f} = 0. In any case, {\ < f} is an open subset of Q. So f is Ls.c.
The characteristic function of an open subset of (2 is lower-semi-continuous

Let F be a closed subset of . Let A € R. Then {f < A} is either 0, F'
or 2, depending respectively on whether A < 0,0 <A <1land 1< A. In
any case, {f < A} is an open subset of Q. So f is u.s.c. The characteristic
function of a closed subset of 2 is upper-semi-continuous.

Exercise 1

Exercise 2.

1.

Let (f:)icr be a family of maps f; : @ — R, where Q is a topological
space. Let f = sup,c; fi. We assume that all f;’s are L.s.c. For all A € R,

we claim that:
P<n=Ur<rn} (1)
il
Indeed, suppose that w € €2 is such that A < f(w). Since f(w) is the lowest
upper-bound of all f;(w)’s, A cannot be such an upper-bound. Hence, there
exists ¢ € I such that A < f;(w). This shows the inclusion C. To show
the reverse inclusion, suppose w € € is such that A < f;(w) for some
i € I. Since fi(w) < f(w), in particular we have A < f(w). This shows
the inclusion O. Having proved equation (1) and since all f;’s are l.s.c,
{\ < f} is an open subset of Q for all A € R. It follows that f is Ls.c.
The supremum of 1.s.c functions is l.s.c.

Suppose that all f;’s are u.s.c and f = inf;c; f;. Given A € R:
{f<a=Utrn<A
iel
and consequently {f < A} is an open subset of Q. It follows that f is
uw.s.c. The infimum of u.s.c functions is u.s.c.
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Exercise 2
Exercise 3.

1. Let (Q,7) be a metrizable and o-compact topological space. Let f €
L& (2, B(Q), 1), f > 0, where p is a locally finite measure on (€2, B(Q)).
From theorem (18), there exists a sequence ($,)n>1 of simple functions
on (Q,B(f)) such that s, 1 f (i.e. 8 < spyq1 foralln > 1 and s, — f
pointwise). We define t; = s and ¢, = s, — s,,—1 for all n > 2. In order
to show that ¢,, is a simple function for all n > 1, we need to show that if
s, t are simple functions on (2, B(Q2)) with s < ¢, then ¢ — s is also a simple
function on (2, B(Q2)). Since s and ¢ are measurable with values in R*,
and s < t, the map t — s is also measurable with values in R*. From:

t—s= Z Oél{t,S:a}
a€(t—s) ()
we conclude that t — s is a simple function on (€, B(2)).
2. Since each t,, is a simple function on (2, B(Q2)), for all n > 1 there exists

an integer p, > 1 and some al,...,aP» € RT and AL, ... AP» € B(Q)

n?
such that: )

tn: E a,ﬁlAk
k=1

Note that it is always possible to assume af # 0, by setting A¥ = () if
necessary. Since sy = EnN:1 t, for all N > 1, from sy — f we obtain:

+oo 400 Pn
f = E tn = E E Oéﬁ].Ak
n=1 n=1k=1

This last sum having a countable number of (non-negative) terms, it can

be re-expressed as:
+oo
f= § anpla,
n=1

where a,, € R\ {0} and A,, € B(Q) for all n > 1.
3. Since f € L (9, B(2),n) and f > 0, from 2. we have:

+oo +oo
Z o (An) Z an/lA,,dM
n=1 n=1

+oo
/ <Z anlAn> du
n=1

= /fd,u<+oo

where the second equality is obtained from the linearity of the integral
and an immediate application of the monotone convergence theorem (19).
Since for all n > 1 we have a,, > 0, we conclude that p(A,) < +oc.
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4. Let € > 0 and n > 1. Define ¢ = ¢/(a,2""2). Since (Q,7) is metrizable
and o-compact, while u is a locally finite measure on (£, B(Q2)), from
theorem (73) p is a regular measure. Hence:

w(An) = sup{u(K): K C A, , K compact}
= inf{u(V): A, CV, V open}
Since p(A,) < 400, we have pu(A4,) < u(4,) + €, and pu(A,) being the
greatest lower-bound of all ;(V)’s as V' runs through the set of all open

subsets of Q with A, C V, u(A,) + € cannot be such a lower-bound.
There exists V,, open subset of 2 such that A, C V,,, and:

(V) < pu(An) + ¢

Similarly, from the fact that u(A,) —€ < u(A,), there exists K, compact
subset of 2 such that K,, C A, and:

1(An) — € < p(Ky)
From K, C A, note in particular that u(K,) < +oo, and consequently
we have K,, C A,, CV,, with:

M(Vn \ Kn) = ,LL(Vn) — /L(Kn) < 2 =

€
an2n+1

5. Having proved in 3. that ) -, a,u(Ay) < +00, given € > 0 there exists
N > 1 such that: B

+oo N ¢
Z anM(An) - Z anN(An) < )
n=1 n=1

or equivalently:
+o0o

Z anN(An) <

n=N+1

[N e

6. Let u = 25:1 anlg, . Since (2,7) is metrizable, in particular it is a
Hausdorff topological space. Since K, is a compact subset of 2, from
theorem (35) K, is a closed subset of Q. It follows from 13. of exercise (1)
that 1g, is upper-semi-continuous. Using 7. and 9. of exercise (1), we
conclude that v is also u.s.c.

7. Let v = :z anly,. Since V,, is an open subset of €, from 12. of exer-
cise (1) the map 1y, is lower-semi-continuous. It follows from 6. and 8. of
this same exercise that every partial sum 22:1 anly, is itself Ls.c. Since
v is the supremum of these partial sums, we conclude from exercise (2)

that v is Ls.c.

8. Since K, C A, CV, and o, € Rt for all n > 1:

N
0 < Zaannzu
n=1
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N
S Z anlA,,
n=1
+oo
< Z anlA,, = f
n=1

+oo
< § aply, =v
n=1

We conclude that 0 < u < f < wo.

9. Since K,, CV,, for all n > 1, we have:

+00 400
v = Z aply, = Z an(lKn + 1V,L\K,,L)
n=1 n=1

—+oo “+oo
= § OéannJrE anlv\k,
n=1 n=1

+oo “+oo
= u-+ Z onlg, + Z an]-Vn\Kn
n=N+1 n=1
10. Since K, C A, for all n > 1, using 5. we have:
—+oo “+oo

S anpKn) <Y anp(An) <

n=N+1 n=N+1

[N e

Hence, using 9. and 4. we obtain:

+o0 iy
/vdu = /(u—i— Z aan,,+ZOén1vn\Kn> dp

n=N+1 n=1
“+oo “+oo
= /Ud,u‘ + Z Qp /].K”d,LL + Z Qp /1Vn\KndM
n=N+1 n=1
“+oo “+oo
- / udpt Y onp(Kn) + Y anp(Va \ K)
n=N+1 n=1

IN

€ R €

= /ud,u—i—e

where the second equality stems from the linearity of the integral and an
application of the monotone convergence theorem (19). Note that since
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11.

12.

13.

14.

u(Ky) < 400 for all n > 1, in particular:

N
/ud,u = Z anp(Ky) < 400
n=1
Hence, we conclude that:
/vdug/udu+e<+oo

The map u is R-valued, Borel measurable with:
/|u|du = /udu < 400
So u € Ly (92, B(Q), p).
The map v is Borel measurable with:
/|v|d,u = /vd,u < +00

However, it has values in [0,400], i.e. v(w) = 400 is possible for some
w € Q. The condition [wvdu < +o0o does imply that v(w) < +oo for p-
almost every w € €. As we shall see in the next question, v is therefore -
almost surely equal to an element of Lg (€2, B(R), 1). But strictly speaking,
it may not be itself an element of this space, because its range v(€2) may
fail to be a subset of R.

Since [wdp < +o0, we have v < +00 p-a.s since:

(+00) - u({v = 4+o0}) = /{ . 1})du < /vdu < +00

Hence, if N = {v = 400}, we have N € B(f2) and pu(N) = 0. Let
v* = vlye. Then v* has values in R, is Borel measurable and:

/|v*|du=/v1Nudu:/vdu< +00

So v* € Li(Q,B(Q),p). Since v* = v p-a.s. we conclude that v is -
almost surely equal to an element of L (€, B(2), u).

Note that from 8. we have 0 < u < v and consequently v — u is non-
negative and measurable, and the integral [(v — u)du makes sense. In
fact, even if v < v did not hold, since u € L' and v is almost surely equal
to an element of L', it would be possible to give meaning to [(v — u)dp
in the obvious way. Now from 10. we have:

/udu—i—/(v—u)du = /vdu
/udu+e

and since [udp < +oo we conclude that [(v —u)dpu < e.

IN
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15. Having considered a metrizable and o-compact topological space (£2,7)
and a locally finite measure p on (22, B(£2)), given € > 0 and f € L (2, B(2), p)
with f > 0, we have found two measurable maps u, v : § — [0, +00] (where
in fact u has values in R"), which are p-almost surely equal to elements
of LE(,B(Q),u) (in fact u is itself an element of L') and such that
u < f<w,uisus.c, visls.c and:

/(U—u)duée

Now let f € Ly (2, B(Q2), 1) which we no longer assume to be non-negative.
Let f+ and f~ be respectively the positive and negative parts of f. Then
f = fT— f and given € > 0, it is possible to apply the result of this
exercise to fT and f~ separately, with ¢/2 instead of e. Hence, there exist
four measurable maps uT, v*, u~ and v~ where ut,u~ have values in
R* and v*,v™ have values in [0, +oc], which are p-almost surely equal
elements of L', and satisfy the conditions ut < f+ <vt,u= < f~ <wv™,
ut,u~ are u.s.c, v, v are Ls.c, and:

Jet =<

NN e

together with:

Je —uin <

We define u = vt — v~ and v = v —u~. Since ut, v~ have values in R,
given w € Q, the differences v (w) — v~ (w) and v+ (w) —u~ (w) are always
well-defined elements of R. It follows that u,v :  — R are well-defined
measurable maps. Furthermore, it is clear that both v and v are p-almost
surely equal to an element of L'. From vt < f* <ot , u™ < f~ <v~ and
f=fT— f~ weobtain v < f < v. Furthermore, since u™ is R-valued
and u.s.c while v~ is Ls.c, from exercise (1) u = u™ — v~ is u.s.c, and
similarly v = v — 1~ is Ls.c. Finally, since u < f < v and f is R-valued,
given w € ) the difference v(w) — u(w) is always a well-defined element
of [0,4+c0]. So v — u is a well-defined non-negative and measurable map,
and the integral [(v — u)dp is meaningful. We have:

/(v—u)du = /(v+—u_—u++v_)du
- /(v+—u++v_—u_)du

= et =t [ -
< -+
This completes the proof of theorem (94).

Exercise 3
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Exercise 4.

1. Let (©,7) be a topological space. Suppose it is connected and Q2 = AW B
where A, B are disjoint open sets. Then A = B so A is closed and
consequently A is both open and closed. Hence, 2 being connected, we
have A=0or A=Q,i.e. A= 0or B ={. Conversely, suppose Q2 = AWB
with A, B disjoint open sets implies that A = () or B = (). Then if A is
both open and closed in 2, with have Q = AW A¢ where A, A€ are disjoint
open sets. So A =0 or A° =10, ie. A=0or A= . This shows that Q
is connected. We have proved that 2 is connected if and only if whenever
= Aw B with A, B disjoint open sets, we have A = () or B = 0.

2. If Q = Aw B with A, B disjoint open sets, then Q = A° W B¢ with
A, B disjoint closed sets, and conversely if Q = AW B with A, B disjoint
closed sets, then Q = A° W B¢ with A¢, B¢ disjoint open sets. Hence, the
statements:

(1) Q= AwWB, A, B disjoint and open = A=0or B=1
(i1) Q= AW B, A, B disjoint and closed = A=0or B=10
are equivalent. We conclude from 1. that € is connected, if and only if

whenever = AW B with A, B disjoint closed sets, we have A = () or
B=10.

Exercise 4

Exercise 5.

1. Let A be an open and closed subset of R, with A # 0 and A° # (. Let

x € A°. We have:
A= (AN] — o0, z]) U (AN [z, +00])
and since A # (), we have AN] — oo, z] # 0 or AN [z, +o0[# (.

2. Let B = AN |z,+oo[ and suppose B # (. Both A and [z, +oo[ are closed
subsets of R. So B is a closed subset of R. However, since z € A°, we
have:

B = ANz, +oo]
= (An{z}) U (AN]z, +o0|)
= An]z, +o0f

and since both A and ]z, +oo[ are open subsets of R, B is also an open
subset of R. Note that the assumption B # ) has not been used so far.

3. Let b = inf B. We have proved in exercise (9) (part 5) of Tutorial 8 that if
B is a non-empty closed subset of R, then inf B € B. Unfortunately, this
result does not apply to non-empty closed subsets of R (indeed R, is a
non-empty closed subset of R and inf R = —oco € R). So we cannot apply
exercise (9) of Tutorial 8, at least not without a little bit of care. However,
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the following can be done: since B # (), there exists y € B = AN [z, +o0].
Then it is clear that B* = AN [z,y] is a non-empty closed subset of R,
and consequently since b = inf B*, applying exercise (9) of Tutorial 8, we
have b € B*. So b € B C R. For those who wish to have a more detailed
argument, the following can be said: the fact that B* # () is a consequence
of y € B*. If we define b* = inf B*, the fact that b* = b can be shown
as follows: since B* C B, any lower-bound of B is also a lower-bound of
B*, and consequently b is a lower-bound of B* which shows that b < b*.
To show the reverse inequality, consider v € B. Then if u < y we have
u € B* and therefore b* < u. But if y < wu, then b* < y < w and we
see that b* < wu is true in all cases. So b* is a lower-bound of B which
shows that b* < b. We have proved that b = b*. To show that B* is a
closed subset of R, we first argue that it is a closed subset of R since A is
closed and [x,y] is closed. However, the topology of R is induced by the
topology of R.. It is a simple exercise to show that any closed subset of R
can be written as F' N R where F is a closed subset of R. Hence, there is
a closed subset F of R such that B* = F N R. But then:

B* = AN|z,vy]
= An[z,y|Nz,y]
= B'N[z,y]
= (FNR)N[z,y]
= Fnlz,y

and since [z,y] is also closed in R, we conclude that B* is indeed closed
in R. This concludes our proof that b € B. All this may seem like a lot of
work, made necessary by our desperate attempt to apply exercise (9) of
Tutorial 8. For those who believe that a direct proof is more convenient,
here is the following: Since B = AN [z, +00[, it is clear that x is a lower
bound of B and consequently x < b. To show that b € B, we only need
to show that b € A. Since B # 0, there exist y € B C R and from b < y
we obtain in particular b < +oo. Hence, there exists a sequence (t,)n>1
in R such that ¢, [] b (i.e. ¢, — b with b < t,41 < ¢, for all n > 1).
Since b < t,, it is impossible that t,, be a lower-bound of B. Hence, for all
n > 1 there exists some xz,, € B C A such that b < x,, < t,. From ¢,, — b
we see that x,, — b and since x,, € A while A is a closed subset of R, we
conclude that b € A. This completes our second proof of b € B.

4. Having proved in 2. that B is an open subset of R, since b € B there exists
€ > 0 such that [b —€,b + ¢[C B.

5. To show that (R, 7g) is connected, we need to show that if A is an open
and closed subset of R, then A = () or A = R. Suppose this is not the case
and A # () together with A° # (). We have shown in 2. that AN[z, +oo[# ()
or AN] — oo, x| # 0. If we assume that B = AN [z, +o00[ and B # (), then
b =inf B € R and we have proved in 4. that there exists ¢ > 0 such that
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b —€,b+ €[ B. This is a contradiction. Indeed , since b —€¢/2 < b,
the fact that b — ¢/2 € B contradicts the fact that b is a lower-bound
of B. So the only possible case is that C' # @) where C' = AN] — oo, 2.
However, if ¢ = sup C, then a similar proof to that of 3. will show that
¢ € C (in particular ¢ € R) and C being open in R, there exists € > 0 with
Je—¢,c+€[C C, leading to a contradiction. Hence, we see that all possible
cases lead to a contradiction. We conclude that the initial assumption is
absurd, i.e. that A =0 or A =R. So (R,7r) is a connected topological
space, which completes the proof of theorem (95).

Exercise 5

Exercise 6.

1. Let (£2,7) be a topological space and A C ) be a connected subset of .
Let B be a subset of Q such that A C B C A, where A is the closure of
Ain Q. Let V1, V5 be disjoint open subsets of B such that B = V; W V5.
From definition (23) of the induced topology 7|p, there exist Uy, Uz open
subsets of €2 such that V; = BN U; and Vo, = BN Us.

2. Since A C B, using 1. we have:

A = ANB
= AN(ViW1h)
= AN[(BNU)W(BNU,)
= (ANBNU)W(ANBNUy)
= (ANU)W(ANUy)

Now since Uy, Uy are open subsets of Q, AN U; and AN Uy are open
subsets of A. Furthermore, since V; and V5 are disjoint, we have V1NV, =
BNU;NUy = 0. and in particular since A C B, ANU;NUy = 0. So ANU;
and A N U, are disjoint open subsets of A with A = (ANU;) W (ANUs).
Having assumed that A is a connected subset of €2, the topological space
(A,7)4) is connected and consequently using exercise (4), it follows that
ANU;=0or ANUy = 0.

3. Suppose that ANU; = (. Let € A. Then for all U open subsets of {2
with z € U, we have ANU # (. Hence, since Uy is an open subset of
Q and ANU; = 0, it is necessary that x ¢ U;. So z € Uf and we have
proved that A C US.

4. Having assumed that B C A, it follows from 3. that B C Uf, i.e. V} =
BNU, =0.

5. From 3. and 4. we have seen that if ANU; = (0, then V; = . Similarly, if
ANU; =0, then V5 = (). However, we have shown in 2. that ANU; = ()
or ANUs; = 0. So Vi =0 or Vo = (). Having considered B C € such that
A C B C A, and V1, V, disjoint open subsets of B such that B = V; & V5,
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we have proved that V3 = 0 or Vo, = (). From exercise (4), this shows
that the topological space (B,7|p) is connected, or equivalently that B
is a connected subset of Q. Hence, if A is a connected subset of € and
A C B C A, then B is also a connected subset of . In particular, 4 is a
connected subset of ).

Exercise 6

Exercise 7. Let (Q,7) and (©',7") be two topological spaces, and f be a
continuous map f : Q — Q. We assume that (Q,7) is connected. We claim
that f(£2) is a connected subset of ', or equivalently that the topological space
(f(£2),7}(q)) is connected. In order to prove this, we shall use exercise (4) and
consider A, B two disjoint open subsets of f(Q2) such that f(Q2) = AW B. There
exist U’, V'’ open subsets of Q' such that A = f(Q)NU’ and B = f(Q) NV
Since f is continuous, f~*(U’) and f~(V') are open subsets of . Furthermore,
it is clear that:
U = @)U = 1 4A)

and similarly f~1(V’) = f=Y(B). So f~1(A4) and f~!(B) are open subsets of
Q. Since A and B are disjoint, f~!'(A) and f~1(B) are also disjoint. Since
f(Q) =AW B, for all z € Q we have f(z) € Aor f(zx) € B. Sox € f~1(A) or
x € f~Y(B). Tt follows that f~1(A) and f~1(B) are two disjoint open subsets
of Q, such that Q = f~1(A) W f~1(B). Since Q is connected, from exercise (4)
it follows that f=1(A) = 0 or f~1(B) = (. Suppose that f~1(A) = 0. We
claim that A = (. Otherwise there exists y € A C f(Q). Let z € Q be such
that y = f(z). Then f(x) € A and consequently = € f~!(A) which contradicts
f71(A) = 0. So f~1(A) = 0 implies that A = 0, and similarly f~%(B) = 0
implies that B = (. It follows that A = () or B = ). Having assumed that
f(2) = AW B where A, B are disjoint open subsets of f(€2), we have proved
that A =0 or B = (). From exercise (4), this shows that the topological space
(f(Q),T‘}(Q)) is connected, or equivalently that f(£2) is a connected subset of
Q. This completes the proof of theorem (96).

Exercise 7

Exercise 8.

1. Let A C R and suppose that A is an interval. Let a = inf A and 3 = sup A.

We claim that:
Ja, BIC A C [a, B]

If A= (), then « = +o00 and 8 = —o0, so there is nothing to prove. So
we assume that A # (). Then there is * € A, and we have a < x as well
as r < (. In particular, « < 3. Let z € A. Since « is a lower-bound of
A, a < z. Since 8 is an upper-bound of 4, z < 5. So z € [«, 8] and we
have proved that A C [a, §]. Suppose z €]a, 5. From a < z we see that
z cannot be a lower-bound of A (« is the greatest of such lower-bounds).
There exists € A such that o < x < z. From z < § we see that z cannot
be an upper-bound of A. There exists y € A such that z < y < 3. From
x < z < y we obtain in particular z € [z,y]. Since z,y € A and A is
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assumed to be an interval, it follows from definition (118) that z € A. We
have proved that ]a, S[C A.

2. Let A C R. Suppose that A is of the form [a, 3], [, 8], ]a, B8] or ]a, B[
for some a, 3 € R. Suppose there exist =,y € A with < y. Then for
all z € [z,y] we have < z < y. If @« < 2 then o < z. If @ < z then
a <z Ify<pthen z < F. If y < then z < §. In any case, we
see that z € A. This shows that [z,y] C A for all z,y € A, z <y, and
consequently from definition (118), A is an interval. Note that A can be
the empty set without anything being flawed in the argument just given.
Conversely, suppose that A is an interval. From 1. we have:

la, BIC A C [ov, 5]

where o = inf A and § = sup A. We shall distinguish four cases: suppose
a € Aand g € A. Then:

[, 8] =la, BlW{a} U{B} S A C [, f]
and consequently A = [a, §]. Suppose a € A and 3 ¢ A. Then:

v, B[=]ev, BlU{a} € A C [a, 8]\ {8} = [a, 4]
and consequently A = [, B[. Suppose a ¢ A and 5 € A. Then:

Jo, 8] =Ja, BlU{B} € A C [a, B] \ {a} =]a, 5]
and consequently A =], §]. Finally suppose o ¢ A and 3 ¢ A:

Jo, BIC A C [ov, B] \ {e, B} =]ev, B

and consequently A =]a, 5[. Hence, we have proved that A is of the form
[, B], [, B], ], B] or ], B]. Note that if A = (), there is nothing flawed in
the argument just given.

3. Let A =] — 0o, af where @ € R. Consider ¢ : R —] — 1, 1] defined by
#(z) = x/(1 + |z|). Then ¢ is a bijection with ¢~1(y) = y/(1 — |y|).
Let 1) = ¢4 be the restriction of ¢ to A. Then ¢ is injective, and it is
therefore a bijection from A to ¥(A). We claim that ¢(A) =] — 1, ¢(a)[.
Since |¢p(z)| < 1 for all z € R, it is clear that (A) C] — 1,1[. Since
¢(r) =1-1/(14x) for x > 0and ¢(x) = 14+1/(1—z) for x < 0, it is clear
that ¢ is increasing. So ¥(A) C] —1, ¢(a)[. To show the reverse inclusion,
consider y €] — 1,¢(a)[. Since ¢! is also increasing, from y < ¢(a) we
obtain ¢~1(y) < a. Hence, ¢~ 1(y) € A and y = (¢~ (y)) € ¥(A). We
have proved that ¢)(A) =] —1, ¢(a)[ and 9 is consequently a bijection from
Ato]—1,¢(a)[. Since ¢ is continuous, 1) = ¢4 is also continuous. Since
¢! is continuous, 1y~ = (gf)*l)W(A) is also continuous. We conclude that
Y A =] —1,¢(a)] is a homeomorphism. We have proved that for all
a € R, ] — 00, af is homeomorphic to | — 1, o/[ for some o € R.

4. Let A =]a, +oo] where @« € R. Then if ¢ : R —]—,1,1[ is defined as in
3. and ¢ = ¢4, then ¥(A) =|é(a), 1] and ¢ is a homeomorphism from A
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to |¢(a), 1[. Hence, for all @ € R, ]a, +0o0[ is homeomorphic to Ja/, 1] for
some o € R.

5. Let A=l]a, ], a, 8 € R, a < 3. Define ¢ :| — 1, 1[—], 5] by:
o) =a+ 222

(x+1)

Then it is easy to show that ¢ is a continuous bijection, and that ¢! is
continuous. So ¢ :] — 1, 1[—]a, 8] is a homeomorphism.

6. ¢(x) = 2/(1 + |z|) is a homeomorphism between R and | — 1, 1].

7. Let A be a non-empty open interval in R, i.e. a non-empty interval of R
which is an open subset of R. Being an interval, from 2. it is of the form
[, B], [, B[, Ja, B] or ]a, B for some «, 3 € R. Suppose A is of the form
[, B]. Being non-empty with have a < 8. So « € [«, 5] € R. Being an
open subset of R, there exists € > 0 such that Ja — €, « + €[C [«, ]. This
is a contradiction since a € R. So A cannot be of the form [a, 5] and we
prove similarly that it cannot be of the form [a, 5] and |, (] either. So

A is of the form ]a, §[ for some o, § € R, o < 8. Suppose @ = —o0 and
[ = +00. Then A = R which is clearly homeomorphic to R. Suppose
a = —oco and B € R. Then from 3. A is homeomorphic to | — 1, a/[ for

some o € R, which is itself homeomorphic to | — 1, 1], as we have proved
in 5. Having proved in 6. that | — 1, 1] is homeomorphic to R, we conclude
that A is homeomorphic to R. Suppose a@ € R and 3 = +00. Then from
4. 5. and 6. we see that A is homeomorphic to R. Suppose @ € R and
£ € R. Then from 5. and 6. we see that A is homeomorphic to R. Hence,
in all possible cases, we see that A is homeomorphic to R. We have proved
that any non-empty open interval in R is homeomorphic to R.

8. Let A be an open interval of R. If A = (), then the induced topology on
A is reduced to {0}, and (0,{0}) is a connected topological space. So A
is a connected subset of R. If A # (3, then from 7. A is homeomorphic
to R. In particular, there exists f : R — A which is continuous and
surjective. From theorem (95), R is connected. Since f is continuous,
from theorem (96) f(R) is a connected subset of A. Since f is surjective,
f(R) = A and consequently A is connected. We have proved that any
open interval of R is a connected subset of R.

9. Let A be an interval of R, i.e. an interval of R with A C R. If A = () then
A is connected. So we assume that A # (). From 1. there exist a, 3 € R
such that:

Ja, BIC A C [a, B]
and since A # () we have o < 3. Since |a, [ is an open interval in R, from

8. it is a connected subset of R. Suppose o = —c0 and = 4+00. Then
A =R and:

Jr, B[S A Clav, B[= v, B
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Suppose a = —oo and § € R. Since A C R we have:
Ja, BIC A Cla, B] = o, ]
Suppose a € R and = +o0o. Then:

Ja, B[C A C [, B[= o, B
And finally suppose that o, 8 € R. Then:

]Oé,ﬁ[g AC [Oé,ﬁ] :m

It follows that Ja, B[C A C o, 5] in all possible cases, where ], 3] denotes
the closure of ]o, 4] in R. Having proved that ]a, [ is a connected subset
of R, from exercise (6) we conclude that A is a connected subset of R.
We have proved that any interval in R is a connected subset of R.

Exercise 8

Exercise 9.

1. Let A C R be a non-empty connected subset of R. Let a = inf A and
3 = sup A. We assume that there exists g € A°N]a, G]. In particular, we
have xg € A¢ and consequently, since A C R:

A = (An] — 00, 2[) W (Ao, +00]) (2)

However, | — 0o, o[ and ]zg, +00[ being open subsets of R, the sets AN] —
00, xg[ and AN|xg, +o0o| are open in A, and they are clearly disjoint. Since
A is connected, it follows from exercise (4) that AN] — oo, zo[= 0 or
ANz, +oo[= 0.

2. Suppose AN|zg,+oo[= 0. From (2) we have A = AN] — oo, x|, and
consequently z( is an upper-bound of A. Since (3 is the smallest of such
upper-bounds, we obtain 5 < xy contradicting xg €], 5].

3. Similarly, if AN] — oo, zo[= 0, then z( is a lower-bound of A and con-
sequently xp < « contradicting zp €]a, [. We have seen in 1. that
AN] — oo, z9[= O or AN|xg, +oo[= . However, both of these cases lead
to a contradiction. We conclude that our initial assumption was absurd,
i.e. that there exists no zo in A°N]w, B[. In other words, A°N|a, B[= 0 or
equivalently Jo, 5[C A. The fact that A C [a, 8] follows immediately from
the fact that o and § are respectively a lower-bound and an upper-bound
of A. We have proved that |a, 5[C A C [a, f].

4. Let A C R. Suppose that A is a connected subset of R. If A = () then in
particular A is an interval, as can be seen from definition (118). If A # 0,
then A is a non-empty connected subset of R, and we have just proved
that |, 5]C A C [a, f] where @ = inf A and 8 = sup A. In a similar
fashion to 2. of exercise (8) (depending on whether «, § lie in A or not),
we conclude that A is of the form [«, 5], o, 8], |a, f] or Ja, B]. From this
same exercise, this is equivalent to A being an interval. So any connected
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subset of R is an interval. Conversely, suppose that A is an interval of R.
Then from exercise (8), A is a connected subset of R. We have proved
that for all A C R, A is connected, if and only if A is an interval. This
completes the proof of theorem (97).

Exercise 9

Exercise 10. Let f : Q — R be a continuous map, where (2,7) is a connected
topological space. Let a,b € Q with f(a) < f(b). From theorem (96), f(2)
is a connected subset of R. From theorem (97), f(€) is therefore an interval
of R. Since f(a), f(b) are elements of f(2) and f(a) < f(b), it follows from
definition (118) that for all z € [f(a), f(b)] we have z € f(€2). So there exists
x € Q such that z = f(z). This completes the proof of theorem (98).

Exercise 10

Exercise 11.

1. Let a,b € R, a < b. Let f : [a,b] — R be a map such that f/(z) exists
for all € [a,b]. Note in particular that f is continuous and therefore
measurable. For all n > 1, let ¢, : [a,b] — [a, b]:

(b—x) :
x+ 22 ifrclab
va:e[mb],%(ﬂ?):{b_(b_"a) if:c[:b[

n

Then ¢, is well-defined on [a,b] and has indeed values in [a,b]. The
particular definition of ¢,, is however not very important. What we need
to note is that ¢,, is Borel measurable, satisfies ¢,,(x) — = while ¢,,(z) # =
for all x € [a,b]. Given n > 1, we now define g, : [a,b] — R as:

_ Jobula) ~ S(@)

On (x) -z
Then g, : ([a,b],B([a,b])) — (R,B(R)) is well-defined and measurable,
and furthermore g,(x) — f'(z) for all z € [a,b]. It follows that f’ is

the pointwise limit of the sequence (gn)n>1, and we conclude from theo-
rem (17) that f’ is itself Borel measurable.

Vo € [a,b] , gn(x)

2. Since f’ is measurable and R-valued, the condition:

b
/ |f(t)|dt < +o00
is equivalent to f’ € Lk ([a,b], B([a,b]), dx).

3. We assume that f’ € Lk ([a,b], B([a,b]),dz). Let € > 0. The topological
space [a, b] is metrizable and compact, and in particular o-compact. The
Lebesgue measure dz on [a,b] is finite, and in particular locally finite.
Since f" € Li([a,b], B(la,b]), dx), we can apply Vitali-Caratheodory theo-
rem (94): there exists measurable maps u, v : [a,b] — R which are almost
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surely equal to elements of L', such that v < f’ < v, u is u.s.c, v is L.s.c
and furthermore:

/ (0(t) — u(t))dt < €

In particular, denoting g = v, we have found g : [a,b] — R almost surely
equal to an element of L', such that f' < g and ¢ is l.s.c. Note that the
integral fab g(t)dt is meaningful, and:

/a " )it

b
/wwmmw—fwm

b b
/f@ﬁ+/@@—f@w

IN

b b
/ F(bdt + / (0(t) — u(t))dt
< /bf'(t)dt—i—e

4. Let @ > 0. Since f’ < g we have f’ < g + a. Indeed, suppose f'(z) =
g(x) + a, x € [a,b]. Then f'(z) = g(x) = g(z) + a and consequently
g(x) € {—o00,+00} contradicting the fact that f’ is R-valued. Having
proved that f/ < g+ «, note that g + « is also a lower-semi-continuous
map, which furthermore is almost surely equal to an element of L', since
the Lebesgue measure on [a, b] is finite. Furthermore, we have:

b b
/ (g +a)(t)dt = / g(t)dt + a(b—a)

b
< / f@®)dt + e+ a(d—a)
a
Hence, taking o > 0 small enough, it is possible to achieve:
b b
/ (g+a)(t)dt < / f(t)dt + 2¢
a a

Replacing g by g + a, we have found ¢ : [a,b] — R almost surely equal to
an element of L', which is L.s.c. and satisfies f’ < g together with:

/abg(t)dt < /ab f/(t)dt + 2¢

Since € > 0 was arbitrary, it is possible to find g such that:

/:g(t)dt < /ab f(t)dt + e

In other words, without loss of generality, we have been able to find a map
g as in 3., with the additional condition f’ < g.
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5. Let v be the complex measure defined by v = [ gdz. Note that strictly
speaking, g is not an element of L! (it may have values in {—oco, +oo}). If
h is an element of L ([a, b], B([a, b]), dx) such that g = h dz-almost surely,
then for all E € B([a,b]), v(E) is defined as:

I/(E):/Eh(x)dx

Note that v is in fact a signed measure (i.e. a complex measure with
values in R). Since dz(E) = 0 implies v(E) = 0, the measure v is abso-
lutely continuous with respect to the Lebesgue measure on [a,b]. From
theorem (58), we have:

Ve >0,35>0, VE € B([a,b]) , de(E) < = |[p(E)| <¢
6. Let n > 0 and z € [a,b]. We define:
Fya) = [ gt = 1(a) + f(a) +n(o ~ o

Then F, : [a,b] — R is well-defined, and we claim that it is continuous.
It is sufficient to show that = — [” g(¢)dt is continuous. Let ¢ > 0
be given, and consider § > 0 such that the statement of 5. is satisfied.
Let u,u’ € [a,b] such that |u’ — u| < §. Without loss of generality, we
may assume that v < u/. Then dz(Ju,u]) < § and consequently from 5.,

lv(Ju, u'])] < €. So:
= ‘/[a,u’] g(t)dt — /[a’u] g(t)dt

/ o(t)dt
Ju,u']

This shows that z — [ g(t)dt is indeed continuous on [a,b] (in fact uni-
formly continuous), and Fj, : [a,b] — R is indeed a continuous map.

’

/au g(t)dt — /aug(t)dt

= [v(u,u])| < ¢

7. Given 1) > 0, let 2 = sup F, '({0}). It is clear that F}(a) = 0 and conse-
quently a € F,"'({0}). So a < z. Since F, '({0}) C [a,b], in particular b
is an upper-bound of F,"'({0}). So & < b. We have proved that z € [a, b)].
In particular, 2 € R and for all n > 1 we have © — 1/n < z. Since z is
the lowest upper-bound of F,*({0}),  — 1/n cannot be such an upper-
bound. There exists z,, € F, '({0}) such that 2 —1/n < x, < z. We
have thus constructed a sequence (z,),>1 in F, "' ({0}) such that z,, —
as n — +oo. Since Fy(z,) = 0 for all n > 1, from the continuity of F,, we
obtain Fy(z) = 0.

8. Suppose z € [a,b. Having proved in 4. that f’ < g, in particular f'(z) <
g(x). Since g is ls.c, the set {f'(z) < g} is an open subset of [a, b], which
contains x. Hence, there exists d; > 0 such that:

Jo =61, x4 01[N[a, 0] € {f'(x) < g}
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10.

11.

12.

In particular we have:
t €z, + 01[N]a,b] = f(z) <g(t)

Furthermore, by definition of the derivative f’(z), since n > 0, there exists
02 > 0 such that:

f{t) = f(x)

t €]z — da,x + 02[Na, b, t #x = p—

—f@) <n

In particular, we have:

f@) = f(=)
t—x

Taking 6 = min(dy, d2), for all t €]x, x + 5[N[a, b] we have:

f(t) = f(z)

t—ax

t €]z, z 4 d2[N[a,b] = < f'(x) +7

f'(z) < g(t) and < f'(z)+n

Note that this conclusion is not very interesting if x = b, which is why we
have assumed z € [a, b].

Let t €]z, z + §[N[a, b]. Using 8. we have:

Fy (1) / g(u)du — f(t) + f(a) +n(t - a)

= Fy)+ / g(u)du + f(z) — F(£) +(t — )

> Fyz)+ / g(u)du — f'(2)(t — )

> Fyn)+ / f(@)du — f(z)(t - )
= Fn(x) 0

From 9. we have found § > 0 such that F,(¢t) > 0 for all ¢ in the set
|z, & + 0[N]a, b]. Having assumed in 8. that x € [a, b[, in particular z < b.
So it is possible to find ty €]z, b] such that tg €]z, z+3[N[a, b]. In particular
F, (to) > 0. We have proved the existence of ty €]z, b[ such that F;, (o) > 0.

Suppose F,(b) < 0. From 10. we have t¢ €]x,b[ such that F,(to) > 0.
From 6. the map F, : [a,b] — R is continuous. Let h = (F})|j,,5 be
the restriction of F;, to the interval [to,b]. Then h is also continuous.
From theorem (97), [tg,b] is a connected topological space. Since 0 €
[F),(b), F,(to)], from theorem (98) there exists u € [to, b] such that F),(u) =
0. Since 2 = sup F;, ' ({0}), in particular v < z. Hence, we obtain the
contradiction x < tg < u < x.

From 11. we see that F;(b) > 0 must be true when z € [a,b]. Having
proved in 7. that F,(z) = 0, if = b, F;,(b) = 0 and in particular F,,(b) > 0
is still true. So F,,(b) > 0 in all cases.
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13. From F;(b) > 0 we obtain:

b
/ g(t)dt — f(b) + f(a) +n(b—a) >0

This being true for all n > 0, we have:

Hence, using 3. we obtain:

a) < /b F(t)dt + e

and this being true for all € > 0, we have proved that:

b
< / £ (t)dt 3)

Having considered a,b € R, a < b and f : [a,b] — R a map such that
f'(z) exists for all x € [a,b] and:

b
/ |f(t)|dt < +o00

we have been able to prove inequality (3). Applying this result to —f
instead of f, we obtain:

b
[ rwa< o) - s
and finally we conclude that:
/ I

This completes the proof of theorem (99).

Exercise 11

Exercise 12.

1.

Let @ > 0 and k, : R® — R" defined by ky(z) = axz. Then k, is
continuous, and in particular Borel measurable.

Let p: B(R™) — [0, +00] be defined by:
VB e B(R"), pu(B) =a"dz({ks € B})

where dz is the Lebesgue measure on R". Note that p is well-defined
since {k, € B} is a Borel set for all B € B(R"), ko being measurable. It
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is clear that p(0) = 0 and furthermore, if (B)),>1 is sequence of pairwise
disjoint elements of B(R™) and B = W,>1B,,, we have:

w(B) adr (k' | 14 By

p>1

= o"dz | 4 k3 (By)

+oo_
= o <Z dfc(kgl(Bp))>

+oo
= Y a"du({ka € By})

p=1
+oo

= ZN(BP)
p=1

So p is a measure on R™. Let a;,b; € R, a; < b; for i € N,,. For
all © = (z1,...,2,) € R the inequality a; < az; < b; is equivalent to

a;/a < x; < b;/a. Hence:
odx ({aﬂc € H[ai,bi]}>
i=1

- (M)

w([ar,b1] X ... X [an, by))

From the uniqueness property of definition (63) we conclude that u = dax.
Hence, we have proved that for all B € B(R"):

1 1
do({ka € BY) =~ p(B) = —dn(B)
. Let € >0 and x € R". Let B(x,¢€) be the open ball:

B(z,e) ={y e R": [lz —y[ < ¢}

where || - || denotes the usual Euclidean norm on R”. Given u € R™ we
consider 7, : R™ — R" the translation mapping of vector u defined by
Tu(z) = u+ x. Then 7, is clearly continuous, hence Borel measurable.
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Furthermore, for all a,b € R™ such that a; < b; for all i € N,,, we have:

X <{Tu S H[ai,bi]}> = dx <H[az — ui,bi - ul]>
i=1 =1

n

= Tt —a)

i=1
and in a similar fashion to 2. we conclude from the uniqueness property
of definition (63) that for all B € B(R"):
dx({m, € B}) = dz(B)

This equality expresses the idea that the Lebesgue measure is invariant
by translation. We shall see more on the subject in Tutorial 17. In the
meantime, using 2. we obtain:
dx(B(z,e)) = dx({r—, € B(0,€)})

= dz(B(0,¢))

= du({ky,. € BO,1)})

= €"dx(B(0,1))
So we have proved that dz(B(z,€)) = ¢"dz(B(0,1)).

Exercise 12

Exercise 13.

1. Let p be a complex measure on R™. Let A € R and suppose that A < 0.
Let z € R™ and € > 0. Since B(z, €) is an open subset of R", in particular
it is a Borel subset of R™. So |u|(B(x,¢€)) and dx(B(z,¢€)) are well-defined
quantities of [0, +o0]. In fact, from theorem (57), the total variation |u|
is a finite measure on R, so |p|(B(z,¢)) is an element of R (this is not
relevant to the present question, but the fact that |u| is a finite measure
should not be forgotten). From the inclusions:

we obtain the crude estimates:
1 n
— | <dz(B(0,1)) <2"
() =aEon) <

and it follows from 3. of exercise (12) that da(B(z,€)) is an element of
10, 4+o00[. Hence, we see that |u|(B(x,¢€))/dx(B(z,€)) is a well-defined ele-
ment of R*. Since (M u)(z) is an upper-bound of all such ratios for € > 0,

we have:
#l(Bz ) )
dz(B(z,0)) < (Mp)(z)

So z € {A < Mu}. This being true for all x € R™, we conclude that
{A< Mu} =R"™

A<0<L
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2. Suppose A = 0 and g # 0. There exists E € B(R™) such that u(E) # 0.
Since |p(E)| < |u|(E), in particular |u[(E) > 0. Let x € R™. Since
B(z,p) T R™ as p — 400, from theorem (7):

0 <|pl(E) = lim |ul(ENB(z,p))

In particular, there exists p > 1 such that |u|(E N B(z,p)) > 0 and conse-
quently |u|(B(x,p)) > 0. Hence, we have:

[l (B(z,p))
da(B(z,p))

and we have proved that © € {A < Mu} = {0 < Mp}. This being true
for all z € R™, we have {\ < Mu} = R"™. Suppose now that A = 0 with
u=0. Then |p| = 0 and it is clear that (Mu)(z) = 0 for all x € R™. So
{N< Mu} =0.

3. Suppose A > 0. Let 2 € {\ < Mpu}. Then A < (Mpu)(x). Since (M p)(x)
is the smallest upper-bound of all ratios:

|1l (B(, €))/de(B(z, €))

as € > 0, A cannot be such an upper-bound. There exists ¢ > 0 such that
A < |p|(B(x,€))/dx(B(z,€)). Defining:

= |1 (B(z, 0))/dx(B(x, )
we have t > X and |u|(B(x,¢€)) = tdx(B(z,€)).

0< < (Mp)(x)

4. Since 1 < t/\ we have €" < €™t/\. Furthermore, it is clear that lims|o (e +
d)™ = €". Hence, we have (e + )" < €"t/\, for ¢ > 0 small enough.

5. Suppose y € B(x,0) and let z € B(x,€). Then:
lz—yl <llz =z +lz -yl <e+d
So z € B(y, e+ ¢) and we have proved that B(x,e) C B(y, e+ 9).
6. Let y € B(z,9). Since B(z,€) C B(y, e+ 0), we have:
lul(B(y, € +9)) [ul(B(z, €))
= tdx(B(z,€))
= €"tdz(B(0,1))

n

€'t

> Adx(B(y,e+9))

IV

where the second and third equalities stem from exercise (12).

7. For all y € B(z,d), from 6. we have:

|ul(B(y, € +9))

A< (Bly, e +9))

< (Mp)(y)
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So in particular y € {A < Mpu} and we have proved that B(z,0) C {\ <
Mp}. Having considered © € {\ < Mpu} we have found § > 0 such that
B(z,6) € {A < Mp}. This shows that {\ < My} is an open subset of
R”, for all A € R with A > 0. In fact, it follows from 1. and 2. that
{A < Mpu} is also open if A < 0. We conclude that {\ < Mu} is open for
all A € R, i.e. that the maximal function My is lower-semi-continuous.
In particular, {\ < Mpu} is a Borel subset of R™ for all A € R and from
theorem (15), My is measurable.

Exercise 13

Exercise 14.

1.

Let B; = B(x;,€;),i=1,..., N, be a finite collection of open balls in R™
where we have assumed that ey < ... < e;. We define Jp = {1,...,N}
and for all £ > 1:

J A Jk_lﬂ{j:j>ik,BjﬁBik=@} ika_l#@
AR ) if Jy_1 =0

where 4, = min J,_ if J,_1 # (0. Suppose k > 1 and J_1 # (. The fact
that J, C Ji_1 is clear. However, the inclusion is strict. Indeed, since
ix = min Ji_1, in particular iy € Ji_1. However, it is clear that iy & Jj.
We have proved that Ji C Jp_1.

Since (Ji)r>0 is a strictly decreasing sequence (in the inclusion sense) and
Jo is a finite set, there exists k > 1 such that J, = (. It follows that
p =min{k > 1: J, = (0}, as the smallest element of a non-empty subset
of N, is well-defined.

Let S = {i1,...,ip} where i, = minJy_q for all & > 1 with Jy_, # 0.
In order to show that S is well-defined, we need to ensure that 7 is
meaningful for k € N, i.e. that Jy_1 # 0. But if k € N, and Ji_1 = 0,
since p is the smallest element of {k > 1: J, = 0} we obtain p < k — 1
and k < p which is a contradiction. So S is well-defined.

Suppose 1 < k < k' <p. We have iy € Jpr_1 C Jp. So iy € Jp.

The family (B;);es is a family of open balls. Suppose i,j € S with ¢ < j.
There exist 1 < k < k' < p such that i = i, and j = ir. From 4. we have
Jj € Ji. This implies in particular that B; N B;, = 0. So B; N B; = (), and
(B;)ics is a family of pairwise disjoint open balls.

Let i € {1,...,N}\ S and ko = min{k € N, : i & Ji}. In order to show
that ko is well-defined, we need to check that {k € N, : i & Ji} is not
empty. This is clear from the fact that J, = (). So k¢ is well-defined. Note
that this conclusion holds for any i € {1,..., N}.

ko being the smallest element of {k € N, : i & Ji}, ko — 1 does not lie in
this set. So either kg —1 =0or i € Jy,—1. Since Jo = {1,..., N}, in any

www.probability.net


http://www.probability.net

Solutions to Exercises 36

10.

case we have i € Jy,_1. In particular Jy,—1 # 0. So ig, is defined as the
smallest element of Ji,_1. From i € J,_1 we obtain i, < i.

Since Jy,—1 # 0, we have:
Jko = Jko—1 N{J 1§ > ik, Bj N Biko =0}

ko being the smallest element of {k € N, : ¢ & Ji}, in particular it is an
element of this set and consequently we know that i ¢ Ji,. However, we
have proved in 7. that ¢ € Ji,—1. Furthermore, we know that iy, <7 and
since by assumption ¢ € {1,..., N} \ S, in particular ¢ is not an element
of S. So i # ik, and therefore iy, < 7. Since i ¢ J, we conclude that
BN B;,, #0.

From 8. we have B; N B;, = B(zi,¢;) N B(w,, ,€,,) 7 0. Let x be an
arbitrary element of B; N Bik0~ Then for all y € B, since i, < ¢ and
ey < ... < ¢, we have:

< Ay =zl + llzi — 2| + |z — =4, ||
< € +te¢€ + €iry
<

3€ik0

Iy — @iy,

So y € B(wi,,,3¢€;,, ) and we have proved B; C B(w;, 3¢, )-

Foralli € {1,...,N}\S, we found ko € N, such that B; C B(w;, , 3¢, )-
In other words, if we denote j(i) = ix,, there exists some j(i) € S such
that we have B; C B(x(;,3¢;(;)). Hence:

N
UB(xi,ei) = UB(J%Q')U UB(J%Q')

i€S igs

- U B(zi,e) U U B(z;(i), 3¢50))
€S iZS

- U B(xi, e;) U <U B(xi;?)ei))
i€sS i€s

= U B(x7,7361)
i€S

So S = {i1,...,ip} is a subset of {1,..., N} such that (B;);cs is a family
of pairwise disjoint open balls, and:

N
U B(w;,¢€;) C U B(w4,3¢;)

€S
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11. Using 10. and exercise (12), we have:

dx (U B(xi,ei)> < dx (U B($i73€i)>

i=1 €S
< de(B(a:i,?)ei))
€S
= ) 3"¢dz(B(0,1))
€S
= 3" dx(B(w,€;))
€S

where the second inequality stems from the fact that a measure is always
sub-additive, as can be seen from exercise (13) of Tutorial 5.

Exercise 14

Exercise 15.

1. Let p be a complex measure on R™. Let A > 0 and K be a non-empty
compact subset of {A < Mu}. Let x € K. Then x € {A < My}, ie.
A< (Mp)(x). Since (Mp)(z) is the smallest upper-bound of all ratios:

ul(B(z, €))/dx(B(x, €))
as € > 0, it is impossible for A to be such an upper-bound. There exists
€, > 0 such that:
Wl(B(,e.) "
dx(B(x,€;))

Now it is clear that K C Uyex B(x,€;). Since K is compact, there exist
N >1and z1,...,xy € K such that:

K C B(l‘l,Exl) U...UB({EN,EQ;N)

A<

Defining €; = €, and B; = B(x;,€;), the collection (B;);en, is therefore
a covering of K. From (4), foralli = 1,..., N we have Adx(B;) < |u|(B;).

2. By re-indexing the B;’s if necessary, without loss of generality we can

assume that ey < ... < ¢;. From exercise (14), there exists a subset
S of {1,...,N} such that the B;’s for i € S are pairwise disjoint, and
furthermore:

N
dz <U B, 51‘)) <3"Y " dw(B(wi, )

i=1 i€S

Hence, since K C Ui]\ilBi, using 1. we obtain:

dz(K) < dz (UB(%Q)>

i=1
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< 3" du(B(xie))
€S
< 3 LBl 0)
€S
- %m(Umxi,ei))
€S

where the last equality stems from the fact that all the B;’s, i € S, are
pairwise disjoint. We have effectively obtained a strict inequality, when
only a large inequality was required.

. Let ||u|| = |p|(R™) < 400 be the total mass of |u|. From 2.:

de(K) < 3"\l (U Bz, q)) < 3" A7 |l

€S

. Having considered a complex measure g on R™, with maximal function
My, given A € RT \ {0}, for all K non-empty compact subset of {\ <
Mu}, we have proved that:

da(K) < 3"

Note that this inequality is still valid if K = (). The Lebesgue measure on
R™ being locally finite, from theorem (74) it is inner-regular. In particular,
we have:

dx({N < Mpu}) =sup{dz(K): K C {\ < Mu}, K compact}

In other words, dz({\ < Mu}) is the smallest upper-bound of all dz(K)’s,
as K runs through the set of all compact subsets of {\ < Mu}. Having
proved that 3"A~!||u| is one of those upper-bounds, we conclude that:

dz({\ < Mu}) < 3"A7H|p|
This completes the proof of theorem (100).

Exercise 15

Exercise 16.

1. Let f € LE(R",B(R"),dz), n > 1. From theorem (63), u = [ fdz is a

well-defined complex measure on R", and its total variation |u| is given
by |u| = [ |f]dz. From definition (120), the maximal function M f of f is
exactly the maximal function My of p. Hence, for all z € R™:

(Mf)(x) (Mp)(z)
L l(B@0)
e>0 dx(B(zx,¢€))

(
L / £1d
= su X
250 d2(B(, ) Jpo.e)
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2. If p = [ fdz then |u| = [|f|dx and consequently:

Il = 1l®) = [ \fida = 171

Applying theorem (100) to u, for all A > 0 we obtain:

de({A < Mf}) = da({A < Mp})
3" A |u
3" A 1

IN

Exercise 16
Exercise 17.

1. Let f € LER™,B(R"),dx), n > 1. Let z € R". We assume that f is
continuous at x. Let n > 0. There is § > 0 such that:

Vy e R", [z —yl| <6 = [f(z) - fly)l <7
Suppose € > 0 is such that 0 < e < §. Then:
1 / 1
—— fy—fwdyéi/ ndy =n
LB Jowo " T E TEBE D) fo]

We conclude that:
1

and z is therefore a Lebesgue point of f.

2. Let x € R™ We assume that = is a Lebesgue point of f. For all € > 0,
denotmg B, = B(z,€) we have:

/f My~ f(z)| = dm%ﬁ/(f(y) (a))dy
< mpy J O~ Sl

Hence, from:

1

we conclude that:

1
f(x)_llﬁ%idx(B( ) /B(x,e)f(y)dy

Exercise 17

Exercise 18.
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1. Given f € L&(R™",B(R"),dx), for all € > 0 and z € R", let:
1
(Tef)(z) = a(B(z.0) /B(M) |f(y) = f(2)|dy

and:

(T'f)(x) = inf sup (T..f)(x)

E>Ou6]0,e[
From theorem (79), the space C&(R™) of continuous C-valued functions
defined on R™ with compact support, is dense in L'. Given n > 0, there
exists g € C&(R™) such that || f — gl < 7.
2. Let h=f —g. For all e > 0 and z € R" we have:
1

TN = Gy Lo 1) ey

dx
= M/B(m)(|h(y)|+|h(x)|)dy
M/B(mlh(y)ldw |h(z)|
dx

(
1
(
1
(
1
( |hldx + [h(z)]

da(B(x,€) /B@,e)

3. Let z € R". From exercise (16) we have:
1
(Mh)(x :supi/ h|dz
)= BB ) Joeo
In particular, for all € > 0, from 2. we obtain:
(Teh)(z) < (Mh)(z) + |h(2)]

Hence, if € > 0 is given, (Mh)(z)+|h(z)| is an upper-bound of all (T,,h)(x)
as u €]0, €[. Tt follows that:

sup (Tyh)(x) < (Mh)(z) + |h(z)]

w€]0,€[
and we have:
(Th)(z) = inf sup (T,h)(x)
6’>0ue]076/[

< sup (T,h)(x)
w€]0,€[

(Mh)(z) + k()|
This being true for all x € R™, Th < Mh + |h|.

IN
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4. Let z € R™ and € > 0. Let B, = B(x,¢). Then:

(T.f)@) = 2)\dy
- / 19(y) — 9(z) + h(y) — h()\dy
< < 9(0) = ooy + o) - <x>|dy)

= (Tey)( )+ (Teh)( )
This being true for all z € R", T, f < T.g + Tch.

5. Let € R™. Let €1,€e2 > 0 be given and € = min(ey, e2). For all u €]0, €],
using 4. we have:

(Tuf)(x) (Tug) (@) + (Tuh)(x)

<
< sup (Tug)(z) + sup (Tuh)()
w€]0,e1| w€]0,e2]

Hence, the right-hand-side of this inequality is an upper-bound of all
(Twf)(x)’s as u €]0, €. It follows that:

(Tf)(x) = inf sup (T.f)(z)

e’>0 uel0,¢'|

< sup (Tuf)( )
u€]0,€]

< sup (Tug)(x)+ sup (Tuh)(x)
uE]O,el[ UG]O,SQ[

Suppose sup,cjo,e,[(Tug)(z) < +oo. Then this quantity can be safely
subtracted from both sides of the previous inequality, to obtain:

(Tf)(x) = sup (Tug)(z) < sup (Tuh)(z)

w€]0,e1 | u€]0,e2]

Hence, €; > 0 being given, we see that the left-hand-side of this inequality
is a lower-bound of all sup,cjg.,((Tuh)(2)’s, as €2 > 0. Since (T'h)(x) is
the greatest of such lower-bounds, we obtain:

(Tf)(x) = sup (Tug)(z) < (Th)(x)

u€]0,e1

or equivalently:

(Tx) < sup (Tug)(x) + (Th)(x)

UE]O,€1[

which is still valid when sup,co,((Tug)(z) = +oo. Suppose now that
(Th)(x) < 4o00. Then (Th)(z) can be safely subtracted from both sides
of the previous inequality, to obtain:

(Tf)() = (Th)(z) < sup (Tug)(x)

w€]0,e1 |
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This being established for all ¢; > 0, (T'f)(xz) — (Th)(x) is a lower-bound
of all sup,¢jo.c,((Tug)(x)’s, as €1 > 0. Since (T'g)(x) is the greatest of such
lower-bounds, we obtain:

(Tf)(@) = (Th)(z) < (Tg)(x)
or equivalently:

(TF)(x) < (Tg)(x) + (Th)(x)
This being true for all z € R", T'f <Tg+ Th.

6. Let z € R™. Since g € C&(R™), g is a continuous element of L'. From
exercise (17), x is therefore a Lebesgue point of g. Hence, from defini-
tion (121):

1
lim(Teg)(x) = lim ——— —g(z)|dy =0
(@) = i gepeos [ o) gy

Let 6 > 0. There exists ¢ > 0 such that:

u €)0,e] = (Tug)(x) <5
So 6 is an upper-bound of all (T,g)(z)’s as u €]0,¢[, and consequently
supyejo,e((Tug)(x) < 6. Hence:

(Tg)(z) = inf sup (Tug)(z)
6>0u6]0,e/[

sup (Tug)()
u€]0,¢|

]

This being true for all § > 0, we conclude that (T'g)(xz) = 0. This being
true for all z € R", we have proved that Tg = 0.

IN

IN

7. Using 3. and 5. together with T'g = 0, we obtain:
Tf<Tg+Th=Th<Mh+ |h|

8. Let @ > 0. Let z € R™ and suppose that (Mh)(z) < « together with
|h|(x) < . Using 7. we obtain:

(Tf)(x) < (Mh)(x) + |h|(z) < 2a
Hence, we have shown the inclusion:
{Mh < o} {|h| < a} C {Tf < 2a}
from which we conclude that:

{2a < Tf} C{a < Mh}U{a< |h|}
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9. We have:

dz({a <[n]})

at /al{a<‘h|}dx

at / |h|1{a<|h‘}dl‘

ofl/|h|dx

= o '[lhlh

IN

IN

10. Let @ > 0 and n > 0. From 1. we have the existence of g € C&(R™) such

11.

12.

that ||h|[v < n where h = f — g. Define M, ,, = {o < Mh} U {a < |h|}.
From exercise (13) applied to the complex measure p = [ hdz, Mh is
a Borel measurable map. Since |h| is also Borel measurable, we see that
M, € B(R™). Furthermore from 8. we have {2a < T'f} C M, ,. Finally,
using 9. and exercise (16), we obtain:

dz(My,) = dx({o < Mh}U{a < |h|})

< dz({a < Mh}) +de({a < |h]})
< 3o Al +a [kl

= (3" +1)a"|hlh

< (3"+1a 'y

Hence, given > 0 and > 0, we have found M, , € B(R"™) such that
{20 < Tf} C My, and do(M,,) < (3" 4+ 1)a~ . Take Ny, = My -
where n* = (3" + 1)"'an. Then N, , € B(R"), {2a < Tf} C N,,, and
dz(Na,,) < n, which is exactly what we want.

Let @ > 0. With an obvious change of notation, given n > 1, from 10.
there exists No,, € B(R") such that we have {2a < T'f} C N, and
dz(Nan) < 1/n. Let Ny = Np>1Nqn. Then N, € BR"), {20 <Tf} C
N, and furthermore for all n > 1:

dz(No) = dr(Np>1Nan) < dv(Nayn) <

S

So dx(Ngy) = 0.

Let n > 1. With an obvious change of notation, from 11. there exists
N, € B(R"™) such that {2/n < Tf} C N, together with dx(N,) = 0.
Define N = U, >1N,,. Then N € B(R") and dz(N) = 0. Furthermore:

{rf>0} = |(J{2/n<Tf}

n>1

C UanN

n>1
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13.

14.

From 12. there exists N € B(R") with dz(N) = 0 such that {T'f > 0} C
N. Hence, for all z € R", we have v € N¢ = (T'f)(z) = 0. We conclude
that Tf =0 dz-a.s.

Let f € LE(R™,B(R"),dx). Let x € R™ and suppose that (T'f)(x) = 0.
Let 6 > 0. Then (T'f)(x) < §. Since (T f)(x) is the greatest lower-bound of
all sup,,¢jo,e((Tuf)(x)’s as € > 0, 6 cannot be such a lower-bound. There
exists ¢ > 0 such that sup,,¢jo o (Tuf)(z) < d. Hence for all € €]0, €[, we
have:

1
w50 . ) - Sy = ()

sup (T f)(z) <0
w€]0,e’[

IN

We have proved that:

. 1

i.e. that z is a Lebesgue point of f. So every x € R™ such that (T'f)(x) =0
is a Lebesgue point of f. Since T'f = 0 dx-almost surely, we conclude that
dz-almost all x € R™ are Lebesgue points of f. This completes the proof
of theorem (101).

Exercise 18

Exercise 19.

1.

Let (€2, F, j1) be a measure space and Q' € F. Let 7/ = Fior and 1/ = pu 7.
Let A € F'. Since F’ is the trace of F on ', from definition (22) there
exists A € F such that A’ = AN, Since Q' € F, we see that A’ € F.
This shows that 7' C F and the restriction p' = p# is a well-defined
measure on (Q', F').

. For all maps f defined on €’ with values in C or [0, +0oc], we define an

extension of f on Q, denoted f, by setting f(w) =0forallwe Q\Q.
Let A € F/ and 1’4 be the indicator function of A on €. A is also a
subset of 2, and we denote 14 its indicator function on Q. Let w € Q. If
weACQ, then:

If w € Q' \ A, then:

if we Q\ ', then:
(@) 20= 14()

In any case we have 1) (w) = 14(w). So 1’y = 14.
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3. Let f: (2, F) — [0,4+00] be a non-negative and measurable map. For
all B € B([0, +oc]) we have:

{feB} = ({feBInQ)uw({feB}In(@\Q))
{feBtw({0e€ B}N(Q\Q))
where {0 € B} denotes Qif 0 € B and 0 if 0 ¢ B. Since f is measurable, we
have {f € B} € F' C F. Since Q' € F, it is clear that {0 € B}N(Q\Q') €
F. It follows that {f € B} € F, and we have proved that f is a non-

negative and measurable map. Suppose f is of the form 1y for some
A€ F'. Then:

[ st =) = i) = [

1Adu:/ 1ydp
Q Q

Suppose now that f = Y7, a;1’y. is a simple function on (', F"). To

make our proof clearer, let us denote ¢(g) the extension § of any map g
defined on €. Then:

| = [ (gaiu)du’
_ éa/ﬂ v, dyt
- Za [ ot
/| (gam(u») dn

/Q o(f)dp

/Qfdu

Finally, if f : (@, F") — [0,+00] is an arbitrary non-negative and mea-
surable map, from theorem (18) there exists a sequence (s, )n>1 of simple
functions on (€', F’) such that s, T f, i.e. for allw € ', s,(w) < spy1(w)
for all n > 1, and s,(w) — f(w). It is clear that s, T f, and from the
monotone convergence theorem (19) we obtain:

/ fdy' = lim Spdp’

n—-+oo 9%

= lim Spdp

n—-+oo Q
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~ [ fau
Q

4. Let f € L, F',u'). Let u = Re(f) and v = Im(f). To make our
proof clearer, we shall denote ¢(g) the extension g of any map g defined
on Q. From f = ut —u~ +i(vt —v7) we obtain ¢(f) = ¢(ut) —
d(u=) +i(p(vt) — ¢p(v7)). From 3. each ¢(u™) and ¢(vF) is measurable,
and consequently ¢(f) is itself measurable. Note that given B € B(C), it
is not difficult to show directly that {f € B} € F just like we did in 3.
with B € B([0, +0o0]). Tt is clear that |¢(f)| = &(|f]), and applying 3. to
the non-negative and measurable map |f| we obtain:

1ot = [ o= [ 171 < +oc

Hence, we have proved that f = é(f) € LE(Q, F,p). Finally, using 3.
once more together with the linearity of the integral:

fdu = /qud//—/ u—dy
Q/ ’ ’

+ i(/ﬁ/ﬁdu'—/ﬂydu’)
= [ ottyin = [ oty
n ( [ ot [ ¢(v)du>

/Q (6(ut) — p(u™) +i(d(v+) — dv)]du
= [ ¢(f)du= /Qfdu

Q
Exercise 19

Exercise 20.

1. Let b : RT — C be a map. Suppose b is absolutely continuous. From
definition (122), b is right-continuous of finite variation, and furthermore
it is absolutely continuous with respect to the right-continuous and non-
decreasing map a : R — R with a(0) > 0, defined by a(t) = t. From

theorem (89), there exists f € Lé’loc(t) such that b(t) = fot f(s)ds for all
t € R*. Conversely, suppose such an f exists. From theorem (88), b = f.a
is a right-continuous map of finite variation, and from theorem (89), it is
in fact absolutely continuous with respect to a(t) = t. So b is absolutely
continuous. We have proved that b is absolutely continuous, if and only if

there exists f € Léloc(t) such that b(t) = fot f(s)ds for all t € RT.
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2. Suppose b is absolutely continuous and let f € Léloc(t) be such that

b(t) = fot f(s)ds for all t € R*. From theorem (88), we have Ab = fAt =
0. Since b is right-continuous of finite variation, in particular it is cadlag.
We conclude from exercise (29) (part 1) of Tutorial 14 that b is in fact
continuous with b(0) = 0.

Exercise 20
Exercise 21.

1. Let b: R — C be absolutely continuous. Let f € Léloc(t) be such that
b(t) = fot f(s)ds for all t € R*. For all n > 1, we define f,, : R — C by:

af fOlga(t) if teR*
f"(t)_{o o if t<0

Applying exercise (19) to (©2,9Q') = (R, R"), bearing in mind that B(R") =
B(R) g+, we have f,, = ¢(f1j0,)) where ¢(g) denotes the extension j on

R, of any map ¢ defined on R*. Since f € Léloc(t), we have flp ) €
L&(RT,B(RY), dx) and consequently f, = ¢(f1j.n)) € Le(R, B(R), dx).
Note that we are using the same notation dx to denote successively the
Lebesgue measure on RT and the Lebesgue measure on R, the former
being the restriction of the latter to B(R*) C B(R). Let n > 1 and
t € [0,n]. Using exercise (19) once more:

t
/ fode = / fulpgde
0 R

= /¢(f1[o,n]1[o,t])d$
R

= / fLionljo,nde
R+

= / fl[O,t] dx
R+

= [ s =0
0

Note that we use the same notations 1y, and 1y ,) to denote character-
istic functions defined successively on R and R*.

2. Since f, € L§(R,B(R),dx), from theorem (101), dz-almost every ¢t € R
is a Lebesgue point of f,,. Hence, there exists N,, € B(R) with dz(N,,) =0
such that for all ¢ € Nf, ¢ is a Lebesgue point of f,.

3. Let t € R and € > 0. Since B(t,€) =]t — €, t + €[, we have:

t+e t+e
] e -0l = s [ 15 - polas

€
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) t+e
< Ty ) ) = Falds

dx(B(

— e [ 18 - falolds

de(B(t,€) Jpue " "

4. Let t € NS. Then t is a Lebesgue point of f,,. From the inequality
obtained in 3. we have:

t+e

o1
gﬂ%g ; |fn(8)—fn(t)|d820

Furthermore, since:

t+e t+e€
L neas-no) = [0 - s
t+e
< 2180 - fuias

We conclude that:

1
lim —
ell0 €

t+e
/t fn(s)ds = fn(t)

5. Similarly to 3. and 4. we have:

2 meas—n0] = 1| [ o) - opas
< 1 [ 1us) = futolas

2

: dz(B(t,¢)) /B(t,e)|fn(8) = alt)lds

Hence for all t € Nf, t being a Lebesgue point of fi,:

lim, = / " uls)ds = Fult)

ell0 € _

6. Let ¢ € NS N [0,n]. From 1. we have b(t) = fot fn(s)ds. Furthermore, for
e > 0 small enough we have ¢ + ¢ € [0,n], and consequently b(t + ¢) =

[ fo(s)ds. Hence:

0

_ o b(t+e)—=b(t) .. 1 [t

lim —————= = lim — w(s)ds = f,(t

lim . lm 2 ) fn(s)ds = fn(t)
Moreover, assuming ¢t > 0, t — ¢ € [0,n] for ¢ > 0 small enough, and
consequently b(t — €) = fot_e fn(s)ds. Hence:

b)) —=b(t—e) . 1 [f

lim. - ) fn(s)ds = fu(t)
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We conclude that for all ¢ € NS N[0,n[, if ¢ = 0, the right-hand-side
derivative 0'(0) exists and is equal to f,,(0). If £ > 0, the derivative V' ()
exists and is equal to f,(¢). However if ¢t € [0,n], f,(t) = f(t). So for all
te NEN[0,n], b'(t) = f(t).

7. Define N = (U,>1N,) NRT. Then N € B(R') and dz(N) = 0. Let
t € N° Choosing n > 1 such that t € [0,n][, from ¢t ¢ N we obtain ¢t ¢ N,
and consequently ¢ € NS N [0,n[. From 6. it follows that b'(¢) exists and
is equal to f(t). We have found N € B(R™) with dz(N) = 0, such that
for all t € N¢, /(t) exists and is equal to f(t).

8. We have shown in exercise (20) that a map b is absolutely continuous,

if and only if there exists f € Léloc(t) such that b = f.t. Furthermore,
it follows from 7. that if b is absolutely continuous, it is almost surely
differentiable with ' = f dz-almost surely. This completes the proof of
theorem (102).

Exercise 21
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