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8. Jensen inequality
Definition 64 Let a, b ∈ R̄, with a < b. Let φ : ]a, b[→ R be an R-valued
function. We say that φ is a convex function, if and only if, for all x, y ∈]a, b[
and t ∈ [0, 1], we have:

φ(tx + (1− t)y) ≤ tφ(x) + (1− t)φ(y)

Exercise 1. Let a, b ∈ R̄, with a < b. Let φ : ]a, b[→ R be a map.

1. Show that φ : ]a, b[→ R is convex, if and only if for all x1, . . . , xn in ]a, b[
and α1, . . . , αn in R+ with α1 + . . .+ αn = 1, n ≥ 1, we have:

φ(α1x1 + . . .+ αnxn) ≤ α1φ(x1) + . . . αnφ(xn)

2. Show that φ : ]a, b[→ R is convex, if and only if for all x, y, z with a <
x < y < z < b we have:

φ(y) ≤ z − y
z − xφ(x) +

y − x
z − xφ(z)

3. Show that φ : ]a, b[→ R is convex if and only if for all x, y, z with a < x <
y < z < b, we have:

φ(y)− φ(x)
y − x ≤ φ(z)− φ(y)

z − y

4. Let φ : ]a, b[→ R be convex. Let x0 ∈]a, b[, and u, u′, v, v′ ∈]a, b[ be such
that u < u′ < x0 < v < v′. Show that for all x ∈]x0, v[:

φ(u′)− φ(u)
u′ − u ≤ φ(x) − φ(x0)

x− x0
≤ φ(v′)− φ(v)

v′ − v
and deduce that limx↓↓x0 φ(x) = φ(x0)

5. Show that if φ : ]a, b[→ R is convex, then φ is continuous.

6. Define φ : [0, 1]→ R by φ(0) = 1 and φ(x) = 0 for all x ∈]0, 1]. Show that
φ(tx + (1 − t)y) ≤ tφ(x) + (1 − t)φ(y), ∀x, y, t ∈ [0, 1], but that φ fails to
be continuous on [0, 1].

Definition 65 Let (Ω, T ) be a topological space. We say that (Ω, T ) is a
compact topological space if and only if, for all family (Vi)i∈I of open sets
in Ω, such that Ω = ∪i∈IVi, there exists a finite subset {i1, . . . , in} of I such
that Ω = Vi1 ∪ . . . ∪ Vin .

In short, we say that (Ω, T ) is compact if and only if, from any open covering
of Ω, one can extract a finite sub-covering.

Definition 66 Let (Ω, T ) be a topological space, and K ⊆ Ω. We say that K
is a compact subset of Ω, if and only if the induced topological space (K, T|K)
is a compact topological space.

www.probability.net

http://www.probability.net


Tutorial 8: Jensen inequality 2

Exercise 2. Let (Ω, T ) be a topological space.

1. Show that if (Ω, T ) is compact, it is a compact subset of itself.

2. Show that ∅ is a compact subset of Ω.

3. Show that if Ω′ ⊆ Ω and K is a compact subset of Ω′, then K is also a
compact subset of Ω.

4. Show that if (Vi)i∈I is a family of open sets in Ω such that K ⊆ ∪i∈IVi,
then K = ∪i∈I(Vi ∩K) and Vi ∩K is open in K for all i ∈ I.

5. Show that K ⊆ Ω is a compact subset of Ω, if and only if for any family
(Vi)i∈I of open sets in Ω such that K ⊆ ∪i∈IVi, there is a finite subset
{i1, . . . , in} of I such that K ⊆ Vi1 ∪ . . . ∪ Vin .

6. Show that if (Ω, T ) is compact and K is closed in Ω, then K is a compact
subset of Ω.

Exercise 3. Let a, b ∈ R, a < b. Let (Vi)i∈I be a family of open sets in R such
that [a, b] ⊆ ∪i∈IVi. We define A as the set of all x ∈ [a, b] such that [a, x] can
be covered by a finite number of Vi’s. Let c = supA.

1. Show that a ∈ A.

2. Show that there is ε > 0 such that a+ ε ∈ A.

3. Show that a < c ≤ b.

4. Show the existence of i0 ∈ I and c′, c′′ with a < c′ < c < c′′, such that
]c′, c′′] ⊆ Vi0 .

5. Show that [a, c′] can be covered by a finite number of Vi’s.

6. Show that [a, c′′] can be covered by a finite number of Vi’s.

7. Show that b ∧ c′′ ≤ c and conclude that c = b.

8. Show that [a, b] is a compact subset of R.

Theorem 34 Let a, b ∈ R, a < b. The closed interval [a, b] is a compact subset
of R.

Definition 67 Let (Ω, T ) be a topological space. We say that (Ω, T ) is a
Hausdorff topological space, if and only if for all x, y ∈ Ω with x 6= y, there
exists open sets U and V in Ω, such that:

x ∈ U , y ∈ V , U ∩ V = ∅

Exercise 4. Let (Ω, T ) be a topological space.
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1. Show that if (Ω, T ) is Hausdorff and Ω′ ⊆ Ω, then the induced topological
space (Ω′, T|Ω′) is itself Hausdorff.

2. Show that if (Ω, T ) is metrizable, then it is Hausdorff.

3. Show that any subset of R̄ is Hausdorff.

4. Let (Ωi, Ti)i∈I be a family of Hausdorff topological spaces. Show that the
product topological space Πi∈IΩi is Hausdorff.

Exercise 5. Let (Ω, T ) be a Hausdorff topological space. Let K be a compact
subset of Ω and suppose there exists y ∈ Kc.

1. Show that for all x ∈ K, there are open sets Vx,Wx in Ω, such that
y ∈ Vx, x ∈Wx and Vx ∩Wx = ∅.

2. Show that there exists a finite subset {x1, . . . , xn} of K such that K ⊆W y

where W y = Wx1 ∪ . . . ∪Wxn .

3. Let V y = Vx1 ∩ . . . ∩ Vxn . Show that V y is open and V y ∩W y = ∅.

4. Show that y ∈ V y ⊆ Kc.

5. Show that Kc = ∪y∈KcV y

6. Show that K is closed in Ω.

Theorem 35 Let (Ω, T ) be a Hausdorff topological space. For all K ⊆ Ω, if
K is a compact subset, then it is closed.

Definition 68 Let (E, d) be a metric space. For all A ⊆ E, we call di-
ameter of A with respect to d, the element of R̄ denoted δ(A), defined as
δ(A) = sup{d(x, y) : x, y ∈ A}, with the convention that δ(∅) = −∞.

Definition 69 Let (E, d) be a metric space, and A ⊆ E. We say that A is
bounded, if and only if δ(A) < +∞.

Exercise 6. Let (E, d) be a metric space. Let A ⊆ E.

1. Show that δ(A) = 0 if and only if A = {x} for some x ∈ E.

2. Let φ : R →]−1, 1[ be an increasing homeomorphism. Define d′′(x, y) =
|x − y| and d′(x, y) = |φ(x) − φ(y)|, for all x, y ∈ R. Show that d′ is a
metric on R inducing the usual topology on R. Show that R is bounded
with respect to d′ but not with respect to d′′.

3. Show that if K ⊆ E is a compact subset of E, for all ε > 0, there is a
finite subset {x1, . . . , xn} of K such that:

K ⊆ B(x1, ε) ∪ . . . ∪B(xn, ε)
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4. Show that any compact subset of any metrizable topological space (Ω, T ),
is bounded with respect to any metric inducing the topology T .

Exercise 7. Suppose K is a closed subset of R which is bounded with respect
to the usual metric on R.

1. Show that there exists M ∈ R+ such that K ⊆ [−M,M ].

2. Show that K is also closed in [−M,M ].

3. Show that K is a compact subset of [−M,M ].

4. Show that K is a compact subset of R.

5. Show that any compact subset of R is closed and bounded.

6. Show the following:

Theorem 36 A subset of R is compact if and only if it is closed, and bounded
with respect to the usual metric on R.

Exercise 8. Let (Ω, T ) and (S, TS) be two topological spaces. Let f : (Ω, T )→
(S, TS) be a continuous map.

1. Show that if (Wi)i∈I is an open covering of f(Ω), then the family (f−1(Wi))i∈I
is an open covering of Ω.

2. Show that if (Ω, T ) is a compact topological space, then f(Ω) is a compact
subset of (S, TS).

Exercise 9.

1. Show that (R̄, TR̄) is a compact topological space.

2. Show that any compact subset of R is a compact subset of R̄.

3. Show that a subset of R̄ is compact if and only if it is closed.

4. Let A be a non-empty subset of R̄, and let α = supA. Show that if
α 6= −∞, then for all U ∈ TR̄ with α ∈ U , there exists β ∈ R with β < α
and ]β, α] ⊆ U . Conclude that α ∈ Ā.

5. Show that if A is a non-empty closed subset of R̄, then we have supA ∈ A
and inf A ∈ A.

6. Consider A = {x ∈ R , sin(x) = 0}. Show that A is closed in R, but that
supA 6∈ A and inf A 6∈ A.

7. Show that if A is a non-empty, closed and bounded subset of R, then
supA ∈ A and inf A ∈ A.
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Exercise 10. Let (Ω, T ) be a compact, non-empty topological space. Let f :
(Ω, T )→ (R̄, TR̄) be a continuous map.

1. Show that if f(Ω) ⊆ R, the continuity of f with respect to TR̄ is equivalent
to the continuity of f with respect to TR.

2. Show the following:

Theorem 37 Let f : (Ω, T )→ (R̄, TR̄) be a continuous map, where (Ω, T ) is a
non-empty topological space. Then, if (Ω, T ) is compact, f attains its maximum
and minimum, i.e. there exist xm, xM ∈ Ω, such that:

f(xm) = inf
x∈Ω

f(x) , f(xM ) = sup
x∈Ω

f(x)

Exercise 11. Let a, b ∈ R, a < b. Let f : [a, b] → R be continuous on [a, b],
and differentiable on ]a, b[, with f(a) = f(b).

1. Show that if c ∈]a, b[ and f(c) = supx∈[a,b] f(x), then f ′(c) = 0.

2. Show the following:

Theorem 38 (Rolle) Let a, b ∈ R, a < b. Let f : [a, b]→ R be continuous on
[a, b], and differentiable on ]a, b[, with f(a) = f(b). Then, there exists c ∈]a, b[
such that f ′(c) = 0.

Exercise 12. Let a, b ∈ R, a < b. Let f : [a, b] → R be continuous on [a, b]
and differentiable on ]a, b[. Define:

h(x)
4
= f(x)− (x − a)

f(b)− f(a)
b− a

1. Show that h is continuous on [a, b] and differentiable on ]a, b[.

2. Show the existence of c ∈]a, b[ such that:

f(b)− f(a) = (b − a)f ′(c)

Exercise 13. Let a, b ∈ R, a < b. Let f : [a, b]→ R be a map. Let n ≥ 0. We
assume that f is of class Cn on [a, b], and that f (n+1) exists on ]a, b[. Define:

h(x)
4
= f(b)− f(x)−

n∑
k=1

(b− x)k

k!
f (k)(x) − α (b− x)n+1

(n+ 1)!

where α is chosen such that h(a) = 0.

1. Show that h is continuous on [a, b] and differentiable on ]a, b[.
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2. Show that for all x ∈]a, b[:

h′(x) =
(b − x)n

n!
(α− f (n+1)(x))

3. Prove the following:

Theorem 39 (Taylor-Lagrange) Let a, b ∈ R, a < b, and n ≥ 0. Let
f : [a, b] → R be a map of class Cn on [a, b] such that f (n+1) exists on ]a, b[.
Then, there exists c ∈]a, b[ such that:

f(b)− f(a) =
n∑
k=1

(b− a)k

k!
f (k)(a) +

(b − a)n+1

(n+ 1)!
f (n+1)(c)

Exercise 14. Let a, b ∈ R̄, a < b and φ : ]a, b[→ R be differentiable.

1. Show that if φ is convex, then for all x, y ∈]a, b[, x < y, we have:

φ′(x) ≤ φ′(y)

2. Show that if x, y, z ∈]a, b[ with x < y < z, there are c1, c2 ∈]a, b[, with
c1 < c2 and:

φ(y)− φ(x) = φ′(c1)(y − x)
φ(z)− φ(y) = φ′(c2)(z − y)

3. Show conversely that if φ′ is non-decreasing, then φ is convex.

4. Show that x→ ex is convex on R.

5. Show that x→ − ln(x) is convex on ]0,+∞[.

Definition 70 we say that a finite measure space (Ω,F , P ) is a probability
space, if and only if P (Ω) = 1.

Definition 71 Let (Ω,F , P ) be a probability space, and (S,Σ) be a measurable
space. We call random variable w.r. to (S,Σ), any measurable map X :
(Ω,F)→ (S,Σ).

Definition 72 Let (Ω,F , P ) be a probability space. Let X be a non-negative
random variable, or an element of L1

C(Ω,F , P ). We call expectation of X,
denoted E[X ], the integral:

E[X ]
4
=
∫

Ω

XdP

Exercise 15. Let a, b ∈ R̄, a < b and φ : ]a, b[→ R be a convex map. Let
(Ω,F , P ) be a probability space andX ∈ L1

R(Ω,F , P ) be such thatX(Ω) ⊆]a, b[.
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1. Show that φ ◦X : (Ω,F)→ (R,B(R)) is measurable.

2. Show that φ ◦X ∈ L1
R(Ω,F , P ), if and only if E[|φ ◦X |] < +∞.

3. Show that if E[X ] = a, then a ∈ R and X = a P -a.s.

4. Show that if E[X ] = b, then b ∈ R and X = b P -a.s.

5. Let m = E[X ]. Show that m ∈]a, b[.

6. Define:

β
4
= sup

x∈]a,m[

φ(m)− φ(x)
m− x

Show that β ∈ R and that for all z ∈]m, b[, we have:

β ≤ φ(z)− φ(m)
z −m

7. Show that for all x ∈]a, b[, we have φ(m) + β(x−m) ≤ φ(x).

8. Show that for all ω ∈ Ω, φ(m) + β(X(ω)−m) ≤ φ(X(ω)).

9. Show that if φ ◦X ∈ L1
R(Ω,F , P ) then φ(m) ≤ E[φ ◦X ].

Theorem 40 (Jensen inequality) Let (Ω,F , P ) be a probability space. Let
a, b ∈ R̄, a < b and φ : ]a, b[→ R be a convex map. Suppose that X ∈
L1

R(Ω,F , P ) is such that X(Ω) ⊆]a, b[ and such that φ ◦ X ∈ L1
R(Ω,F , P ).

Then:
φ(E[X ]) ≤ E[φ ◦X ]
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Solutions to Exercises
Exercise 1.

1. Let φ :]a, b[→ R be convex. Given n ≥ 1, let Hn be the property that for
all x1, . . . , xn in ]a, b[, and α1, . . . , αn in R+ such that α1 + . . .+ αn = 1,
we have:

φ(α1x1 + . . .+ αnxn) ≤ α1φ(x1) + . . .+ αnφ(xn) (1)

H1 is obviously true. Since φ is convex, H2 is also true. Given n ≥ 3,
suppose that Hn−1 has been proved. Let x1, . . . , xn in ]a, b[ and α1, . . . , αn
in R+ be such that α1 + . . . + αn = 1. Define t = α1 + . . . + αn−1. If
t = 0, then αi = 0 for all i ∈ {1, . . . , n− 1}, and αn = 1. So (1) is clearly
satisfied. Suppose t 6= 0. From our induction hypothesis Hn−1, we obtain:

φ((α1x1 + . . .+ αn−1xn−1)/t) ≤ (α1φ(x1) + . . .+ αn−1φ(xn−1))/t

i.e. tφ(x) ≤ α1φ(x1) + . . . + αn−1φ(xn−1), where x has been defined as
x = (α1x1 + . . . + αn−1xn−1)/t. Note that x is an element of ]a, b[. Let
y = xn. Since by assumption, φ is convex and t ∈ [0, 1], we have:

φ(tx + (1− t)y) ≤ tφ(x) + (1− t)φ(y)

and thus:

φ(tx + (1− t)y) ≤ α1φ(x1) + . . .+ αn−1φ(xn−1) + (1− t)φ(y)

Since 1 − t = αn, we see that (1) is therefore satisfied, which proves that
Hn is true. This induction argument shows that Hn is true for all n ≥ 1,
whenever φ is convex. Conversely, if Hn is true for all n ≥ 1, then in
particular H2 is true, and φ is immediately convex.

2. Let φ :]a, b[→ R be convex, and x, y, z with a < x < y < z < b. Let
t = (z − y)/(z− x). Then t ∈]0, 1[ and 1− t = (y− x)/(z − x). Moreover,
we have y = tx+ (1− t)z. φ being convex, we obtain:

φ(y) ≤ z − y
z − xφ(x) +

y − x
z − xφ(z) (2)

Conversely, suppose φ :]a, b[→ R is a map such that (2) holds for all x, y, z
with a < x < y < z < b. Let x, z ∈]a, b[ and t ∈ [0, 1]. Without loss of
generality, we can assume that x ≤ z. If t = 0, t = 1, or x = z, then we
immediately have:

φ(tx+ (1− t)z) ≤ tφ(x) + (1− t)φ(z) (3)

Assume that x < z and t ∈]0, 1[. Define y = tx + (1 − t)z. Then,
x < y < z. Moreover, it is easy to check that (z − y)/(z − x) = t and
(y − x)/(z − x) = 1 − t. From (2), we conclude that (3) is also satisfied.
Hence, we see that φ is convex. We have proved that a map φ :]a, b[→ R
is convex, if and only if inequality (2) holds, whenever a < x < y < z < b.

www.probability.net

http://www.probability.net


Solutions to Exercises 9

3. From the previous question, φ :]a, b[→ R is convex, if and only if for all
x, y, z with a < x < y < z < b, we have:

φ(y) ≤ z − y
z − xφ(x) +

y − x
z − xφ(z)

which is equivalent to:

φ(y)− φ(x)
y − x ≤ φ(z)− φ(y)

z − y (4)

4. Let φ :]a, b[→ R be convex. Let x0 ∈]a, b[ and u, u′, v, v′ in ]a, b[ such that
u < u′ < x0 < v < v′. Let x ∈]x0, v[. Using inequality (4), we obtain:

φ(u′)− φ(u)
u′ − u ≤ φ(x0)− φ(u′)

x0 − u′
≤ φ(x) − φ(x0)

x− x0

and furthermore:
φ(x) − φ(x0)

x− x0
≤ φ(v)− φ(x)

v − x ≤ φ(v′)− φ(v)
v′ − v

So, in particular:

φ(u′)− φ(u)
u′ − u ≤ φ(x) − φ(x0)

x− x0
≤ φ(v′)− φ(v)

v′ − v
It follows that there exist α, β ∈ R, such that for all x ∈]x0, v[:

α(x− x0) ≤ φ(x) − φ(x0) ≤ β(x − x0)

We conclude that the right-hand limit, limx↓↓x0 φ(x) exists, and is equal
to φ(x0).

5. Similarly to 4., for all x ∈]u′, x0[, we have:

φ(u′)− φ(u)
u′ − u ≤ φ(x0)− φ(x)

x0 − x
≤ φ(v′)− φ(v)

v′ − v
So there exist α, β ∈ R, such that for all x ∈]u′, x0[:

α(x0 − x) ≤ φ(x0)− φ(x) ≤ β(x0 − x)

We conclude that the left-hand limit, limx↑↑x0 φ(x) exists, and is equal to
φ(x0). Finally, from:

lim
x↓↓x0

φ(x) = φ(x0) = lim
x↑↑x0

φ(x)

φ is continuous on x0. This being true for all x0 ∈]a, b[, we have proved
that φ :]a, b[→ R is a continuous map.

6. Let φ : [0, 1] → R be defined by φ(0) = 1, and φ(x) = 0 for all x ∈]0, 1].
The fact that:

φ(tx + (1− t)y) ≤ tφ(x) + (1− t)φ(y)
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for all t, x, y ∈ [0, 1], is clear. Yet, φ obviously fails to be continuous on
[0, 1]. The purpose of this question is to emphasize an important point: in
definition (64), we have restricted a convex function to be defined on some
open interval ]a, b[ (it needs to be an interval, as φ(tx+ (1− t)y) needs to
be meaningful). If instead, we had allowed a convex function to be defined
on some closed interval [a, b] , it would not necessarily be continuous.

Exercise 1

Exercise 2.

1. Let (Ω, T ) be a compact topological space. The induced topological space
(Ω, T|Ω) is nothing but (Ω, T ) itself. So (Ω, T|Ω) is compact, and Ω is
therefore a compact subset of itself.

2. The induced topology T|∅ is defined by T|∅ = {A ∩ ∅ : A ∈ T }. So
T|∅ = {∅}. The topological space (∅, {∅}) being compact, we see that ∅ is
a compact subset of Ω.

3. Let (Ω, T ) be a topological space and Ω′ ⊆ Ω. Let K be a compact subset
of Ω′. Then K ⊆ Ω′, and the topological space (K, (T|Ω′)|K) is compact.
However, the induced topology (T|Ω′)|K coincide with the induced topol-
ogy T|K . It follows that (K, T|K) is a compact topological space, and K is
therefore a compact subset of Ω.

4. Let (Vi)i∈I be a family of open sets in Ω, such that K ⊆ ∪i∈IVi. If x ∈ K,
then x ∈ Vi ∩ K for some i ∈ I. Conversely, if x ∈ Vi ∩ K for some
i ∈ I, then x ∈ K. So K = ∪i∈IVi ∩K. By definition (23) of the induced
topology, each Vi ∩K is an element of T|K , i.e. each Vi ∩K is open in K.

5. Let (Ω, T ) be a topological space, and K ⊆ Ω. Suppose K is a compact
subset of Ω. Let (Vi)i∈I be a family of open sets in Ω, such that K ⊆
∪i∈IVi. From 4., K = ∪i∈IVi ∩ K, and each Vi ∩ K is an open set in
K. By assumption, the topological space (K, T|K) is compact. From
definition (65), it follows that there exists {i1, . . . , in} finite subset of I,
such that:

K = (Vi1 ∩K) ∪ . . . ∪ (Vin ∩K) = (Vi1 ∪ . . . ∪ Vin) ∩K

In particular, K ⊆ Vi1 ∪ . . . ∪ Vin . Conversely, suppose that K ⊆ Ω
has the property that for any family (Vi)i∈I of open sets in Ω, such that
K ⊆ ∪i∈IVi, there exists {i1, . . . , in} finite subset of I such that K ⊆
Vi1 ∪ . . . ∪ Vin . We claim that K is a compact subset of Ω. Indeed, let
(Wi)i∈I be a family of open sets in K such that K = ∪i∈IWi. Since each
Wi lies in T|K , for all i ∈ I, there exists Vi ∈ T such that Wi = Vi ∩K.
So K = ∪i∈IVi ∩K, and in particular K ⊆ ∪i∈IVi. By assumption, there
exists {i1, . . . , in} finite subset of I, such that K ⊆ Vi1 ∪ . . . ∪ Vin , and
therefore K = (Vi1 ∪ . . .∪Vin)∩K = Wi1 ∪ . . .∪Win . From definition (65),
we conclude that (K, T|K) is compact, i.e. K is a compact subset of Ω.

www.probability.net

http://www.probability.net


Solutions to Exercises 11

We have proved that K ⊆ Ω is a compact subset of Ω, if and only if for
any family (Vi)i∈I of open sets in Ω such that K ⊆ ∪i∈IVi, there exists
{i1, . . . , in} finite subset of I, such that K ⊆ Vi1 ∪ . . . ∪ Vin .

6. Let (Ω, T ) be a compact topological space. Let K ⊆ Ω, and suppose that
K is closed in Ω. Let (Vi)i∈I be a family of open sets in Ω, such that
K ⊆ ∪i∈IVi. For all x ∈ Ω, either x ∈ Kc or x ∈ Vi for some i ∈ I
(or both). So Ω = (∪i∈IVi) ∪Kc. Since Kc is assumed to be open in Ω,
and (Ω, T ) is compact, from definition (65), there exists {i1, . . . , in} finite
subset of I, such that Ω = Vi1 ∪ . . . ∪ Vin , or Ω = (Vi1 ∪ . . . ∪ Vin) ∪Kc.
In any case, we have K ⊆ Vi1 ∪ . . . ∪ Vin . Hence, given a family (Vi)i∈I
of open sets in Ω, such that K ⊆ ∪i∈IVi, we have found a finite subset
{i1, . . . , in} of I, such that K ⊆ Vi1 ∪ . . .∪ Vin . From 5., we conclude that
K is a compact subset of Ω. We have proved that any closed subset of a
compact topological space, is itself compact (is a compact subset of it).

Exercise 2

Exercise 3.

1. By assumption, [a, b] ⊆ ∪i∈IVi and in particular, there exists i ∈ I such
that a ∈ Vi. So {a} = [a, a] can be covered by a finite number of Vi’s. We
have proved that a ∈ A.

2. Since a ∈ Vi for some i, and Vi is open in R, there exists ε > 0 such that
[a, a + ε] ⊆ Vi. Since a < b, by choosing ε small enough, we can ensure
that a + ε ∈ [a, b]. Hence, we have found ε > 0, such that a + ε ∈ [a, b],
and [a, a+ ε] is covered by a finite number of Vi’s. So we have found ε > 0,
such that a+ ε ∈ A.

3. Since c = supA, c is an upper-bound of A. From 2., there exists ε > 0,
such that a+ ε ∈ A. So a+ ε ≤ c and in particular, a < c. By definition,
A is a subset of [a, b]. So b is an upper-bound of A. c being the smallest
of such upper-bounds, we have c ≤ b. We have proved that a < c ≤ b.

4. From 3., c ∈]a, b] ⊆ ∪i∈IVi. There exists i0 ∈ I with c ∈ Vi0 . Vi0 being
open in R, there exist c′, c′′ such that c′ < c < c′′ and ]c′, c′′] ⊆ Vi0 .
Moreover, since a < c, it is possible to choose c′ such that a < c′. We
have proved the existence of i0 ∈ I and c′, c′′, with a < c′ < c < c′′ and
]c′, c′′] ⊆ Vi0 .

5. Since c′ < c and c is the smallest of all upper-bounds of A, c′ cannot be
such upper-bound. There exists x ∈ A, such that c′ < x. Since x ∈ A,
[a, x] can be covered by a finite number of Vi’s. From [a, c′] ⊆ [a, x], we
conclude that [a, c′] can also be covered by a finite number of Vi’s.

6. From [a, c′′] = [a, c′]∪]c′, c′′], ]c′, c′′] ⊆ Vi0 and the fact that [a, c′] can be
covered by a finite number of Vi’s, we conclude that [a, c′′] can also be
covered by a finite number of Vi’s.
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7. Since [a, b ∧ c′′] ⊆ [a, c′′], it follows from 6. that [a, b ∧ c′′] can be covered
by a finite number of Vi’s. Moreover, since b ∧ c′′ ∈ [a, b], we see that
b ∧ c′′ ∈ A. Hence, we have b ∧ c′′ ≤ c. We know from 3. that c ≤ b.
Suppose we had c < b. Since c < c′′, this would imply that c < b ∧ c′′,
which is a contradiction. It follows that b = c.

8. From 7., we have [a, b] = [a, c] ⊆ [a, c′′]. From 6., [a, c′′] can be covered by
a finite number of Vi’s. It follows that [a, b] can also be covered by a finite
number of Vi’s. In other words, there exists a finite subset {i1, . . . , in} of
I, such that [a, b] ⊆ Vi1∪. . .∪Vin . Having assumed that [a, b] ⊆ ∪i∈IVi, for
an arbitrary family (Vi)i∈I of open sets in R, we have shown the existence
of a finite subset {i1, . . . , in} of I, such that [a, b] ⊆ Vi1 ∪ . . . ∪ Vin . From
exercise (2), we see that [a, b] is a compact subset of R.

Exercise 3

Exercise 4.

1. Let (Ω, T ) be a Hausdorff topological space, and Ω′ ⊆ Ω. Let x, y ∈ Ω′

with x 6= y. In particular, x, y ∈ Ω with x 6= y. Since (Ω, T ) is Hausdorff,
there exist two open sets U, V in Ω, such that x ∈ U , y ∈ V and U∩V = ∅.
Define U ′ = U ∩ Ω′ and V ′ = V ∩ Ω′. Then U ′ and V ′ are elements of
the induced topology T|Ω′ and furthermore, we have x ∈ U ′, y ∈ V ′ and
U ′ ∩ V ′ = ∅. Given two distinct elements x, y of Ω′, we have found two
disjoint open sets U ′, V ′ in Ω′, containing x and y respectively. This shows
that the induced topological space (Ω′, T|Ω′) is Hausdorff.

2. Let (Ω, T ) be a metrizable topological space. Let d be a metric on Ω,
inducing the topology T on Ω. Let x, y ∈ Ω with x 6= y. Define ε =
d(x, y)/2 > 0, U = B(x, ε) and V = B(y, ε). Then, U, V are open sets in
Ω, with x ∈ U and y ∈ V . Furthermore, if z ∈ B(x, ε), then d(x, z) <
d(x, y)/2 and consequently:

d(x, y) ≤ d(x, z) + d(z, y) < d(x, y)/2 + d(z, y)

from which we see that d(z, y) > d(x, y)/2 = ε. So z 6∈ B(y, ε), and we
have proved that U∩V = ∅. Given two distinct elements x, y of Ω, we have
found two disjoint open sets U , V in Ω, containing x and y respectively.
This shows that the metrizable topological space (Ω, T ) is Hausdorff.

3. From theorem (13), the topological space (R̄, TR̄) is metrizable. It follows
from 2. that (R̄, TR̄) is Hausdorff. From 1., any subset of R̄ (together
with its induced topology) is a Hausdorff topological space.

4. Let (Ωi, Ti)i∈I be a family of Hausdorff topological spaces. Let Ω = Πi∈IΩi
and T = �i∈ITi be the product topology on Ω [definition (56)]. Let
x, y ∈ Ω with x 6= y. There exists i0 ∈ I such that x(i0) 6= y(i0). Since
(Ωi0 , Ti0) is Hausdorff, there exist Ui0 , Vi0 open sets in Ωi0 , such that
x(i0) ∈ Ui0 , y(i0) ∈ Vi0 and Ui0∩Vi0 = ∅. Define U = Ui0×Πi∈I\{i0}Ωi and
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V = Vi0 ×Πi∈I\{i0}Ωi. Then x ∈ U , y ∈ V and U ∩ V = ∅. Furthermore,
U and V are rectangles of the family of topologies (Ti)i∈I [definition (52)],
and therefore belong to the product topology �i∈ITi = T . Given two
distinct elements x, y in Ω, we have found two disjoint open sets U, V in Ω,
containing x and y respectively. This shows that the product topological
space (Ω, T ) is Hausdorff.

Exercise 4

Exercise 5.

1. Let x ∈ K. Since by assumption, y ∈ Kc, we have x 6= y. The topological
space (Ω, T ) being Hausdorff, there exist open sets Vx and Wx in Ω, such
that y ∈ Vx, x ∈Wx and Vx ∩Wx = ∅.

2. For all x ∈ K, we have x ∈ Wx. In particular, K ⊆ ∪x∈KWx. K being a
compact subset of Ω, and (Wx)x∈K being a family of open sets in Ω, there
exists {x1, . . . , xn} finite subset of K, such that K ⊆Wx1 ∪ . . .∪Wxn , i.e.
K ⊆W y = Wx1 ∪ . . . ∪Wxn .

3. Let V y = Vx1∩. . .∩Vxn . All Vx’s being open in Ω, V y is a finite intersection
of open sets in Ω, and is therefore open in Ω. Suppose that x ∈ V y ∩W y.
Then, there exists i ∈ {1, . . . , n} such that x ∈ Wxi . Since V y ⊆ Vxi , we
see that x ∈ Wxi ∩ Vxi , which contradicts that fact that Wxi ∩ Vxi = ∅. It
follows that V y ∩W y = ∅.

4. By construction, y ∈ Vxi for all i ∈ {1, . . . , n}. It follows that y ∈ Vx1 ∩
. . .∩Vxn = V y. Furthermore from 2., K ⊆W y and from 3., V y ∩W y = ∅.
It follows that for all x ∈ V y, x 6∈ K. So V y ⊆ Kc. We have proved that
y ∈ V y ⊆ Kc.

5. So far, for all y ∈ Kc, we have shown the existence of an open set V y in
Ω, such that y ∈ V y ⊆ Kc. It is clear that ∪y∈KcV y ⊆ Kc. Conversely,
for all y ∈ Kc, we have y ∈ V y. So Kc ⊆ ∪y∈KcV y. We have proved that
Kc = ∪y∈KcV y.

6. From 5., Kc is a union of open sets in Ω, and is therefore open in Ω. We
conclude that K is a closed subset of Ω. The purpose of this exercise is
to prove theorem (35).

Exercise 5

Exercise 6.

1. Suppose A = {x} for some x ∈ E. Then δ(A) = sup{0} = 0. Conversely,
suppose δ(A) = 0. Then A 6= ∅, since otherwise we would have δ(A) =
−∞. Suppose A had two distinct elements x and y, We would have
0 < d(x, y) ≤ δ(A), contradicting the assumption that δ(A) = 0. It
follows that A has only one element. We have proved that δ(A) = 0, if
and only if A = {x} for some x ∈ E.
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2. let φ : R →]− 1, 1[ be an increasing homeomorphism. Let d′(x, y) =
|φ(x)−φ(y)|. Since φ is injective, d′(x, y) = 0 is equivalent to x = y. So d′

is clearly a metric on R. Let A be open for the usual topology on R, i.e.
A ∈ TR. φ being a homeomorphism, φ−1 is continuous, and therefore φ(A)
is open in ]−1, 1[. It follows that φ(A) is also open in R. Let x ∈ A. Then
φ(x) ∈ φ(A), and there exists ε > 0 such that |φ(x) − z| < ε⇒ z ∈ φ(A).
Let y ∈ R be such that d′(x, y) < ε. Then |φ(x)− φ(y)| < ε and therefore
φ(y) ∈ φ(A). φ being injective, we see that y ∈ A. We have found ε > 0,
such that d′(x, y) < ε ⇒ y ∈ A. This shows that A is open with respect
to the metric topology induced by d′, i.e. A ∈ Td′ . This being true for all
A ∈ TR, we have TR ⊆ Td′ . Conversely, let A ∈ Td′ . Let x ∈ A. There
exists ε > 0, such that d′(x, y) < ε⇒ y ∈ A. However, φ being continuous,
there exists η > 0, such that |x − y| < η ⇒ d′(x, y) < ε. Hence, we see
that |x− y| < η ⇒ y ∈ A. This shows that A is open with respect to the
usual topology on R, i.e. A ∈ TR. This being true for all A ∈ Td′ , we have
Td′ ⊆ TR, and finally Td′ = TR. We conclude that the metric d′ induces
the usual topology on R. Let δ′(R) be the diameter of R with respect
to the metric d′. For all x, y ∈ R, we have d′(x, y) ≤ 2. It follows that
δ′(R) ≤ 2 and in particular δ′(R) < +∞. So R is bounded with respect
to the metric d′. However, if d′′ denotes the usual metric on R, and δ′′(R)
the diameter of R with respect to d′′, then it is clear that δ′′(R) = +∞.
So R is not bounded with respect to the usual metric on R.

3. Let K be a compact subset of E. Let ε > 0. We clearly have K ⊆
∪x∈KB(x, ε). The family (B(x, ε))x∈K being a family of open sets in E,
from exercise (2), there exists {x1, . . . , xn} finite subset of K, such that
K ⊆ B(x1, ε) ∪ . . . ∪B(xn, ε).

4. Let (Ω, T ) be a metrizable topological space. Let d be an arbitrary metric
inducing the topology T . Let K be a compact subset of Ω. Taking ε = 1 in
3., there exists {x1, . . . , xn} finite subset of K, such that K ⊆ B(x1, 1) ∪
. . . ∪ B(xn, 1). Let x, y ∈ K. There exists i, j ∈ {1, . . . , n} such that
x ∈ B(xi, 1) and y ∈ B(xj , 1). It follows that:

d(x, y) ≤ d(x, xi) + d(xi, xj) + d(xj , y) ≤ 2 +M

where M = maxi,j d(xi, xj). Hence, we see that δ(K) ≤ 2 + M , where
δ(K) is the diameter of K with respect to the metric d. In particular,
δ(K) < +∞, and K is bounded with respect to the metric d. This is true
for all d inducing T .

Exercise 6

Exercise 7.

1. Since K is bounded with respect to the usual metric on R, we have δ(K) <
+∞. If K = ∅, then K ⊆ [−M,M ] for any M ∈ R+. Suppose K 6= ∅.
Then δ(K) ∈ R+, and for all x, y ∈ K, we have |x − y| ≤ δ(K). Let
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y0 ∈ K. For all x ∈ K, we have |x| ≤ δ(K) + |y0|. So K ⊆ [−M,M ], with
M = δ(K) + |y0|.

2. LetK ′ denote the complement ofK in [−M,M ]. We haveK ′ = [−M,M ]∩
Kc, where Kc is the complement of K in R. Since by assumption K is
closed in R, Kc is open in R. It follows that [−M,M ] ∩Kc is open with
respect to the induced topology on [−M,M ]. So K ′ is open in [−M,M ],
and we conclude that K is closed in [−M,M ].

3. From theorem (34), [−M,M ] is a compact subset of R. From 2., K is a
closed subset of [−M,M ]. From exercise (2)[6.], we conclude that K is a
compact subset of [−M,M ].

4. From 3., K is a compact subset of [−M,M ]. It follows from exercise (2)[3.],
that K is also a compact subset of R. We have proved that any closed
and bounded subset of R, is also a compact subset of R.

5. Let K be a compact subset of R. Since (R, TR) is Hausdorff, from the-
orem (35), K is a closed subset of R. Moreover, from exercise (6), K is
bounded with respect to any metric inducing the usual topology on R. In
particular, it is bounded with respect to the usual metric on R. We have
proved that any compact subset of R is closed and bounded.

6. From 4., any subset of R which is closed and bounded, is compact. Con-
versely, from 5., any compact subset of R is closed and bounded. This
proves theorem (36).

Exercise 7

Exercise 8.

1. Let (Wi)i∈I be an open covering of f(Ω). For all i ∈ I, Wi is open, and
f(Ω) ⊆ ∪i∈IWi. Let x ∈ Ω. Then f(x) ∈ f(Ω). There exists i ∈ I, such
that f(x) ∈ Wi, i.e. x ∈ f−1(Wi). It follows that Ω ⊆ ∪i∈If−1(Wi).
Moreover, f being continuous and Wi open, each f−1(Wi) is open in Ω.
We have proved that (f−1(Wi))i∈I is an open covering of Ω.

2. Let f : (Ω, T )→ (S, TS) be a continuous map, where (Ω, T ) is a compact
topological space. Let (Wi)i∈I be a family of open sets in S, such that
f(Ω) ⊆ ∪i∈IWi. From 1., (f−1(Wi))i∈I is a family of open sets in Ω, such
that Ω ⊆ ∪i∈If−1(Wi). (Ω, T ) being compact, there exists {i1, . . . , in}
finite subset of I, such that Ω ⊆ f−1(Wi1)∪ . . .∪f−1(Win). Let y ∈ f(Ω).
There exists x ∈ Ω, such that y = f(x). There exists k ∈ {1, . . . , n}, such
that x ∈ f−1(Wik), i.e. f(x) ∈ Wik . So y ∈ Wik . We have proved that
f(Ω) ⊆ Wi1 ∪ . . . ∪Win . Given an arbitrary family (Wi)i∈I of open sets,
such that f(Ω) ⊆ ∪i∈IWi, we have found a finite subset {i1, . . . , in} of I,
such that f(Ω) ⊆ Wi1 ∪ . . . ∪Win . This shows that f(Ω) is a compact
subset of (S, TS).
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Exercise 8

Exercise 9.

1. By construction, the topological space (R̄, TR̄) is homeomorphic to [−1, 1]
[definition (34)]. In particular, there exists a continuous map h : [−1, 1]→
R̄. From theorem (34), the topological space [−1, 1] is compact. From ex-
ercise (8), we conclude that R̄ = h([−1, 1]) is a compact subset of (R̄, TR̄).
In other words, (R̄, TR̄) is a compact topological space.

2. Let K be a compact subset of R. The usual topology TR on R, is nothing
but the topology induced on R, by the usual topology on R̄, i.e. TR =
(TR̄)|R. From exercise (2)[3.], we conclude that K is also a compact subset
of R̄.

3. Let K be a compact subset of R̄. Since (R̄, TR̄) is metrizable, it is a
Hausdorff topological space. It follows from theorem (35) that K is closed
in R̄. Conversely, suppose K is a closed subset of R̄. From 1., (R̄, TR̄) is
compact. We conclude from exercise (2)[6.], that K is a compact subset
of R̄.

4. Let A be a non-empty subset of R̄, and α = supA. We assume that
α 6= −∞ (i.e. A is not reduced to {−∞}). Let U ∈ TR̄ with α ∈ U . Let
h : R̄ → [−1, 1] be an increasing homeomorphism. Then, h(U) is open
in [−1, 1], and h(α) ∈ h(U). Since α 6= −∞, we have h(α) 6= −1. There
exists ε > 0, such that we have ]h(α) − ε, h(α)] ⊆ h(U), together with
−1 < h(α) − ε. It follows that ]β, α] ⊆ U , where β = h−1(h(α) − ε) ∈ R.
Let Ā be the closure of A in R̄ [definition 37]. If α = −∞, since A 6= ∅,
we have A = {−∞}. So α ∈ A ⊆ Ā. Suppose that α 6= −∞. We claim
that α ∈ Ā. Let U ∈ TR̄ be such that α ∈ U . As shown above, there
exists β < α, β ∈ R, such that ]β, α] ⊆ U . α being the supremum of
A, its is the smallest of all upper-bounds of A. Hence, β cannot be such
upper-bound, and there exists c ∈ A such that c ∈]β, α] ⊆ U . Hence, we
see that A∩U 6= ∅. This being true for all open sets U in R̄ containing α,
we have proved that α ∈ Ā. We conclude that for any non-empty subset
A of R̄, we have α = supA ∈ Ā.

5. Let A be a non-empty closed subset of R̄. From 4., we have supA ∈ Ā,
and similarly inf A ∈ Ā. A being closed in R̄, it coincides with its closure
in R̄, i.e. A = Ā. So supA ∈ A and inf A ∈ A. Any non-empty closed
subset of R̄ contains its supremum and infimum.

6. Let A = {x ∈ R : sinx = 0}. The map ’sin’ being continuous, A =
sin−1({0}) is a closed subset of R. However, inf A = −∞ and supA =
+∞, and consequently, A does not contain its supremum or infimum. In 5.,
we showed that any non-empty closed subset of R̄ contains its supremum
and infimum. This property does not hold for non-empty closed subset of
R. Indeed, R itself is a closed subset of itself, and does not contain its
supremum or infimum. [Note that R is not closed in R̄].
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7. Let A be a non-empty closed and bounded subset of R. From theo-
rem (36), A is a non-empty compact subset of R. It follows that it is also
a non-empty compact of subset of R̄, and consequently from theorem (35),
it is a non-empty closed subset of R̄. We conclude from 5. that A contains
its supremum and infimum, i.e. supA ∈ A and inf A ∈ A.

Exercise 9

Exercise 10.

1. Let f : (Ω, T )→ (R̄, TR̄) be a map with f(Ω) ⊆ R. Suppose f is continu-
ous with respect to TR. Let U be open in R̄. Then U∩R is open in R, and
therefore f−1(U) = f−1(U ∩R) ∈ T . So f is continuous with respect to
TR̄. Conversely, suppose f is continuous with respect to TR̄. Let V ∈ TR.
There exists U ∈ TR̄, such that V = U ∩R. So f−1(V ) = f−1(U) ∈ T .
So f is continuous with respect to TR. We have proved that whenever
f(Ω) ⊆ R, the continuity with respect to TR and TR̄ are equivalent.

2. Let f : (Ω, T ) → (R̄, TR̄) be a continuous map, where (Ω, T ) is a non-
empty compact topological space. From exercise (8), f(Ω) is a non-empty
compact subset of R̄. In particular, from theorem (35), it is a non-empty
closed subset of R̄. From exercise (9)[5.], we conclude that f(Ω) contains
its supremum and infimum, i.e. sup f(Ω) ∈ f(Ω) and inf f(Ω) ∈ f(Ω). In
other words, there exist xm and xM in Ω, such that;

f(xm) = inf
x∈Ω

f(x) , f(xM ) = sup
x∈Ω

f(x)

This proves theorem (37).

Exercise 10

Exercise 11.

1. Suppose c ∈]a, b[ and f(c) = sup f([a, b]). By assumption, f ′(x) exists for
all x ∈]a, b[. So in particular, f ′(c) is well defined. For all x ∈ [a, b], we
have f(x) ≤ f(c). Hence, for all x ∈]c, b], we have (f(x)−f(c))/(x−c) ≤ 0.
Taking the limit as x → c, c < x, we obtain f ′(c) ≤ 0. Moreover, for all
x ∈ [a, c[, we have (f(c) − f(x))/(c − x) ≥ 0. Taking the limit as x → c,
x < c, we obtain f ′(c) ≥ 0. We conclude that f ′(c) = 0.

2. Let a, b ∈ R, a < b. Let f : [a, b]→ R be continuous on [a, b], differentiable
on ]a, b[, with f(a) = f(b). From theorem (34), [a, b] is a compact subset
of R. f being continuous, from theorem (37), it attains its maximum
and minimum on [a, b]. Suppose sup f([a, b]) = inf f([a, b]). Then f is
constant on [a, b], and f ′(c) = 0 for all c ∈]a, b[. Suppose that we have
sup f([a, b]) 6= inf f([a, b]). Then sup f([a, b]) and inf f([a, b]) cannot both
be equal to f(a) = f(b). Changing f into −f if necessary, without loss of
generality we can assume that sup f([a, b]) 6= f(a). Let c ∈ [a, b] be such
that f(c) = sup f([a, b]). Then f(c) 6= f(a) and f(c) 6= f(b). So in fact,
we have c ∈]a, b[. Since f(c) = supx∈[a,b] f(x), from 1., we conclude that
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f ′(c) = 0. We have proved the existence of c ∈]a, b[, such that f ′(c) = 0.
This proves theorem (38).

Exercise 11

Exercise 12.

1. h is of the form h = f + αp, where α ∈ R, and p is a polynomial. Since f
is continuous on [a, b] and differentiable on ]a, b[, the same is true of h.

2. We have h(a) = f(a) and h(b) = f(a). So h(a) = h(b), and we can apply
Rolle’s theorem (38). There exists c ∈]a, b[ such that h′(c) = 0. Since for
all x ∈ [a, b],we have:

h(x) = f(x)− (x− a)
f(b)− f(a)

b− a
we have found c ∈]a, b[, such that:

f(b)− f(a) = (b − a)f ′(c)

Exercise 12

Exercise 13.

1. f is continuous on [a, b], and f ′ exists on ]a, b[. Since f is of class Cn,
each f (k) is well defined and continuous on [a, b], for all k ∈ {1, . . . , n}.
Moreover, each f (k) is differentiable on [a, b], and in particular on ]a, b[,
for all k ∈ {1, . . . , n − 1}. In fact, since f (n+1) exist on ]a, b[, each f (k)

is differentiable on ]a, b[ for all k ∈ {1, . . . , n}. We conclude that h is
continuous on [a, b], and differentiable on ]a, b[.

2. For all k ∈ {1, . . . , n}, we have:

[(b− x)kf (k)]′ = −k(b− x)k−1f (k) + (b − x)kf (k+1)

Therefore, if we define:

g(x) =
n∑
k=1

(b − x)k

k!
f (k)(x)

we have:

g′(x) = −
n∑
k=1

(b − x)k−1

(k − 1)!
f (k)(x) +

n∑
k=1

(b− x)k

k!
f (k+1)(x)

= −
n−1∑
k=0

(b− x)k

k!
f (k+1)(x) +

n∑
k=1

(b− x)k

k!
f (k+1)(x)

= −f ′(x) +
(b − x)n

n!
f (n+1)(x)

and from:

h(x) = f(b)− f(x)− g(x)− α (b − x)n+1

(n+ 1)!
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we conclude that:

h′(x) = −f ′(x) + f ′(x)− (b− x)n

n!
f (n+1)(x) + α

(b− x)n

n!

=
(b− x)n

n!
(α− f (n+1)(x))

3. h is continuous on [a, b], and differentiable on ]a, b[. Moreover, h(b) = 0 =
h(a). From theorem (38), there exists c ∈]a, b[, such that h′(c) = 0. Hence,
from 2., there exists c ∈]a, b[ such that f (n+1)(c) = α. From h(a) = 0, we
have:

f(b)− f(a) =
n∑
k=1

(b− a)k

k!
f (k)(a) +

(b − a)n+1

(n+ 1)!
f (n+1)(c) (5)

Given a, b ∈ R, a < b and n ≥ 0, given f : [a, b] → R of class Cn on
[a, b], such that f (n+1) exists on ]a, b[, we have found c ∈]a, b[ such that
equation (5) holds. This proves theorem (39).

Exercise 13

Exercise 14.

1. Let φ :]a, b[→ R be convex and differentiable. Let x, y ∈]a, b[, x < y. For
all z, z′ ∈]x, y[ such that z < z′, from exercise (1), we have:

φ(z)− φ(x)
z − x ≤ φ(z′)− φ(z)

z′ − z ≤ φ(y)− φ(z′)
y − z′

z′ being fixed, taking the limit as z ↓↓ x, we obtain:

φ′(x) ≤ φ(y)− φ(z′)
y − z′

and finally, taking the limit as z′ ↑↑ y, φ′(x) ≤ φ′(y). We have proved
that if a convex function is differentiable, its derivative is non-decreasing.

2. Let x, y, z ∈]a, b[ with x < y < z. Since f is differentiable on ]a, b[, in
particular, it is continuous on [x, y] and differentiable on ]x, y[. From
exercise (12), there exists c1 ∈]x, y[ such that;

φ(y)− φ(x) = φ′(c1)(y − x) (6)

Similarly, there exists c2 ∈]y, z[, such that:

φ(z)− φ(y) = φ′(c2)(z − y) (7)

From x < y < x, we conclude that c1 < c2.

3. Let φ :]a, b[→ R be differentiable, and such that φ′ is non-decreasing. Let
x, y, z ∈]a, b[ be such that x < y < z. From 2., there exist c1, c2 ∈]a, b[,
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c1 < c2, such that equations (6) and (7) are satisfied. φ′ being non-
decreasing, we have φ′(c1) ≤ φ′(c2). We conclude from (6) and (7) that:

φ(y)− φ(x)
y − x ≤ φ(z)− φ(y)

z − y
From exercise (1), it follows that φ is convex. We have proved that a
differentiable map on ]a, b[, with non-decreasing derivative is convex.

4. x→ ex is differentiable on R, with non-decreasing derivative. It is there-
fore convex.

5. x → − ln(x) is differentiable on ]0,+∞[, with non-decreasing derivative.
It is therefore convex.

Exercise 14

Exercise 15.

1. Since φ :]a, b[→ R is convex, from exercise (1), it is continuous. It fol-
lows that φ : (]a, b[,B(]a, b[)) → (R,B(R)) is measurable. Since X ∈
L1

R(Ω,F , P ), the map X : (Ω,F) → (R,B(R)) is measurable. In fact,
since X(Ω) ⊆]a, b[, it is also true that X : (Ω,F) → (]a, b[,B(]a, b[)) is
measurable. We conclude that φ ◦X : (Ω,F)→ (R,B(R)) is measurable.

2. Since from 1., φ ◦ X is measurable and R-valued, it is an element of
L1

R(Ω,F , P ), if and only if:

E[|φ ◦X |] 4=
∫
|φ ◦X |dP < +∞

3. Suppose E[X ] = a. Since by assumption, X ∈ L1
R(Ω,F , P ), E[X ] ∈ R.

So a ∈ R. Since X(Ω) ⊆]a, b[, in particular X ≥ a. So X − a ≥ 0 and∫
(X − a)dP = 0. From exercise (7) [6.] of Tutorial 5, we conclude that

X = a P -a.s., which contradicts X(Ω) ⊆]a, b[.

4. Suppose E[X ] = b. Since by assumption, X ∈ L1
R(Ω,F , P ), E[X ] ∈ R.

So b ∈ R. Since X(Ω) ⊆]a, b[, in particular X ≤ b. So b − X ≥ 0 and∫
(b − X)dP = 0. From exercise (7) [6.] of Tutorial 5, we conclude that

X = b P -a.s., which contradicts X(Ω) ⊆]a, b[.

5. Let m = E[X ]. Since X(Ω) ⊆]a, b[, we have a < X < b. It follows that
a ≤ m ≤ b. From 3. and 4., m = a or m = b leads to a contradiction. We
conclude that m ∈]a, b[.

6. We define:

β
4
= sup

x∈]a,m[

φ(m)− φ(x)
m− x

Since a < m, ]a,m[6= ∅ and β 6= −∞. Let z ∈]m, b[. Since φ is convex,
from exercise (1), for all x ∈]a,m[, we have:

φ(m)− φ(x)
m− x ≤ φ(z)− φ(m)

z −m
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It follows that:

β ≤ φ(z)− φ(m)
z −m

In particular, β < +∞ and finally β ∈ R.

7. Let x ∈]a, b[. If x ∈]a,m[, then by definition of β, we have:

φ(m)− φ(x)
m− x ≤ β

and consequently:
φ(m) + β(x−m) ≤ φ(x) (8)

If x ∈]m, b[, then from 6., we have:

β ≤ φ(x) − φ(m)
x−m

and consequently, inequality (8) still holds. We conclude that inequal-
ity (8) holds for all x ∈]a, b[.

8. For all ω ∈ Ω, X(ω) ∈]a, b[. From 7., we obtain:

φ(m) + β(X(ω)−m) ≤ φ(X(ω)) (9)

9. If φ ◦X ∈ L1
R(Ω,F , P ), then E[φ ◦X ] is meaningful. Taking expectations

on both sides of (9), we obtain:

φ(m) + β(E[X ]−m) ≤ E[φ ◦X ]

and since m = E[X ], we conclude that φ(m) ≤ E[φ ◦ X ]. This proves
theorem (40).

Exercise 15
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