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3. Stieltjes-Lebesgue Measure

Definition 12 Let A C P(R?) and p: A — [0,400] be a map. We say that p
1s finitely additive if and only if, given n > 1:

Ac A A e ALA=HA = pAd) =) n4)
i=1 i=1
We say that p is finitely sub-additive if and only if, given n > 1 :
Ac A A e AAC| A = p(A) <) u(A)
i=1

i=1

EXERCISE 1. Let S 2 {Ja,b] , a,b € R} be the set of all intervals ]a, b], defined
as Ja,b] = {x € R,a <z < b}.

1. Show that ]a, b]N]e,d] =]a V ¢,b A d]

2. Show that |a, b]\|c,d] =]a,b A c]U]a V d, b]

3. Show that c<d = bAc<aVd.

4. Show that S is a semi-ring on R.
EXERCISE 2. Suppose S is a semi-ring in Q and p : & — [0,400] is finitely

additive. Show that p can be extended to a finitely additive map i : R(S) —
[0, +-o0], with fijs = p.

EXERCISE 3. Everything being as before, Let A € R(S), A; € R(S), A C
U, A; where n > 1. Define By =A;NAandfori=1,...,n—1:
A
Bit1 = (Aipa N A\ (A1NA)U...U(A;NA)
1. Show that Bi,..., B, are pairwise disjoint elements of R(S) such that
A=w B,
2. Show that for all ¢ = 1,...,n, we have i(B;) < ji(A;).
3. Show that [ is finitely sub-additive.

4. Show that p is finitely sub-additive.

EXERCISE 4. Let F': R — R be a right-continuous, non-decreasing map. Let S
be the semi-ring on R, § = {]a,b] , a,b € R}. Define the map u: S — [0, +00]
by (0) = 0, and:

Ya <b, u(la,0]) = F(b) - F(a) (1)
Let a <band a; <b; fori=1,...,n and n > 1, with :

n

]a7 b] = Lﬂ]aiv bi]

i=1
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1. Show that there is i1 € {1,...,n} such that a;, = a.

2. Show that ]b;,,b] = Wicq1, . n}\ {5 }]i, bi]

3. Show the existence of a permutation (i1,...,%,) of {1,...,n} such that
a=a;, <b, =a;, <...<b;, =b.

4. Show that p is finitely additive and finitely sub-additive.

EXERCISE 5. p being defined as before, suppose a < b and a,, < b,, for n > 1

with:
+oo

]aa b] = L’ﬂ ]am bn]

n=1

Given N > 1, let (i1,...,in) be a permutation of {1,..., N} with:
a<ay <b, <aj, <...<b,y <b
1. Show that "5, F(b,) — F(a;,) < F(b) — F(a).
2. Show that 3% u(lan, ba]) < u(la, b))
3. Given € > 0, show that there is 7 €]0,b — a] such that:
0<F(a+n)—F(a)<e
4. For n > 1, show that there is 7, > 0 such that:
0< F(by+ma) = F(ba) <
5. Show that [a +1,b] C U2 ]an, by + .
6. Explain why there exist p > 1 and integers ni,...,n, such that:
Ja+n,0] © Ui_iJang, bay +1n,]

7. Show that F(b) — F(a) < 2e + Z:z F(b,) — F(ay)

8. Show that p: S — [0, 400] is a measure.

Definition 13 A topology on Q is a subset T of the power set P(), with
the following properties:
(i) 00eT
(44) ABeT = ANBeT
(i) A eTViel = (JAieT
il

Property (iii) of definition (13) can be translated as: for any family (A;)icr of
elements of T, the union U;crA; is still an element of T. Hence, a topology

on €, is a set of subsets of 2 containing €2 and the empty set, which is closed
under finite intersection and arbitrary union.
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Definition 14 A topological space is an ordered pair (Q,7T), where § is a
set and T is a topology on Q.

Definition 15 Let (Q,7) be a topological space. We say that A C Q is an
open set in Q, if and only if it is an element of the topology T. We say that

A C Qs a closed set in ), if and only if its complement A€ is an open set in
Q.

Definition 16 Let (Q,7) be a topological space. We define the Borel o-
algebra on Q, denoted B(2), as the o-algebra on ), generated by the topology
T. In other words, B(QY) = o(T)

Definition 17 We define the usual topology on R, denoted Tr, as the set
of all U C R such that:

VeeU, Je>0, Jx—eax+€elCU

EXERCISE 6.Show that 7g is indeed a topology on R.

EXERCISE 7. Consider the semi-ring S = {Ja,b] , a,b € R}. Let Tg be the
usual topology on R, and B(R) be the Borel o-algebra on R.

1. Let a < b. Show that a,b] = N>]a, b+ 1/n[.
2. Show that o(S) C B(R).

3. Let U be an open subset of R. Show that for all z € U, there exist
az, by € Q such that x €la,,b,] CU.

4. Show that U = Uzev]ag, by

5. Show that the set I 2 {Jag,bs] , x € U} is countable.
6. Show that U can be written U = U;c1 A; with A; € S.
7. Show that o(S) = B(R).

Theorem 6 Let S be the semi-ring S = {]a,b], a,b € R}. Then, the Borel
o-algebra B(R) on R, is generated by S, i.e. B(R) = o(S).

Definition 18 A measurable space is an ordered pair (2, F) where Q is a
set and F is a o-algebra on Q.

Definition 19 A measure space is a triple (Q, F, u) where (0, F) is a mea-
surable space and p : F — [0,+00] is a measure on F.
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EXERCISE 8.Let (2, F,u) be a measure space. Let (A,),>1 be a sequence of
elements of F such that A, C A, 41 for all n > 1, and let A = U:{i’iAn (we
write A, T A). Define By = Ay and for all n > 1, Bp1 = Apt1 \ An-

1. Show that (B,,) is a sequence of pairwise disjoint elements of F such that
A=uw/>B,.

2. Given N > 1 show that Ay = Lﬂrly:an.
3. Show that pu(Anx) — p(A4) as N — 400
4. Show that u(A4,) < p(Anp4q1) for all n > 1.

Theorem 7 Let (Q,F, 1) be a measure space. Then if (An)n>1 S a sequence
of elements of F, such that A, 1 A, we have u(A,) T u(A)*L.

EXERCISE 9.Let (Q, F,u) be a measure space. Let (A,),>1 be a sequence of
elements of F such that A,11 C A, for all n > 1, and let A = ﬁ:{i’iAn (we
write A, | A). We assume that p(A4;) < +oo.

1. Define B, 2 A; \ A, and show that B, € F, B, T A1 \ A.
(Bn) T (A1 \ A)

3. Show that p(A,) = (A1) — p(Ar \ Ay)

4. Show that u(A) = u(Ar) — u(A; \ A)

2. Show that pu

5. Why is pu(41) < 400 important in deriving those equalities.
6. Show that p(A,) — p(A) as n — +o0o
7. Show that p(An,41) < p(A,) for all n > 1.

Theorem 8 Let (Q,F, 1) be a measure space. Then if (An)n>1 S a sequence
of elements of F, such that A, | A and (A1) < 400, we have u(Ay) | p(A).

EXERCISE 10.Take Q@ = R and F = B(R). Suppose p is a measure on B(R)
such that u(]a,b]) = b — a, for a < b. Take A,, =|n, +o0].

1. Show that A, | 0.

2. Show that pu(A,) = +o0, for all n > 1.

3. Conclude that p(Ay) | 1(0) fails to be true.

!i.e. the sequence (1(An)),>1 is non-decreasing and converges to pi(A).
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EXERCISE 11. Let F': R — R be a right-continuous, non-decreasing map. Show
the existence of a measure u : B(R) — [0, +00] such that:

VabeR, a<b, ullab]) = F(b) - Fla) (2)

EXERCISE 12.Let u1, 1o be two measures on B(R) with property (2). Forn > 1,
we define:

A
D, ={B e BMR), u1(BN] —n,n]) = pa(BN] —n,n])}
1. Show that D,, is a Dynkin system on R.

2. Explain why g1 (] — n,n]) < 400 and pa(] — n,n]) < 400 is needed when
proving 1.

Show that S 2 {Ja,b] , a,b € R} C D,,.
Show that B(R) C D,.

Show that p = pa.

& oo w

Prove the following theorem.

Theorem 9 Let F': R — R be a right-continuous, non-decreasing map. There
exists a unique measure p : B(R) — [0, +00] such that:

Va,be R, a<b, u(la,b)) = F(b) - F(a)

Definition 20 Let F': R — R be a right-continuous, non-decreasing map. We
call Stieltjes measure on R associated with F', the unique measure on B(R),
denoted dF, such that:

Va,be R, a <b, dF(]a,b]) = F(b) — F(a)

Definition 21 We call Lebesgue measure on R, the unique measure on
B(R), denoted dx, such that:

Va,be R, a <b, dz(]a,b]) =b—a
EXERCISE 13. Let F' : R — R be a right-continuous, non-decreasing map. Let
zo € R.

1. Show that the limit F'(zo—) = limy<zy 2—a, F () exists and is an element
of R.

2. Show that {z¢} = NI ]zo — 1/n, z0).
3. Show that {zo} € B(R)
4. Show that dF ({zo}) = F (o) — F(z0—)
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EXERCISE 14.Let F' : R — R be a right-continuous, non-decreasing map. Let
a<b.

1. Show that |a,b] € B(R) and dF'(Ja,b]) = F(b) — F(a)
2. Show that [a,b] € B(R) and dF([a,b]) = F(b) — F(a—)
3. Show that ]a,ble B(R) and dF(]a,b[) = F(b—) — F(a)

4. Show that [a,ble B(R) and dF([a,b]) = F(b—) — F(a—)

EXERCISE 15. Let A be a subset of the power set P(Q). Let Q' C Q. Define:
A S{ANQ, Ac A}
1. Show that if A is a topology on 2, Ao is a topology on .

2. Show that if A is a o-algebra on Q, Ao is a o-algebra on .

Definition 22 Let ) be a set, and Q' C Q. Let A be a subset of the power set
P(). We call trace of A on €, the subset Al of the power set P(Y) defined

by:
A E{ANQ, A e A}

Definition 23 Let (2,7) be a topological space and Q' C Q. We call induced
topology on Q', denoted Tiqv, the topology on Q' defined by:

T S{ANQ | Ae T}
In other words, the induced topology Tiq is the trace of T on Q.
EXERCISE 16.Let A be a subset of the power set P(Q2). Let Q' C Q, and Ao/
be the trace of A on €. Define:
T2 {Aca(A), ANQ € o(Ag)}

where o (Ao ) refers to the o-algebra generated by Ao/ on Q.

1. Explain why the notation o(Aq/) by itself is ambiguous.

2. Show that A CT.

3. Show that I" is a o-algebra on €.

4. Show that o(Ajq) = o(A)or
Theorem 10 Let Q' C Q and A be a subset of the power set P(S2). Then, the

trace on Q' of the o-algebra o(A) generated by A, is equal to the o-algebra on
Q' generated by the trace of A on Q. In other words, o(A)q = o(Ajq).
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EXERCISE 17.Let (©2,7) be a topological space and €' C Q with its induced
topology Zjq.

1. Show that B(Q)or = B(Q').

2. Show that if Q' € B(2) then B() C B(Q).
3. Show that B(R¥) = {ANR" , A € B(R)}.
4. Show that B(R") C B(R).

EXERCISE 18.Let (Q, F, 1) be a measure space and Q' C Q
1. Show that (', Fio) is a measurable space.
2. If Q' € F, show that Flar € F.
3. If ' € F, show that (Q/,.ﬂQ/,MQ/) is a measure space, where p o/ is

defined as po = H(F i)

EXERCISE 19. Let F' : RT — R be a right-continuous, non-decreasing map with
F(0) > 0. Define:
- A0 if <0
{ F(z) if x>0

1. Show that F : R — R is right-continuous and non-decreasing.

2. Show that p : B(RT) — [0,400] defined by p = dFjgm+), is a measure
on B(R™T) with the properties:

(i) p({0}) = F(0)
(i4) VO <a<b, u(ab]) =F(@O)— F(a)
EXERCISE 20. Define: C = {{0}} U {]a,b] , 0 <a <b}
1. Show that C C B(R™)
2. Let U be open in RT. Show that U is of the form:
U= J®R"Na;,bi])

iel
where I is a countable set and a;,b; € R with a; < b;.

3. For all i € I, show that R*N]a;, b;] € o(C).
4. Show that o(C) = B(R™)
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EXERCISE 21.Let p1 and p2 be two measures on B(R*) with:
(@) m({0}) = p2({0}) = F(0)
(it)  p(la,b]) = p2(la,b]) = F(b) — F(a)
for all 0 < a <b. For n > 1, we define:
D, = {BeBR*Y), u(BN0,n) = ua(B N [0,n)}

1. Show that D,, is a Dynkin system on R+ with C C D,,, where the set C is
defined as in exercise (20).

2. Explain why u1([0,n]) < 400 and p2([0,n]) < +oo is important when
proving 1.

3. Show that p1 = pa.

4. Prove the following theorem.

Theorem 11 Let F': RT— R be a right-continuous, non-decreasing map with
F(0) > 0. There exists a unique pu: B(RT) — [0, +00] measure on B(R') such
that:

(@) p(0}) = F(0)

(i)  V0<a<b, p(ab])=F(@b) - F(a)

Definition 24 Let F': R™— R be a right-continuous, non-decreasing map with
F(0) > 0. We call Stieltjes measure on R associated with F, the unique
measure on B(RY), denoted dF, such that:

(1) dF({0}) = F(0)
(@) Y0<a<b, dF(la,b)) = F(b) — F(a)
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Solutions to Exercises

Exercise 1.

1. x €]a,blN]e, d] is equivalent to a < < b and ¢ < < d. This is in turn
equivalent to:

a\/cémax(a,c) < 2 < min(b,d) ShAd
We have proved that:
la,b]Ne, d] =Ja V ¢,b Ad]
2. Suppose z €]a, b]\]e,d]. Then, either x < ¢ or d < x. In the first case,
x €]a,bAc]. In the second, x €]aVd,b]. Conversely, if  €]a, bAc]UlaVd, D],

then a < x < b is true. Moreover, z < ¢ or d < z. In any case, z €c,d].
So x €]a,b]\]c,d]. We have proved that:

la,b)\]e, d] =]a,b A c]Ula V d, b

3. If ¢ < d, then in particular:
bAc<c<d<aVd

4. S is a set of subsets of R which obviously contains the empty set. From
1., it is also closed under finite intersection. Let ]a,b] and ]¢,d] be two
elements of S. If ¢ > d, then |c,d] = 0 and we have |a,b]\|c, d] =]a, b]. If
c < d, then it follows from 3. that bAc < aVd. We conclude from 2. that:

Ja, b]\Je, d] =la,b A ila v d, B

In any case, ]a, b]\]c, d] can be written as a finite union of pairwise disjoint
elements of S. We have proved that S is indeed a semi-ring on R, as
defined in definition (6).

Exercise 1

Exercise 2. The solution to this exercise is very similar to the proof of the-
orem (2) : a measure defined on a semi-ring can be extended to a measure
defined on the ring generated by this semi-ring. In this case, we are dealing
with a finitely additive map which is not exactly a measure, but the techniques
involved are almost the same. We know from the previous tutorial that the ring
R(S) generated by the semi-ring S, is the set of all finite unions of pairwise
disjoint elements of S. It is tempting to define i : R(S) — [0, +oc], by:

VAW A ERES) | (A) 23 u(A) (3)

However, such definition may not be valid, unless the sum involved in equa-
tion (3), is independent of the particular representation of A € R(S) as a finite
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union of pairwise disjoint elements of S. Suppose that A = &J?lej is another
such representation of A. Then, for all i =1,...,n, we have:

A, =ANA= &Jg?:lAmBj

Since each A; N B; is an element of &, and p is finitely additive, for all i =
1,...,n, we have:

n(Ai) = ) w(A;NB))

M-

~
Il
-

and similarly for all j =1,...,p:

Bj)=> (AN By)

1=

3

—

from which we conclude that:

Zu( ZZ (A; N By) ZM(BJ)

bS]

It follows that the map i as defined by equation (3), is perfectly well defined.
Let Aq,..., A, be n pairwise disjoint elements of R(S), n > 1, each A; having
the representation:

Ap=wh AF =10
as a finite union of pairwise disjoint elements of S. Suppose moreover that
A = W] 1 A; (which is an element of R(S) since a ring is closed under finite
union). Then A has a representation:

n  pi
-uuya
i=1k=1
where the A¥’s are pairwise disjoint. From the very definition of ji:

— 33 u(ab)

i=1 k=1

and furthermore for all i =1,... n:
pi
AA) = p(Af)
k=1
So we conclude that: .
A(A) = (A
i=1

We have proved that g : R(S) — [0,+00] is a finitely additive map. Finally,
it Ae S, takingn =1and A; = A, A = W | A, is a representation of A as
a finite union of pairwise disjoint elements of S. By definition of i, a(A) =
>y u(A;) = p(A). Hence, we see that fijs = p. We have proved the existence
of a finitely additive map fi : R(S) — [0, +o0], such that fijs = p
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Exercise 2

Exercise 3.

1. A ring being closed under finite union, intersection and difference, each
B; is an element of R(S). Suppose B; N Bj # 0 for some i,j = 1,...,n.
Without loss of generality we can assume that ¢ < j. Suppose that ¢ < j
and let € B; N Bj. From « € B; we have x € A; N A. From x € B;, we
have z ¢ (A1 NA)U...U(A4;-1 NA). In particular z ¢ A; N A. This is
a contradiction, and it follows that i« = j. The B;’s are therefore pairwise
disjoint. Foralli=1,...,n we have B; C A;NA C A. hence W ; B, C A.
Conversely, suppose © € A C U ; A;. There exists i € {1,...,n} such
that © € A;. Let i be the smallest of such integer. If ¢ = 1, then z €
ANA=5B. Ifi>1,thenze A;NnAand z ¢ A;NAforall j <i. So
x € B;. In any case, z € B;. It follows that A C Wj*; B;. We have proved
that By, ..., B, are pairwise disjoint elements of R(S) with A =W} | B;.

2. i : R(S) — [0, +0o0] being defined as in exercise (2), it is a finitely additive
map. We have B; C A;,NA C A;, for alli = 1,...,n. It follows that
A; = B; W (A; \ B;), from which we conclude that :

i(Ai) = i(Bi) + i(Ai \ Bi) = i(By)
3. From A =W} | B; and i being finitely additive, we have:
aA) = w(B)
i=1
Using 2., we obtain:
i(A) <> (A
i=1

1=
This is true for all A € R(S) and Ay,..., A, in R(S) such that A C
U, A;. Tt follows from definition (12) that i is indeed a finitely sub-
additive map.

4. Suppose A € S and A4;,..., 4, € S, (n > 1), with A C U ; A;. Since
fijs = i, and i is finitely sub-additive (from 3.), we have:
n n
() = ) < 37 ) = 3 ()
i=1 i=1
It follows from definition (12) that p is indeed finitely sub-additive. The
purpose of this exercise is to show that any finitely additive map defined
on a semi-ring S, is in fact also finitely sub-additive. Note that proving
that [ is finitely sub-additive is pretty straightforward. This is because [
is defined on a ring, which is closed under various finite operations (union,
intersection, difference). However, p being defined on a semi-ring only,
it is impossible to apply the same line of argument as the one used for
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f. It is in fact necessary for us to initially extend p from S to R(S),
then prove the finite sub-additivity on R(S), and conclude with the finite
sub-additivity of p on S.

Exercise 3
Exercise 4.

1. Take iy such that a;; = min(ay,...,a,). From Ja;,,b;,] Cla,b] and a;, <
bi,, we see that a < a;; < b;; < b. Suppose that a < a;,, and let x be
such that a < x < a;, < b. Since = €]a,b], there is j € {1,...,n} such
that « €]aj,b;]. By definition of i;, we have a;, < a; < z. This is a
contradiction, and it follows that a;, = a. We have proved the existence
of iy € {1,...,n} such that a;, = a.

2. Suppose z €]a;, b;] for some i € {1,...,n}, i # iy. Since |a;, b;] Cla,b],
x €la,b] and & < b. Also, a < a;. From 1., a;, = a. It follows that
a;, < a; < z. However, the Ja;, b;]’s being pairwise disjoint and i # i1,
x &laiy,bi,]. Therefore x > b;;. We have proved that x €]b;,,b] and

consequently:
n

H-J ]aiabi] g]b’hab]
i=1,i#i1
Conversely, let = €]b;,,b] Cla,b]. There exists ¢ € {1,...,n} such that
x €la;, b;]. If i =iy, then = €]ay,, b;, ] which contradicts b;, < x. It follows
that 7 # i; and:
]bi17b] < L‘ﬂ ]aiabi]
i=1,i%i
3. Using 1. and 2., starting from:
n
Ja,b] = Lﬂ]aiv bi]
i=1
we have iy € {1,...,n} such that a = a;, < b;, and:
]binb] = L—H ]a’iabi]
i=1,i%i
Going one step further, there exists io € {1,...,n}\ {i1} such that b;, =

ai, < bi, and:
n

bir, = |H  Jai,bi
i=1,iiy ia
By induction, we define 45 ...,4, distinct integers in {1,...,n}, (hence a
permutation on {1,...,n}), such that:

a:ai1<bh=a12<...<bin

and |b;, ,b] = 0. Since ]a;,,b;,] Cla,b] and a;, < b;,, we have b;, < b.
From ]b;, ,b] = (), we conclude that b;, =b.
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4. Let (i1,...,1,) be a permutation of {1,...,n}, such that:

azail<bi1:ai2<...<bin:b

We have: .
F(b) = F(a) = ) F(bi,) — F(ai,)
k=1
from which we see that:
n n
p(Ja, b)) = ZH(]aikabik]) = ZM(]aivbi])
k=1 i=1
This is true for all a < b, n > 1 and a; < b; for i = 1,...,n, such that:
Ja,b] = L—H]aiabi]
i=1

Suppose A € S, n>1and 4;,..., 4, €S, with A = | A;. If A =1,
thenforalli=1,...,n, we have A; = (). In particular, u(A) = >""" | u(A;)
is obviously satisfied. If A # (), then A is of the form A =la,b] for some
a <bin R. If we consider J ={i=1,...,n,A; # 0}, then J # (), and for
alli € J, A; is of the form A; =]a,, b;] with a; < b;. Moreover, A = W;c;A;
and it follows from our previous developments that p(A) = >, ; u(A;).
However, for all i = 1,...,n, if i € J, then A; = (0 and p(4;) = 0.
Consequently:
n
n(A) = ZN(Ai) + ZM(Az‘) = ZN(Ai)

ieJ iZJ i=1

We have proved that 4 : S — [0, +00] as defined by (1) is finitely additive.
From exercise (3), it is also finitely sub-additive.

Exercise 4

Exercise 5.

1. The sum Zé\;l F(b;,) — F(a;),) can be written as:

N-1
F(b’iN) - F(a’il) + Z F(bik) - F(aik+1)
k=1

F being non-decreasing, with b;,, < b and a < a;,, we have F(b;, ) < F(b)
and F'(a) < F(a;,). Moreover, since b;, < a;,, forallk =1,...,N —1,
we have F(b;, ) < F(a,,,). It follows that:

N
ZF(b’ik) _F(aik) SF(b) _F(a)
k=1
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2. Let N > 1, and (41,...,in) be a permutation of {1,..., N} such that
ai; < ai, <...<a;,. Since |a;,bi,] Cla,b] (and the fact that a;, < b;,),
we have a < a;, < b;;. We also have |a;,,b;y] Cla,b] with a;, < biy.
Hence, a;, < bjy < b. Let k € {1,...,N — 1}. Since the Ja,,b,]’s are
pairwise disjoint, in particular, ]a,, ,b;, |N]ai,,,bi,.,] = 0. Let € > 0 be
such that a;,,, + € €las,,b;,,]. Then a;, < a;,, < a;,, +¢, and
a;, ., + € cannot be an element of Ja;, , b;,]. Hence, b;, < a;,, +¢. Taking
the limit as € — 0, we have b;, < a;,_,. It follows that the permutation
(i1,...,in) of {1,..., N} is such that:

a§ai1<bi1§ai2<...<bm§b

From 1., we obtain:

N
Y F(by) = Flay,) < F(b) - F(a)
k=1
and consequently:
N N
> wllan, ba)) =Y pllai, bi]) < p(la, b)) (4)
n=1 k=1

Taking the supremum over all N > 1 (or the limit as N — —+00) in the
left-hand side of (4), we obtain:

+oo
S~ ilJan b)) < pulla, b))

3. F being right-continuous, it is right-continuous in @ € R. Given ¢ > 0,
there exists 1’ > 0 such that:

Vo € fa,a+n[ , |F(z) - Fla)| <e

Take n = min(b—a, n’)/2. Then n €]0,b—a[, and we have a+n € [a,a+7'[.
Therefore, |F(a+n) — F(a)|] < €, and F being non-decreasing, we finally
have:

0<F(a+mn)—F(a) <e

4. Given n > 1, F is right-continuous in b, € R. Given € > 0 and € = ¢/2",
there exists 7, > 0 such that:

Vo € b, b +mpl o [F(2) = F(ba)| <€

Take n, = n],/2. Then b, + 1, € [by, b, +1n),[, and we have |F (b, +n,) —
F(b,)| < €/2™. F being non-decreasing, we finally have:

€
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5. Let € [a + n,b]. Then x €]a,b], and there exists n > 1 such that
Z €lan, by]. In particular, x €]ay,, b, + n,[. It follows that:

+o0o
la+n,8] € | Jan, by + 7a (5)

n=1

6. We see from (5) that the closed interval [a + 7, b] of R, is covered by the
family of open sets (Jan, by + 7n[)n>1 in R. Since [a + n,b] is a compact
subset of R?, we can extract a finite sub-covering of [a + n,b]. In other
words, there exist p > 1, and integers nq, ..., n, such that:

[a+77ab] c ]ankabnk +77nk[

C=

k=1

In particular:

C=

]a+77,b] - ]ank’bnk +77nk] (6)

k

1

7. From exercise (4), we know that p as defined in (1), is finitely sub-additive.
It follows from (6):

p(a+mn,0) < > p(lan,, bny, + 10, ]) (7)

NE

=~
Il
_

Since a+1n < b and a,, < b, < b, +ny, for all n > 1, inequality (7) can be
written as:

M=

F(b) = Fla+n) < )  F(bn, +1n,) = Flan,)

E
I
—

Using 3. and 4., we obtain:

F(b) = Fla) < e+ Y (F(by,) = Flan,) + 3-)
k=1

and since F is non-decreasing, we finally have:
“+o0
F(b) — F(a) <2+ Y F(by) — F(an) (8)
n=1
8. Taking the limit as e — 0 in (8), we obtain:

+oo

2Note that the notion of compact subsets and the fact that any closed interval [a,b] in R is
indeed a compact subset of R, has not been approached so far in these tutorials. This seems
to contradict our promise that no results in these tutorials should be used without proof. In
fact, Tutorial 8 will give you ample reminders on compactness. Just be a little patient.
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Since a < b and a,, < b, for all n > 1, we have:

+oo
p(la, b)) < Y p(lan, bal)

From 2., we conclude that:
“+oo
p(la,b) =Y p(lan, bn)) (9)
n=1
It follows that if A € S and (Ay)n>1 is a sequence of pairwise disjoint
elements of S, such that A = Lﬂzi‘jAn, we have:

+o0o
p(A) = 3" p(An) (10)

Indeed, if A =0, then all A,’s are empty and (10) is obviously satisfied.
If A# 0, then A =|a,b] for some a < b. Moreover, if we define J = {n >
1, A, # 0}, then A = W,c;A,, and the following holds,

() =3 u(Ay) (11)

neJ

either as a consequence of (9), in the case when J is infinite, or as a
consequence of p being finitely additive (exercise (4)), in the case when
J is finite. In any case, (10) follows immediately from (11) and the fact
that p(0) = 0. Having proved (10), we conclude that pu : S — [0, +00] as
defined in (1) is indeed a measure on the semi-ring S.

Exercise 5

Exercise 6. Any statement of the form Vz € §).. .3 is true. So () € TR, and it is
clear that R € 7Tr. So (7) of definition (13) is satisfied for 7. Let A, B € Tg.
Let x € AN B. Since x € A, from definition (17), there exists ¢; > 0 such that
Jx—e1,z+€1[C A. Since xz € B, there exists €3 > 0 such that |x —es, 2+ €2[C B.
It follows that if € is defined as e = min(ey, €3), then |x —e, 24+ €[C AN B. Hence
AN B € Tr, and (i7) of definition (13) is satisfied for Tg. Let (4;)icr be a
family of elements of 7r. Let x € U;crA;. There exists ¢ € I such that z € A;.
Since by assumption A; € Tg, there exists € > 0 such that |x — e,z + €[C A;.
In particular, |z — €,z + €[C U;er A;. Tt follows that U;er A; € Tr, and (iii) of
definition (13) is satisfied for 7r. We have proved that 7g is indeed a topology
on R.

Exercise 6

Exercise 7.

3 Recall that Vo € 0, H is equivalent to = € ) = H, and G = H is equivalent to (G is
false) or (both G and H are true).
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1. For all n > 1, we have ]a,b] Cla,b+ 1/n][. Hence, we have ]a,b] C
Nt2]a, b+ 1/n[. Conversely, if x € N}>3]a,b+ 1/n[, then for all n > 1,
we have a < z < b+ 1/n. Taking the limit as n — +oo, we obtain
a < x < b. It follows that = €]a,b] and N>]a,b+ 1/n[Cla,b]. Finally,
la,b] = N> ]a, b+ 1/n[.

2. Let a,b € R, a <b. For all n > 1, the interval Ja,b+ 1/n[ is an open set
in R, (i.e. an element of 7g). Indeed, if « €]a,b+ 1/n[, take € = min(b+
1/n—x,x—a), then |z —¢, x4+ ¢[Cla, b+ 1/n[. Since Tr C 0(Tr) = B(R),
la,b+ 1/n[ is also a Borel set in R, (i.e. an element of B(R)). From 1.,
we have:

+oo “+oo ¢

Ja,b] = (Y]a,b+1/n[= <U]a7 b+ 1/n[0>
n=1 n=1

B(R) being a o-algebra, it is closed under complementation and countable

union. It follows that ]a,b] € B(R). This being true for all a < b, we have

proved that & € B(R). The o-algebra o(S) generated by S being the

smallest o-algebra on R containing S, we finally have o(S) C B(R).

3. Let U € Tg and = € U. From definition (17), there exists ¢ > 0 such
that Jx — e, 2 + €[C U. Q being the set of all rational numbers, it is dense
in R: in other words, for all @ < b, QNla,b| is a non-empty set*. In
particular, there exist a, € QM| — ¢, z[ and b, € QN]z, x + ¢[. We have
T €lag, by CU.

4. Since for all z € U, Ja,, b, C U, we have U,ep|az, by] CU. If z € U, then
x €lag, by]. So U C Uzevlag, by]. We have proved that U = Uzep]ag, ba].

5. Let I = {Jas,bs],x € U}. Since Q is a countable set, the product
Q? = Q x Q is also countable. There exists a one-to-one map ¢ :
Q? — N. Consider ¢ : I — N defined by 9 (Jas,bs]) = ¢(as,bs). Then
if Y(Jayr, b)) = ¥(Jag,bs]), we have ¢(azr,by) = Plaz,by), and thus,
(agr,by) = (ag,bs). Hence, |azr,byr] =]agz, by]. It follows that the map
1 : I — N is an injective map. We have proved that [ is a countable set.

6. For all i € I, i =|ay,b,] for some z € U. So i € S. Define A; = i. Then
A; € S for all i € I, and we have:

U= |Jlasbs] = J A4

zeU i€l

7. Since I is a countable set, and A; € S for all i € I, we have U = U;cA; €
o(8). This being true for all U € Tg, we have proved that 7g C o(S).
The Borel o-algebra B(R) generated by 7r being the smallest o-algebra
on R containing 7r, we have B(R) C o(S). From 2., we conclude that
B(R) = o(S). The purpose of this exercise is to show theorem (6).

4This density property of Q in R is not proved anywhere in these tutorials. Please refer
to any textbook containing a formal construction of the field R.
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Exercise 7

Exercise 8.

1. A o-algebra being closed under difference, (B,,)n>1 is indeed a sequence
of elements of F. Suppose B, N B, # (). Without loss of generality, we
can assume that n < p. Suppose n < p and let z € B, N B,. From
x € B,, we have x € A,,. From x € B, we have x ¢ A, ;. However,
A, C A,—q. This is a contradiction, and it follows that n = p. We have
proved that the B,’s are pairwise disjoint. Since B, C A, for all n > 1,
we have &J;ti‘jBn C A. Conversely, let © € A. There exists n > 1 such
that © € A,. Let n be the smallest integer such that x € A,. Then if
n=1,¢€ By. lf n>1, then z € A, \ A,—1 = B,. In any case z € B,
and A C W2 B,,. We have proved that (B,,),,>1 is a sequence of pairwise
disjoint elements of F, such that A = &J:ioan.

2. Let N>1. Foralln=1,...,N, we have B, C A, C An. So Lﬂﬁ:{:an -
Apn. Conversely, let x € Ay. Let n be the smallest integer such that
rz € A, Thenl <n < N. If n =1, then z € By. If n > 1, then
x € A, \ A,—1 = B,,. In any case, z € B, and Ay C Lﬂﬁlen. We have
proved that Ay = Lﬂﬁlen.

3. p being a measure on F, from 1. we obtain:
N

+oo
lim " u(B)) £ Y u(Ba) = p(4)

N —+oo
n=1

However, it follows from 2.

N
S u(By) = pl(Aw)

Hence:
i p(An) = u(4)

4. Since A,, C A, 41, we have u(A,) < p(A,41) for all n > 1. The purpose
of this exercise is to prove theorem (7).

Exercise 8
Exercise 9.

1. A o-algebra being closed under difference, each B,, is an element of F.
For all n > 1, we have:

B,=A1NA, CAINA,,, =By
Moreover:
+o0 +oo +o0 ¢
U Bn=4n (U A;) = AN (ﬂ An> = A\ A
n=1 n=1 n=1

We have proved that B,, T 41 \ A.
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2. p(Bn) T (A1 \ A) is a direct application of theorem (7).

3. Since A,, C A;, we have 41 = A,, W (41 \ A,). u being a measure on F,
we obtain (A1) = u(Ap) + (A1 \ Ay). Since p(A1) < 400, all the terms
involved in this equality are finite. Hence, it is legitimate to write:

p(An) = p(Ar) = p(Ar\ An)

4. Since A C Ay, we have 41 = AW (A; \ A). p being a measure on F,
we obtain p(Ay) = p(A) + u(A; \ A). Since p(A;1) < +oo, all the terms
involved in this equality are finite. Hence, it is legitimate to write:

1(A) = p(A1) — p(Ar\ A)

5. Since for all m > 1, A C A,, C A;, p being a measure on F, pu(A4) <
w(Ayp) < p(Ay). Similarly, A; \ A C A; implies that p(A; \ A) < p(Ar).
Having p(A1) < +oo ensures that all the terms involved in say pu(A;) =
(A) + (A \ A) are finite, allowing to subtract (A; \ A) on both side of
such equality. One common mistake to make is to get involved in algebra
with non-finite terms, ending up with meaningless expressions of the form
+00 — (+00). ..

6. Using 2., 3., 4. and the fact that u(A4;) < +o0®:
Jm p(An) = p(Ar) = im p(Bn) = (A1) — p(Ar\ A) = p(A)

7. Foralln > 1, A,41 C A, and therefore (A, +1) < pu(A4,). The purpose
of this exercise is to prove theorem (8).

Exercise 9

Exercise 10.

1. For all n > 1, we have A,,+1 C A,, and:

+oo +oo
ﬂ A, = ﬂ]n, +oo[= 0
n=1

n=1

It follows that A, | 0.

2. Let n > 1. Given p > n, define A2 =|n,p|]. Then A2 1 A, as p — +oo,

and from theorem (7), we have:
w(Ay) = lim p(AP)= lim p—n=+o0
p—+o0 p—+o0

3. Since u(A,) = oo forallm > 1, u(A,,) — +oo as n — +o0. Since () =
0, u(A,) | u(0) fails to be true. The purpose of this exercise is to serve as
counter example to theorem (8), if the condition p(A4;) < +oo is relaxed.
Indeed, A, | 0, yet we do not have u(A,) | p(0). Note however that to

5 1imy,— 400 (+00 — n) = +00, whereas +00 — limy,—. 4 oo 7 is meaningless. . .
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apply theorem (8), p(A1) < 400 is not strictly speaking necessary: if a
slightly weaker assumption is made that p(A,) < 400 for some p > 1, one
can always apply theorem (8) to the sequence (A})n>1 = (Aptp—1)n>1---

Exercise 10

Exercise 11. Let S be the semi-ring S = {]a,b],a,b € R}, and p: S — [0, +0o0]
be the map defined by equation (2). We know from exercise (5) that p is in fact
a measure on S. From theorem (5) , p can be extended to a measure defined
on the o-algebra o(S) generated by S. In other words, there exists a measure
i o(S) — [0,40c], such that fijs = p. From theorem (6), we know that the
o-algebra o(S) is in fact equal to the Borel o-algebra B(R) on R. Hence, we
have found a measure fi : B(R) — [0, +o0] such that fijs = p. In particular, we
have:
Va,be R, a <b, i(la,b]) = F(b) — F(a)

The purpose of this exercise is to prove the existence of the so called Stieltjes
measure on R, stated in theorem (9). This is a vitally important result, as
most other measures ever encountered, are derived one way or another from the
Stieltjes measure on R.

Exercise 11

Exercise 12.

1. Since pi(]—n,n]) = F(n)—F(—n) = p2(]—n,n]), Q@ € D,. Suppose
A, B € D,, with A C B. We have:

p (BN —=n,n]) = pa(BN]—n,n]) (12)

p (AN =n, n]) = p2(AN]=n,n]) (13)

Moreover, since B = AW (B\ A), for i = 1,2, we have:
pi(BO]=n,n]) = pi(AN]—n, n]) + pi((B \ A)N]—n,n)) (14)

All terms involved in (12), (13) and (14) being finite, subtracting (13)
from (12), and using (14), we obtain:

p((B\ A)n]=n,n]) = pa((B\ A)N]—n, n])
This shows that B\ A € D,,. Let (4,),>1 be a sequence of elements of D,
such that A, T A. Then A,N] —n,n] T AN] —n,n], and from theorem (7),
wi(ApN]—n,n]) T ni(AN]—n,n]) for all i = 1,2. However, since A, € D,
for all p > 1, we have:
pr(ApN—=n,nl) = pa(ApN]—n, 1))
Taking the limit as p — +00, we obtain:
pn(Ar] =, n]) = iz (A —n, n])

So A € D,,. Having checked (i), (i4) and (i) of definition (1), we have
proved that D,, is indeed a Dynkin system on R.
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2. A crucial step in proving that D, is a Dynkin system on R, consists
in subtracting (13) from (12). One has to be very careful in avoiding
meaningless expressions of the form +oo — (+00). Having py(]—n,n]) <
+oo and pa(]—n,n]) < 400 ensures that all terms involved be finite.

3. Since pq (IN]—n,n]) = 0 = p2(0N]—n,n]), we have O € D,,. Let a < b.
From exercise (1), Ja, bJN]—n,n] is an interval of the form |a’,v']. If o’ < ¥/,
then:

p(Ja’, b)) = F(V') = F(a) = pa(la’,V])
Otherwise, p1(Ja’,0']) =0 = pa(]a’, ¥']). In any case, we have pq(Ja’,b']) =
ua(la’, b)), and Ja, b] € D,,. We have proved that S C D,,.

4. § being a semi-ring on R, from definition (6), it is closed under finite
intersection. Since § C D,, D, is a Dynkin system containing a set
of subsets of R, which is closed under finite intersection. According to
theorem (1), D,, also contains the o-algebra generated by S. In other
words, o(S) C D,,. However, from theorem (6), the o-algebra generated
by S, coincide with the Borel o-algebra on R, i.e. o(S) = B(R). It follows
that B(R) C D,,.

5. Let A € B(R). from 4., we have A € D,,. In other words:
p(AN]=n,n]) = p2(AN] =n, n)

This being true for all n > 1, using theorem (7) and taking the limit as
n — +o00, we obtain: p1(A) = p2(A). This being true for all A € B(R),
p1 = pa.

6. Uniqueness follows from 5. Existence is proved in exercise (11).

Exercise 12
Exercise 13.
1. F being non-decreasing, for all z < z¢, F'(z) < F(x). Define:
a’ sup F(x)
<o

Then a < F(z9) and in particular v < +oc0. It follows that given € > 0,
a — € < a. Being a supremum, « is the smallest upper-bound of all F(z)’s
for z < xy. Hence, we see that ov — € cannot be such upper-bound. There
exists x1 < xo such that « — e < F(x1). Since F' is non-decreasing, for
all z €]z, zo[, we have o — e < F(z1) < F(z) < a < a+¢e. We conclude
that for all e > 0, there exists 1 < xp such that:

Vo €z, 0] ., |[F(z) —al <e
We have proved the existence of the left limit:

F(zo—) 2 lim Fz)=a€R

r<xo,T—T0
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2. Tt is clear that {wo} C N>9]zg — 1/n, o). Conversely, suppose that x €
Nt2)2z0 — 1/n,20). Then for all n > 1, we have 29 — 1/n < x < xo.
Taking the limit as n — 400, we obtain xg < x < xg, i.e. © = zg. SO
N2 )wo—1/n, 0] € {x0}. We have proved that {z¢} = N2 ]x0—1/n, o).

3. We have {x¢} = (]—00, zo[U]zo, +00[)°. Open intervals being open sets for
the usual topology on R, they are also Borel sets. A o-algebra being closed
under finite union and complementation, we conclude that {zo} € B(R).

4. Given n > 1, let A,, =Jxg — 1/n,x]. Since A1 C A,, from 2., we
have A, | {x0}. Also, dF(Ay) = F(x9) — F(xo — 1) € R. In particular,
dF (A1) < +o0. Applying theorem (8), we obtain:

dF({x0}) = lim_dF(A,) = F(zo) = F(xo-)

Exercise 13
Exercise 14.

1. ]a,b] =Ja, +oo]N(]b, +00[)¢. Open intervals being Borel sets, and a o-algebra
being closed under finite intersection and complementation, we have |a, b] €
B(R). In virtue of definition (20), dF(Ja,b]) = F(b) — F(a).

2. [a,b] = (] — 00, a[U]b, +00[)¢ and is therefore a Borel set. Moreover, using
exercise (13):

dF(la,b]) = dF({a}) + dF(Ja,b]) = F(b) — F(a—)
3. ]a, b[ being open is a Borel set. Moreover, using exercise (13):
dF(Ja,b]) = dF(Ja,b]) — dF({b}) = F(b—) — F(a)

4. a,b[=] — 00, b[N(] — 0o, a[)¢ and is therefore a Borel set. Moreover, using
exercise (13):

dF([a,b]) = dF({a}) + dF(la,b]) — dF({b}) = F(b—) — F(a—)
Exercise 14
Exercise 15.

1. Suppose A is a topology on €. Then () and Q are elements of A. It follows
that that 0 N Q" =0 and QN Q" = Q' are both elements of Ajq/. So (i) of
definition (13) is satisfied for Ajq/. Let A’, B’ € Ajq/. There exist A, B €
A such that A’ = ANQ" and B’ = BNQ'. Hence, A/ NB’' = (ANB)NQY".
Since A is a topology, AN B € A. It follows that A'N B" € A/, and
(ii) of definition (13) is satisfied for Ajq,. Let (A})ics be a family of
elements of Ajq:. There exists a family (A;)ier of elements of A, such
that A, = A; N/, for all i € I. In particular, U;es A} = (UjerA;) N Q.
Since A is a topology, U;er A; € A. It follows that U;er A; € Ajqr and (iii)
of definition (13) is satisfied for Ajo,. We have proved that Ajq/ is indeed
a topology on €.
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2. Suppose A is a g-algebra on 2. Then Q € A, and we have ' = QN Q' €
Ajr. Let A" € Aj. There exists A € A such that A’ = AN Q. Hence®,
QAN\NA =0 Nn(A) = Q' NnA° Since A is a o-algebra, A° € A. It
follows that Q' \ A’ € Ajr, and Ajq is closed under complementation
in Q. let (A])n>1 be a sequence of elements of Ajq. There exists a
sequence (A,),>1 of elements of A, such that A, = A, N/, for all
n > 1. In particular, US> Al = (U2 A4,) N Q. Since A is a o-algebra,
U4, € A. Tt follows that Uf> Al € Ajq, and Ao is closed under
countable union. We have proved that Ao is indeed a o-algebra on .

Exercise 15

Exercise 16.

1. When working in the context of two reference sets ' and 2 where Q' C Q,
given A C €', the notation A° and the notion of complementation can be
confusing: does it refer to the complement of A in €2, or the complement of
Ain Q... Unless otherwise specified, it is customary to keep the notation
A€ for the complement of A relative to the large set (A = Q\ A). The
complement of A relative to the smaller set ' can still be denoted '\ A.
Similarly, whenever A’ is a set of subsets of ' (like Ajor), then it is also a
set of subsets of Q. Hence, a notation such as o(.A") can be ambiguous and
confusing. One the one hand, o(A’) could be referring to the o-algebra
generated by A" on Q. One the other hand, o(A’) could be referring
to the o-algebra generated by A’ on . Hence, it is very important to
specify clearly what is meant, when using a notation such as o(A’). In

this exercise, o(A) is a g-algebra on €2, whereas o (A|q/) is a o-algebra on
Q.

2. Let A€ A. Then A € o(A) and ANQ € Ay C o(Aj). Tt follows thast
AeTl,and ACT.

3. o(A) being a o-algebra on 2, Q € o(A). o(Ajq) being a o-algebra on
Q,anQ =Q € o(Ag). It follows that Q € T. Let A € I'. Then
A€ o(A) and ANQ € o(Ag). Hence, A° € o(A) and A°N Q" =
AN\ (ANQ) € o(Ajn). So A € T. Tt follows that I' is closed under
complementation. Let (A,),>1 be a sequence of elements of I'. Then for
alln > 1, A, € o(A) and A, N Q' € o(Ajq). It follows that U>( 4, €
o(A), and (US> 4,)NQ = U2 (4, NQY) € o(Ar). So U A4, €T.
It follows that I' is closed under countable union. We have proved that I"
is indeed a o-algebra on ().

4. The o-algebra o(A) on Q generated by A, being the smallest o-algebra on
Q containing A, from A C T', and the fact that T' is o-algebra on 2, we
have o(A) C T. In particular, for all A € o(A), we have ANQ' € o(Ajer).
Hence, we see that o(A)or € o(Ajq). However, for all A € A, since

6The notation (A’)¢ refers to the complement of A’ in Q, i.e. (A’)¢ = Q\ A’. The
complement of A’ in €’ is denoted Q' \ A’.
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A € 0(A), we have ANQ € o(A)|q. It follows that Ay € (Ao From
exercise (15), o(A)jq is a o-algebra on . The o-algebra o(Ajq/) being
the smallest o-algebra on Q' containing Ao/, we conclude that o(Ao/) C
o(A)jo-. We have proved that o(Ajo) = 0(A)q. The purpose of this
exercise is to prove theorem (10).

Exercise 16

Exercise 17.
1. From theorem (10), B(Q) o = o(T)jor = o(Tjar) = B(Q').

2. Suppose Q' € B(Q). Let A’ € B(€'). Since B(Q') = B(Q) o/, there exists
A € B(Q) such that A’ = AN Q. A o-algebra being closed under finite
intersection, it follows that A’ € B(f2). We have proved that B(Q") C
B(9).

3. From 1., we have B(R*) = B(R)r+ = {ANR*', Ac B(R)}
4. Since Rt =]—00,0[°€ B(R), from 2. we have B(R") C B(R).
Exercise 17

Exercise 18.

1. From exercise (15), F being a o-algebra on Q, Fq/ is a o-algebra on .
from definition (18), it follows that (Q', Fo/) is a measurable space.

2. Suppose ' € F. A o-algebra being closed under finite intersection, Flor =
{ANQ Ae F}C F.

3. If € F, from 2., Flaor € F. Hence, it is legitimate to consider the
restriction H(F o) of the map p : F — [0,+00] to the smaller domain
For- Denoting such restriction by jq/, it is clearly a measure on Fjo
(definition (9)). From definition (19), it follows that (Q', Flo, o) is a
measure space.

Exercise 18

Exercise 19.

1. Let 79 € R. If 29 < 0, then F(2) — 0 = F(xg) as * — xg. If 29 > 0,
since F' is right-continuous, we have:

lim F(r)= lim F(x)= F(x) = F(x0)
ro<T,r—xQ o<, rt—Tg
Hence we see that F is itself right-continuous. Let a < b. If 0
then F(a) = F(a) < F(b) = F(b). If a < 0 < b, then F(a
F(0) < F(b) = F(b). If a <b <0, then F(a) =0 = F(b). In

F(a) < F(b) and F is non-decreasing.

O ~—
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2. B(R") C B(R) and p is well-defined. Using exercise (13):

p({0}) = dF({0}) = F(0) — F(0—) = F(0)
Moreover, for all 0 < a < b:
1(Ja, b)) = dF(Ja,b]) = F(b) — F(a) = F(b) — F(a)

Exercise 19

Exercise 20.

1. For all 0 < a < b, ]Ja,b] =la,b] NR* € B(R)g+= B(R"). Moreover, we
have {0} =]—1,0)nR*" € B(R"). we have proved that C C B(R™").

2. Let U be open in RT. By definition (23), there exists V open in R,
such that U = VN R™. For all z € V, there exists ¢, > 0 such that
Jx — €x,2 4+ €,[C V. The set of rational numbers Q being dense in R,
we can choose p, € QN]z — €, 2] and ¢, € QNz,x + €,[. We have
T €]py,qz] C V. If we define I = {|ps,q:],z € V}, then I is a countable
set (see exercise (7) for more details). For all ¢ € I, let a; = py and b; = ¢g,
where x € V is such that i =|p,,¢,]. From V = U,ev|ps, ¢2], we obtain
V = Uierai, bi], and finally U = User (RTN]as, by)).

3.If 0 < a; < by, then R+ﬂ]ai,bi] :]ai,bi] e C. If a; < 0 < b;, then
R+ﬂ]ai,bi] = [O,bz] = {O}U]O,bi] S O'(C) Ifa; <b; < 0, then R+ﬁ]ai,bi] =
f =]1,1] € C. In any case, R*N]a;, b;] € o(C).
4. From 2. and 3., the set I being countable, we have:
U= Uie[(RJrﬁ]ai,bi]) € U(C)

This being true for all U open in R, we have Tg+ C o(C). B(R™) being
the smallest o-algebra on RT containing 7g+, we obtain that B(R*) C
a(C). However from 1., C C B(R™). o(C) being the smallest o-algebra on
R™ containing C, we have o(C) C B(R™). We have proved that o(C) =
B(R*).

Exercise 20

Exercise 21.

L ({0} 1[0, 1)) = i ({0}) = 12({0}) = p2({0} 1[0, n]). S0 {0} € Dy For
all 0 < a < b, Ja,b] N [0,n] is either empty, or is an interval of the form
la’, '] with 0 < o’ <¥. In any case, pi(Ja,b] N[0,n]) = pa(Ja,b] N[0, n]).
It follows that C C D,,. Since p1([0,n]) = p1({0}) + w1(]0,n]) = F(n) =
u2([0,n]), we have R € D,, and both u1([0,n]) and u2([0,n]) are finite.
Let A, B € D,, with A C B. We have:

(AN [0, n]) = pa(A N[0, n))
(B 0[0,n]) = p2(B N0, n))
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and for i =1,2:
pi(B N [0,n]) = pi(AN[0,n]) + pi((B\ A) N[0, n])
All terms being finite, we obtain:
(B A)N[0,7]) = pa(B'\ A) 0 [0,m])

and it follows that B\ A € D,,. Let (A4,)p>1 be a sequence of elements of
D, with A, T A. Then A, N[0,n] T AN[0,n]. For all p > 1, we have:

p1(Ap [0, n]) = pa (A, N[0, n])
Using theorem (7), taking the limit as p — +o0, we obtain:
,LL1(A n [Oa TL]) - M2(A n [07 n])
and it follows that A € D,,. We have proved that D,, is a Dynkin system
on R* (definition (1)) with C C D,,.

2. p1([0,n]) < 400 and p2([0,n]) < +oo is important in ensuring that the
algebra required to prove that B\ A € D,,, is indeed meaningful.

3. Let 0 < a < b. Then {0}N]a,b] = 0 =]1,1] € C. If 0 < ¢ < d, then
la,b]N]e, d] can still be written as Ja’,b’] with 0 < @’ < b/, and therefore
lies in C. It follows that C is closed under finite intersection. Since D,
is a Dynkin system on R™ such that C C D,,, using theorem (1), we see
that o(C) C D,,. However, from exercise (20), o(C) = B(R™). It follows
that B(R™) C D,,. Hence, for all A € B(R"), we have u1(AN[0,n]) =
p2(AN[0,n]). Since AN[0,n] T Aasn — +oo, using theorem (7), we
obtain u1(A) = p2(A). This being true for all Borel set A € B(R*), we
have proved that p; = po.

4. Existence follows from exercise (19). Uniqueness is a consequence of 3.

Exercise 21
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