Tutorial 18: The Jacobian Formula 1

18. The Jacobian Formula
In the following, K denotes R or C.

Definition 125 We call K-normed space, an ordered pair (E, N),
where E is a K-vector space, and N : E — R* is a norm on E.

See definition (89) for vector space, and definition (95) for norm.

EXERCISE 1. Let (-,-) be an inner-product on a K-vector space H.
1. Show that || - || = /(-,-) is a norm on H.

2. Show that (H,| -||) is a K-normed space.

EXERCISE 2. Let (E, || - ||) be a K-normed space:
1. Show that d(z,y) = ||z — y|| defines a metric on E.

2. Show that for all z,y € E, we have | |z]| — |ly]|]| < ||z — y]l.
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Definition 126 Let (E,|| - ||) be a K-normed space, and d be the
metric defined by d(z,y) = ||z — y||. We call norm topology on E,
denoted 1., the topology on E associated with d.

Note that this definition is consistent with definition (82) of the norm
topology associated with an inner-product.

EXERCISE 3. Let F, F' be two K-normed spaces, and [ : E — F be a
linear map. Show that the following are equivalent:

(7) [ is continuous (w.r. to the norm topologies)
(i) [ is continuous at = = 0.
(vit) JK e RY ,Vz e E, |l(z)| < K|z
(i) sup{[li(z)[|: z € E, [z =1} <400

Definition 127 Let E, F be K-normed spaces. The K-vector space
of all continuous linear maps [ : E — F is denoted Lx(E, F).
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EXERCISE 4. Show that Lk (F, F') is indeed a K-vector space.
EXERCISE 5. Let E, F be K-normed spaces. Givenl € Lk (FE, F), let:

A
12l = sup{[[i(z)[| : = € E, [lof =1} <400

1. Show that:
11l = sup{lli(@)[| : =€ E, [«f| <1}
2. Show that:
II12]] zsup{ﬂ: zekl, x#O}
]
3. Show that [[I(z)]| < ||I]|.]|z|, for all x € E.

S

. Show that ||/|| is the smallest K € R*, such that:
Ve e B, [[i(z)] < K|z

5. Show that [ — ||{|| is a norm on Lk (FE, F).
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6. Show that (L (E, F),| - |) is a K-normed space.

Definition 128 Let E, F be R-normed spaces and U be an open
subset of E. We say that a map ¢ : U — F is differentiable at
some a € U, if and only if there exists | € Lr(F, F) such that, for all
€ > 0, there exists 6 > 0, such that for all h € E:

[h]| <6 = a+heU and||¢(a+h)—¢la) —IU(R)]| < €[]l
EXERCISE 6. Let E, F' be two R-normed spaces, and U be open in FE.
Let ¢ : U — F be amap and a € U.

1. Suppose that ¢ : U — F is differentiable at a € U, and that
li,ls € Lr(E,F) satisfy the requirement of definition (128).
Show that for all € > 0, there exists § > 0 such that:

Vhe B, [|h] <d = [[(h) = La(h)]| < el|h]
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2. Conclude that ||l — I2]| = 0 and finally that l; = Is.

Definition 129 Let E, F be R-normed spaces and U be an open
subset of E. Let ¢ : U — F be a map and a € U. If ¢ is differentiable
at a, we call differential of ¢ at a, the unique element of Lr(E, F),
denoted do(a), satisfying the requirement of definition (128). If ¢ is
differentiable at all points of U, the map d¢ : U — Lr(E,F) is also
called the differential of ¢.

Definition 130 Let E,F be R-normed spaces and U be an open
subset of E. A map ¢ : U — F is said to be of class C', if and only
if do(a) ezists for all a € U, and the differential d¢ : U — Lr(E, F)
1§ a continuous map.

EXERCISE 7. Let E, F be two R-normed spaces and U be open in E.
Let ¢ : U — F be a map, and a € U.
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1. Show that ¢ differentiable at @ = ¢ continuous at a.

2. If ¢ is of class C!, explain with respect to which topologies the
differential d¢ : U — Lr(E, F) is said to be continuous.

3. Show that if ¢ is of class C', then ¢ is continuous.

4. Suppose that E = R. Show that for all a € U, ¢ is differentiable
at a € U, if and only if the derivative:

S 2 i ot =0

t#£0,t—0 t
exists in F, in which case d¢(a) € Lr (R, F) is given by:
vVt e R, do(a)(t) = t.¢'(a)
In particular, ¢'(a) = dé(a)(1).

EXERCISE 8. Let E, F, G be three R-normed spaces. Let U be open
in F and V beopenin F. Let ¢ : U — F and ¢ : V — G be two maps
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such that ¢(U) C V. We assume that ¢ is differentiable at a € U,
and we put:

L 2 dg(a) € Lr(E, F)
We assume that v is differentiable at ¢(a) € V', and we put:
A
l2 = dy(¢(a)) € Lr(F,G)
. Explain why ¢ o ¢ : U — G is a well-defined map.

[t

2. Given € > 0, show the existence of n > 0 such that:
n(n + 1Ll + [[l2]) <€

3. Show the existence of do > 0 such that for all hy € F with
lh2]] < 02, we have ¢(a) + he € V and:

[ (p(a) + ha) — b o ¢(a) — la(h2)|| < nllhall
4. Show that if hy € F and ||ha| < d2, then for all h € E, we have:
[1h(d(a) +ha) = od(a) —laoli(h)|| < nllhe|l+[|l2]|- |22 — L (h)]|
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5.

Show the existence of § > 0 such that for all h € E with ||h|| <4,
we have a+h € U and ||¢(a+h)—d(a)—11(h)|| < n||h||, together
with [[¢(a + 1) — ¢(a)]| < d2.

. Show that if h € E is such that ||h]| < 6, then a + h € U and:

190 ¢(ath) =4 0 p(a) =y o Ly ()| <nllp(ath)—p(a) [+nllL2]- [ 2]
<n(n+ il + 2D lIA]
<elln]

. Show that ls o l; € Lr(E,G)

. Conclude with the following:
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Theorem 110 Let E, F,G be three R-normed spaces, U be open in
E and V be open in F. Let ¢ : U — F and ¢ : V — G be two maps
such that p(U) C V. Let a € U. Then, if ¢ is differentiable at a € U,
and ¢ is differentiable at ¢(a) € V, then ¢ o ¢ is differentiable at
a € U, and furthermore:

d(y 0 ¢)(a) = dip(¢(a)) o dp(a)

EXERCISE 9. Let (€, 7") and (Q2,7) be two topological spaces, and
A C P(2) be a set of subsets of Q generating the topology 7, i.e.
such that 7 = T (A) as defined in (55). Let f : Q" — Q be a map,
and define:

UE[ACQ : fLlA) eT)

1. Show that U is a topology on €.
2. Show that f: (Q',7") — (Q,7) is continuous, if and only if:
VAc A, f7Y{(A) eT
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EXERCISE 10. Let (€2, 7") be a topological space, and (2, 7;)ics be
a family of topological spaces, indexed by a non-empty set I. Let )
be the Cartesian product Q = IL;c;Q; and 7 = ®;¢;7; be the product
topology on €. Let (f;)ier be a family of maps f; : ' — ; indexed
by I, and let f: Q" — Q be the map defined by f(w) = (fi(w))ier for
all w € . Let p; : © — €, be the canonical projection mapping.

1. Show that p; : (Q,7) — (Q4;,7;) is continuous for all i € I.

2. Show that f : (Q,7") — (Q,7) is continuous, if and only if
each coordinate mapping f; : (', 7") — (%, 7;) is continuous.

EXERCISE 11. Let E, F, G be three R-normed spaces. Let U be open
in £ and V be open in F'. Let ¢ : U — F and ¢ : V — G be two
maps of class C! such that ¢(U) C V.

1. For all (I1,12) € Lr(F,G) x Lr(E, F), we define:

M) 2 |l + ]
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No(l1,12)
Neo(l1,12)
Show that Ny, Na, N are all norms on Lr(F,G) x Lr(E, F).

15112 + (12212

> e

max(||11]], [|12]])

2. Show they induce the product topology on Lgr (F, G)x Ly (E, F).
3. We define the map H : Lr(F,G) x Lr(E, F) — Lr(E,G) by:
V(i1 1b) € Lr(F,G) x Lr(E,F) , H(l1,l2) 21101,
Show that ||H (I1,12)] < |[11]]-]]i2]], for all I, ls.
4. Show that H is continuous.
5. We define K : U — Lr(F,G) x Lr(E, F) by:
Va U, K(a) 2 (di(6(a)). db(a))

Show that K is continuous.
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6. Show that v o ¢ is differentiable on U.
7. Show that d(¢ o) = Ho K.

8. Conclude with the following:

Theorem 111 Let E, F,G be three R-normed spaces, U be open in
E and V be open in F. Let ¢ : U — F and v : V — G be two maps
of class C* such that ¢(U) C V. Then, 1o ¢ : U — G is of class C*.

EXERCISE 12. Let E be an R-normed space. Let a,b € R, a < b.
Let f:[a,b] = E and g : [a,b] — R be two continuous maps which
are differentiable at every point of |a, b[. We assume that:

vt €la, b, |f' (Bl < g'(t)
1. Given € > 0, we define ¢, : [a,b] — R by:

6e(t) S 1 £(t) = f(0)]l — g(t) + g(a) — e(t — a)
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for all ¢ € [a,b]. Show that ¢, is continuous.
2. Define E. = {t € [a,b] : ¢(t) < €}, and ¢ = sup F.. Show that:
¢ € [a,b] and ¢e(c) <€
3. Show the existence of h > 0, such that:
Vit € [a,a+ h[N[a,b] , ¢c(t) <e
4. Show that ¢ €]a, b].

5. Suppose that ¢ €]a, b[. Show the existence of tg €]c, b] such that:
‘ f(to) — f(c) g(to) — g(c)

to —c to—c
6. Show that || £(to) — F(0)]| < g(to) — g(c) + et — ).
7. Show that | f(c) — f(a)]| < g(c) — g(a) + el — a) +e.
8. Show that || f(to) — f(a)|| < glto) — g(a) + e(to — a) +«.

< If'(e)ll + €/2 and g'(c) < +e€/2
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9. Show that ¢ €]a, b] leads to a contradiction.

10. Show that ||f(b) — f(a)|| < g(b) — g(a) +e(b—a) +e.
11. Conclude with the following:

Theorem 112 Let E be an R-normed space. Let a,b € R, a < b.
Let f : [a,b] — E and g : [a,b] — R be two continuous maps which
are differentiable at every point of |a,b[, and such that:

vt €la, b, [LF/ (O] < g'(1)
Then:
1£(b) = fla)]l < g(b) — g(a)
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Definition 131 Letn > 1 and U be open in R™. Let ¢ : U — FE
be a map, where E is an R-normed space. For all i = 1,...,n, we
say that ¢ has an ith partial derivative at a € U, if and only if the

limit: 5 h
02 Hathe) o)
ox; h#0,h—0 h
exists in E, where (e1,...,e,) is the canonical basis of R™.

EXERCISE 13. Let n > 1 and U be open in R”. Let ¢ : U — E be a
map, where F is an R-normed space.

1. Suppose ¢ is differentiable at a € U. Show that for all i € N,:

[6(a + hei) — d(a) — de(a)(hes)|| = O

lim
h##0,h—0 Hh il
2. Show that for all i € N,,, 2 b ( ) exists, and:

2
o (a) = dofa) )
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3. Conclude with the following:

Theorem 113 Letn > 1 and U be open in R". Let ¢ : U — E be
a map, where E is an R-normed space. Then, if ¢ is differentiable at
a€cU, foralli=1,...,n, g—i(a) exists and we have:

Vh 2 (hi,....hy) €R™, dé(a)(h) = 5 (i

EXERCISE 14. Let n > 1 and U be open in R™. Let ¢ : U — FE be a
map, where F is an R-normed space.

1. Show that if ¢ is differentiable at a,b € U, then for all i« € N,:

% >” < 1dg(t) — do(a)|

H o0x;
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2. Conclude that if ¢ is of class C' on U, then g—i exists and is
continuous on U, for all i € N,,.

EXERCISE 15. Let n > 1 and U be open in R™. Let ¢ : U — FE be a
map, where E is an R-normed space. We assume that 3¢_ exists on

U, and is continuous at a € U, for all i € N,,. We define[: R" — E:

VhE (hy,... ha) R U2 a‘é (a)h;

1. Show that | € Lg(R™, E).

2. Given € > 0, show the existence of > 0 such that for all h € R"
with ||h]| <, we have a + h € U, and:

oo} 0¢
oz, (a+h)— oz, (a)H <e€

Vi=1,...,n,
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3. Let h = (h1,...,h,) € R™ be such that ||h]] < n. (e1,...,€en)
being the canonical basis of R”, we define ky = a and for i € N,;:

k; é a—+ Z hjej
j=1
Show that kg, ..., k, € U, and that we have:

olath)—o(a)—1(h)= ( Fior 4 haco)— (ki >hi§—z<a>)

4. Let i € N,,. Assume that h; > 0. We define f; : [0, h;] — E by:

9¢
ax,( a)

Show f; is well-defined, f/(t) exists for all ¢ € [0, h;], and:

0¢ 9 ()
ox; ox; “

Ve [0,h], fi(t) 2 d(ki1 +tes) — dlkiot) —t

vt e [0,hi] , fit) = (ki—1 +te;) —
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5. Show f; is continuous on [0, h;], differentiable on |0, h;[, with:
vVt €]0, bl , [IF @] < e
6. Show that:

‘QZ)(ki—l + hiei) — ¢(ki—1) — hy 0¢

89@

(a)

< e|hi]

7. Show that the previous inequality still holds if h; < 0.
8. Conclude that for all h € R"™ with ||h]] < n, we have:
[é(a+h) —¢(a) — I(R)|| < ev/n|h]|

9. Prove the following:

Theorem 114 Let n > 1 and U be open in R™. Let ¢ : U — E be
a map, where E is an R-normed space. If, for all i € N, g—i erists
on U and is continuous at a € U, then ¢ is differentiable at a € U.
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EXERCISE 16. Let n > 1 and U be open in R”. Let ¢ : U — E be a
map, where E is an R-normed space. We assume that for all i € N,,,

09

é)wi
1

2

I

1(de(b) — do(a))(R)|| < (Z

. Show that for all a,b € U:

ldo(b) — do(a)]| < (

. Prove the following:

exists and is continuous on U.

n

i=1

n

D

i=1

. Show that ¢ is differentiable on U.

o¢
831‘1'

¢
a.’IJi

. Show that for all a,b € U and h € R":

(b)

(b)

5 o\ 1/2
22 (@) ) Il
1/2
26 . |I°
(@) )

. Show that d¢ : U — Lr(R"™, E) is continuous.
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Theorem 115 Letn > 1 and U be open in R". Let ¢ : U — E be
a map, where E is an R-normed space. Then, ¢ is of class C* on U,
if and only if for alli=1,...,n, §T¢ exists and is continuous on U.

EXERCISE 17. Let E, F be two R-normed spaces and | € Lr(E, F).
Let U be open in E and [y be the restriction of [ to U. Show that
liy is of class C' on U, and that we have:

VeeU, d(ljy)(z) =1

EXERCISE 18. Let Ey,...,E,, n > 1, be n K-normed spaces. Let
E=FE;x...xE,. Let p € [1,+00[, and for all z = (z1,...,2,) € E:

n 1/p
(z xinp)
=1

max |||
=1,...,n

2l

1|00
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1. Using theorem (43), show that ||.||, and ||.||cc are norms on E.
2. Show ||.||, and ||.||ec induce the product topology on E.

3. Conclude that F is also an K-normed space, and that the norm
topology on E is exactly the product topology on FE.

EXERCISE 19. Let E and F be two R-normed spaces. Let U be open
in F and ¢,v : U — F be two maps. We assume that both ¢ and
1 are differentiable at a € U. Given a € R, show that ¢ + a1 is
differentiable at a € U and:

d(¢ + axp)(a) = do(a) + ady(a)
EXERCISE 20. Let E and F' be K-normed spaces. Let U be open in

E and ¢ : U — F be a map. Let Ng and N be two norms on E and
F, inducing the same topologies as the norm topologies of £ and F
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respectively. For all | € Lk (E, F), we define:
N(l) =sup{Np(l(z)) : x € E,Ng(x) =1}

1. Explain why the set Lk (FE, F') is unambiguously defined.
2. Show that the identity idg : (E,|| - ||) — (E, Ng) is continuous
3. Show the existence of mg, Mg > 0 such that:

Ve € E, mgl|lz|]] < Ng(x) < Mg||z||
4. Show the existence of m, M > 0 such that:

Vi e Lx(E, F) , mll| < N(1) < MI|I]
5. Show that || - || and N induce the same topology on Lk (FE, F).

6. Show that if K = R and ¢ is differentiable at a € U, then ¢ is
also differentiable at a with respect to the norms Ng and Np,
and the differential d¢(a) is unchanged
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7. Show that if K = R and ¢ is of class C! on U, then ¢ is also of
class C' on U with respect to the norms Ny and Np.

EXERCISE 21. Let E and Fi, ..., F,, p > 1, be p+1 R-normed spaces.
Let U be open in E'and F' = Fy x ... x F},. Let ¢ : U — F be a map.
For all ¢ € N, we denote p; : F' — F; the canonical projection and
we define ¢; = p; o . We also consider u; : F; — F', defined as:

K2

~ =~

20,....770,...,0)

Vo, € Fy , wi(x;)
1. Given i € N, show that p; € Lr(F, F;).
2. Given i € N, show that u; € L (F;, F) and ¢ = >0 u; 0 ;.

3. Show that if ¢ is differentiable at a € U, then for all ¢ € N,
¢; : U — F; is differentiable at a € U and d¢;(a) = p; o dp(a).
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4. Show that if ¢; is differentiable at a € U for all ¢ € N, then ¢
is differentiable at a € U and:

a) = Z u; o do;(a)
i=1

5. Suppose that ¢ is differentiable at a,b € U. Let F be given the
norm || - [|2 of exercise (18). Show that for all ¢ € N:

[di(b) — dgi(a)|| < |[dp(b) — dé(a)||
6. Show that:

1/2
|dp(b) — do(a)|| < (Z [|dpi(b) — depi( )Il2>

7. Show that ¢ is of class C1 & ¢; is of class C? for all i € N,,.

8. Conclude with theorem (116)
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Theorem 116 Let E, Fy,...,F,, (p > 1), be p+1 R-normed spaces

and U be open in E. Let F' be the R-normed space F' = Fy X ... x F,

and ¢ = (¢1,...,¢p) : U — F be a map. Then, ¢ is differentiable at

a € U, if and only if dp;(a) exists for all i € N, in which case:
Vhe E , d¢(a)(h) = (dg1(a)(h), ..., ddp(a)(h))

Also, ¢ is of class Ct on U < ¢; is of class C* on U, for all i € N,,.

Theorem 117 Let ¢ = (¢1,...,¢n) : U — R™ be a map, where
n > 1 and U is open in R™. We assume that ¢ is differentiable at

a€U. Then, foralli,j=1,...,n, gi’? (a) exists, and we have:
el el
) ... 52(a)
do(a) = : :
Adn 9Pn
() ... 322(a)
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Moreover, ¢ is of class C* on U, if and only if for all i,5 =1,...,n,

Ods . . .
ai‘_ exists and is continuous on U.
J

EXERCISE 22. Prove theorem (117)

Definition 132 Let ¢ = (¢1,...,¢,) : U — R™ be a map, where
n > 1 and U is open in R™. We assume that ¢ is differentiable at
a € U. We call Jacobian of ¢ at a, denoted J(¢)(a), the determinant
of the differential dé(a) at a, i.e.

991 (q) 52 (a)
J(¢)(a) = det
52z (a) 52 (a)

Definition 133 Letn > 1 and Q, Q' be open in R™. A bijection
¢ :Q — Q is called a C*-diffeomorphism between Q and ', if and
only if ¢: QA — R™ and ¢~ : ' — R™ are both of class C*.
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EXERCISE 23. Let © and €' be open in R™. Let ¢ : Q — Q be a
C'-diffeomorphism, ) = ¢!, and I,, be the identity mapping of R".

1.
2.

3
4

. Show that J(¢

Explain why J(¢) : Q" — R and J(¢) : 2 — R are continuous.

Show that d¢(y(x)) o dip(z) = I, for all z € Q.
(x)

. Show that dy(é(z)) o dp(x) = I,,, for all x € Q.
. Show that J(¢)(x) # 0 for all z € Q.

)
Show that J(¢)(z) # 0 for all x € Q.
) =1/(J(¢) o¢p) and J(¢) = 1/(J() 0 ).
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Definition 134 Letn > 1 and Q2 € B(R™), be a Borel set in R™. We
define the Lebesgue measure on (2, denoted dx|q, as the restriction
to B(Q) of the Lebesque measure on R™, i.e the measure on (€2, B())
defined by:

VB € B(Q) , dro(B) 2 dx(B)

EXERCISE 24. Show that dz|q is a well-defined measure on (£, B(2)).

EXERCISE 25. Let n > 1 and ©, Q' be open in R". Let ¢ : Q@ — Q'
be a C!-diffeomorphism and 1 = ¢~!. Let a € Q'. We assume that
dv(a) = I, (identity mapping on R™), and given ¢ > 0, we denote:

B(a,e) = {z €R": la— x| < ¢}
where ||.|| is the usual norm in R™.
1. Why are dx |/, ¢(dz)q) well-defined measures on (€', B(2')).
2. Show that for € > 0 sufficiently small, B(a,€) € B(Y).
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3. Show that it makes sense to investigate whether the limit:

¢(dxio)(B(a,€))
ell0 dx)o(B(a,€))

does exists in R.

4. Given r > 0, show the existence of ¢; > 0 such that for all
h € R™ with ||h|| < €1, we have a + h € ', and:

[¥(a+h) = (a) = Rl < Al

5. Show for all h € R™ with ||h[| < €1, we have a4+ h € ', and:
[¥(a+h) = @) < (1+r)|Al

6. Show that for all € €]0, €], we have B(a,¢) C ', and:
¥(B(a,€)) € B(y(a), e(1+7))

7. Show that de((a)) = I,.
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8. Show the existence of e; > 0 such that for all &k € R™ with
llk|| < €2, we have ¥(a) + k € Q, and:

[o(¥(a) + k) —a — k|| < r[|k]|
9. Show for all £ € R™ with ||k|| < e2, we have ¥ (a) + k € Q, and:
[¢(¥(a) +k) —al < (1 +7)|k|

10. Show for all € €]0, e2(1 + 7)[, we have B(¢(a), =) C , and:

B(y(a), 7=—) € {¢ € Bla,€)}

€
1+r

11. Show that if B(a,e) C ', then ¥)(B(a,¢€)) = {¢ € B(a,¢)}.
12. Show if 0 < € < €9 = €1 A ea(1 +7), then B(a,e) C €', and:

Bb(a), =) C{6 € Bla,9} € B(@). (1 +7))
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13. Show that for all € €]0, eo[:

32

@) de(B(a), ;7)) = (L+7)"dzg (Bla, )

(i) dx(B(lb() ( r)) = (1 +r)"dz o (B(a,

(444) dz({¢ € B(a,€)}) = ¢(dzq)(B(a,€))
14. Show that for all € €]0, o[, B(a,e) C ', and:

L Hldza) (B(a, )

) < o (B(@, )

<@nr

15. Conclude that:

- Bldoja) (Bla.)

=1
cll0 dxio/(Bla,e))

€))

EXERCISE 26. Let n > 1 and €, €' be open in R". Let ¢ : 2 — Q' be
a C'-diffeomorphism and ¢ = ¢~1. Let a € '. We put A = di)(a).
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1. Show that A : R™ — R" is a linear bijection.

2. Define Q" = A=1(Q). Show that this definition does not depend
on whether A=1(Q) is viewed as inverse , or direct image.

3. Show that €” is an open subset of R".

4. We define ¢ : Q" — Q' by ¢(z) = gi) o A x). Show that ¢ is a
C'-diffeomorphism with ¢ = ¢=1 = A7L 0 9.

5. Show that dip(a) = I,,

6. Show that: ~
Gl (Ba, )
cllo  dwjg(B(a,e))

7. Let € > 0 with B(a,€) C . Justify each of the following steps:
o(dxion)(Blaye)) = dzjon({d € Bla,e)})
dx({¢ € B(a,¢€)})
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= de({z € Q': ¢po A(x) € B(a,e)})
de({x € " : A(z) € ¢~ (B(a,¢))})
de({x € R": A(z) € ¢~ (B(a,€))})
A(dx)({¢ € Bla,€)})

|det A|" dx({¢ € B(a,€)})

— |det Al dai({6 € Bla,e)})

= | det A|7"¢(dz|0)(B(a, €))

8. Show that:
L Bldnio)(B(a,0)
im ———"

— |det A
10 daoy (B(a, €)) | det 4]

9. Conclude with the following:
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Theorem 118 Letn > 1 and Q, Q' be open in R™. Let ¢: Q —
be a C'-diffeomorphism and 1 = ¢~1. Then, for all a € ', we have:
. 9lds0)(Bla,9)
ell0 dx)o/(B(a,€))
where J(¢)(a) is the Jacobian of ¢ at a, B(a,¢€) is the open ball in R™,
and dx|q, dr|o are the Lebesgue measures on 2 and Q' respectively.

= [J(¥)(a)l

EXERCISE 27. Let n > 1 and ©, Q' be open in R"”. Let ¢ : Q@ — Q'
be a C!'-diffeomorphism and ) = ¢~ 1.

1. Let K C ' be a non-empty compact subset of £’ such that
dz)oy (K) = 0. Given € > 0, show the existence of V open in €',
such that K CV C Q', and dr)or (V) < e

2. Explain why V is also open in R™.

3. Show that M 2 supgex ||dv(z)| € RT.
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4. For all z € K, show there is €, > 0 such that B(z,¢,;) C V, and
for all h € R™ with ||h|| < 3e,, we have x + h € Q', and:

[¥(z +h) = ¢()]| < (M +1)[[A]]
5. Show that for all x € K, B(z,3¢,) C Q', and:
Y(B(z,3€x)) € B(¥(x), 3(M + 1)e)
6. Show that ¢(B(x,3e;)) = {¢ € B(x,3¢;)}, for all z € K.
7. Show the existence of {z1,...,2,} C K, (p > 1), such that:
K C B(x1,€2,)U...UB(xp,€p,)

8. Show the existence of S C {1,...,p} such that the B(z;,¢€,,)’s
are pairwise disjoint for ¢ € S, and:

K C U B(x;,3¢€s,)
€S

www.probability.net


http://www.probability.net

Tutorial 18: The Jacobian Formula 37

9.
10.
11.
12.
13.
14.
15.

16.

17.

Show that {¢ € K} C UjesB(¥(x;),3(M + 1)ey,).
<D ies 3 (M + 1)"dx(B(xi, €z,))-
< 37(M + 1)"dz (V).

Show that ¢(dxz|q)(K
Show that ¢(dxzq)(K

Show that ¢(dxq)(K) < 3™(M +1)"e

)
)
) <
Conclude that ¢(dz|o)(K) =
Show that ¢(dz|q) is a locally finite measure on (€', B(€Y')).
Show that for all B € B(Q):

#(dz)o)(B) = sup{¢(dr)o)(K) : K € B, K compact }
Show that for all B € B(Q):

drjo(B) =0 = ¢(dx)o)(B) =0

Conclude with the following:
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Theorem 119 Letn > 1, Q, Q' be open in R™, and ¢ : Q@ —
be a C'-diffeomorphism. Then, the image measure o(dx)q), by ¢ of
the Lebesgue measure on 2, is absolutely continuous with respect to
dr|q, the Lebesgue measure on O, de.:

d)(dxm) << dxml
EXERCISE 28. Let n > 1 and Q, Q' be open in R™. Let ¢ : Q —
be a C'-diffeomorphism and 1 = ¢~ 1.

1. Explain why there exists a sequence (V},),>1 of open sets in €',
such that V,, T Q" and for all p > 1, the closure of V}, in €', i.e.

Vle, is compact.
2. Show that each V, is also open in R”, and that V¥ =V,

3. Show that ¢(dz|q)(V,) < +oo, for all p > 1.
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4. Show that dz|o and ¢(dz|q) are two o-finite measures on €.

5. Show there is h : (', B(Q)) — (R*, B(R")) measurable, with:
VB e B(Y), ¢(dxq)(B) :/ hdz| o
B
6. For all p > 1, we define hy, = hly,, and we put:

n oz af hy(x) if xze
VreR ,hp(x):{op() i o Q

Show that:

hydx = / hpdzor = (dz)0) (V) < +00
Rn Q/

and conclude that h, € L (R™, B(R™), dz).

7. Show the existence of some N € B(R™), such that de(N) =0
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and for all z € N¢ and p > 1, we have:

- 1 7
p(®) 61% dx(B(z,€)) /B(x,E) v
8. Put N’ = N N Q. Show that N’ € B(®') and dxo/(N') = 0.

9. Let z € Q' and p > 1 be such that z € Vp. Show that if e > 0 is
such that B(z,e) CV,, then dv(B(z,¢€)) = drjo (B(x,¢)), and:

/ ind$=/ 1B($’€)ﬁpd$=/ lB(w,e)hpdl‘m/
B(m,e) n Q/

10. Show that:
/ 18(a,e)hpdr|cy =/ 13(z,0)hdz)0 = ¢(d)0)(B(z,€))
Q/ Q/

11. Show that for all z € Q' \ N’, we have:

.. 9ldzi0)(B(z,€))
M) = i e (B, o)
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12. Show that h = [J(¢)| dz|o-a.s. and conclude with the following:

Theorem 120 Letn > 1 and Q, Q' be open in R™. Let ¢: Q —
be a C'-diffeomorphism and 1) = ¢~'. Then, the image measure by ¢
of the Lebesgue measure on Q, is equal to the measure on (', B(Q))
with density |J ()| with respect to the Lebesgue measure on ', i.e.:

o(di) = / 1T() gy

EXERCISE 29. Prove the following:
Theorem 121 (Jacobian Formula 1) Letn > 1 and ¢ : Q —

be a C'-diffeomorphism where 1, ' are open in R". Let ¢ = ¢~ 1.
Then, for all f: (', B(Q)) — [0, +oc] non-negative and measurable:

/ fodbdrg = / F1T () e
Q Q
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and:

[rooli@dng = | rina

EXERCISE 30. Prove the following:

Theorem 122 (Jacobian Formula 2) Letn > 1 and ¢ : Q — @
be a C'-diffeomorphism where Q, ' are open in R™. Let ¢ = ¢~ L.
Then, for all measurable map f : (Q',B(Q)) — (C,B(C)), we have
the equivalence:

fog e LE(Q,B(Q),dx)q) & flJ(¥) € Le(Q,B(Y), dxo)
i which case:
[ resdng= [ sl
Q Q
and, furthermore:

(fod)l7(9)] € Le(Q, B(Q),dwia) < f € Lo(, BY), drjar)
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i which case:

[ rooli@dng = | rina

EXERCISE 31. Let f:R2—|0, +o0], with f(z,y) = exp(—(2? +y?)/2).

1. Show that:
+00 2 2
/ fx,y)daedy = </ e ﬂdu)
R? —o0
2. Define:
Ay = {(z,y) €R?*: >0, y>0}
Ay 2 {(my)eR2: 2<0, y>0}

and let Az and A4 be the other two open quarters of R%. Show:

/ f(z, y)dedy = / f(z,y)dedy
R2 A

1U.LUAY
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3. Let Q : R? — R? be defined by Q(z,y) = (—z,y). Show that:

f(z,y)dady = [ foQ “(z,y)dady
A1 Ay

4. Show that:

flz,y)dedy =4 | f(z,y)dzdy
R2 Al

5. Let Dy =]0, +0o[x]0,7/2[C R?, and define ¢ : D; — A; by:
Y(r,0) € D1, ¢(r,0) = (rcos,rsind)
Show that ¢ is a bijection and that ¢ = ¢~ is given by:
V(z,y) € A1, Y(z,y) = (Va2 +y?, arctan(y/z))
6. Show that ¢ is a C'-diffeomorphism, with:

cos) —rsinf
sinf  rcosf

V(r,0) € Dy , dé(r,0) = (
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and:

z y
V({l?,y) S A1 5 d’l/J(.’IJ,y) = ( \/r_z?-}-zﬂ \/zi+y2 >

27 4y? 22 4y?
7. Show that J(¢)(r,0) =r, for all (r,0) € D;.

8. Show that J(¢)(z,y) = 1/(\/ 2% + y?), for all (x,y) € A;.
9. Show that:

f(@,y)dady = =
Ay

no|

10. Prove the following;:

Theorem 123 We have:

L7 g,
— e u =
V2T J—so
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Solutions to Exercises

Exercise 1.

1. Let (-,-) be an inner-product on a K-vector space H. From
definition (81), we have (z,z) > 0 for all x € H. So || - | =
V(z,x) is a well-defined map || - || : H — R*. From (v) of
definition (81), (z,z) = 0 is equivalent to x = 0. It follows that
llz|| = 0 is equivalent to x = 0. Let € H and a € K. We have:

loz|| = {az,az)

= Vo)
= oly/{e,2) = lo] - ||

Finally, given z,y € 'H, the fact that:
[z +yll < [zl + [yl
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has been proved in exercise (17) of Tutorial 10. From defini-
tion (95), we conclude that || - || is a norm on H.

2. H is a K-vector space and || - || is a norm on H. From defini-
tion (125), we conclude that (M, || - ||) is a K-normed space.

Exercise 1
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Exercise 2.

1. Let (E,||-]|) be a K-normed space. Let d(z,y) = ||z —y||. Then
d: ExE — Rt is a well-defined map. Furthermore, since
lz|| = 0 is equivalent to x = 0, d(z,y) = 0 is equivalent to
x = y. Since ||azx| = |af - ||z|| for all z € F and « € K, taking
a = —11it is clear that d(z,y) = d(y, z) for all z,y € E. Finally,
given z,y, z € E we have:

dz,y) = ==yl
= llz—z+z—yl
< o=z + ]z -yl

d(z,z) +d(z,y)

We conclude from definition (28) that d is a metric on E.

2. Let z,y € E. We have:
2] = [lz =y +yll < [z =yl + [yl
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and consequently ||z|| — [|y[| < ||z — y||. Similarly:
Iyl =llzll < lly— =l
= e -yl
and we conclude that:
max([|z(| = [[yll, [yl — [l
lz =yl

izl = llyll|

IN

Exercise 2
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Exercise 3. Let E, F' be two K-normed spaces and [ : F — F be a
linear map. We claim that the following are equivalent:

(4)

(i) [ is continuous at = = 0.

(vit) JK eRY ,Vz e E, |l(z)|| < K|z|
(iv)  sup{[i(@)]|: w€ B, [z =1} <+oo

[ is continuous (w.r. to the norm topologies)

Suppose [ is continuous. In particular, it is continuous at z = 0. In
case you have any doubt, although we have not defined it in these
tutorials, recall that a map [ : E — F', where E and F are topological
spaces, is said to be continuous at x € FE, if and only if for all V
open subsets of F' with [(z) € V, there exists U open subset of F
with z € U C [7}(V). Now if [ : E — F is continuous, for all V'
open subsets of F, [7*(V) is an open subset of E. If furthermore
I(z) € V, then x € [71(V) and taking U = [=*(V), we have found U
open subset of E with x € U C [71(V). So [ is continuous at x. We
have proved that (i) = (44). Suppose that [ is continuous at z = 0.
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Let € > 0 and B(0,¢) denote the open ball in F. Since [ is linear,
1(0) = 0 and B(0,€) is therefore an open subset of F' containing [(0).
Having assumed that [ is continuous at x = 0, there exists U open
subset of E such that 0 € U C [=1(B(0,¢€)). The topology on E being
induced by the metric d(z,y) = ||z — y||, there exists n > 0 such
that B(0,n7) € U, where B(0,n) denotes the open ball in E. From
B(0,17) CU C 1 Y(B(0,¢)) we see that for all z € E:

[zl <n = [li(@)]] <e
Suppose z # 0. Then |z|| # 0 and y = nz/(2|z|) is a well-defined
element of E with |ly|| = n/2 < . Hence, we have:

[u€all H2 x| ‘

= | a) | =mom <«

and consequently, setting K = 2¢/n € RT we obtain [[I(z)| < K||z]|.
So in particular, we have proved that ||l(x)| < K||z| for all = # 0.

_n
2] ||

www.probability.net


http://www.probability.net

Solutions to Exercises 52

This inequality being obviously still valid if x = 0, we have found
K € R* such that:

Vee B, ||l(z)] < Kl|z| (1)

This shows that (ii) = (ii7). Suppose now that there exists K € R™
such that (1) holds, and define:

A
a=sup{[l(z)]|: z€E, |lz| =1}

Given z € E such that ||z|| = 1, we have ||l(z)| < K|z|]| = K. So K
is an upper-bound of all ||I(z)|’s as = runs through the set of all x € E
with ||z|| = 1. Since « is the smallest of such upper-bounds, we obtain
a < K and in particular o < +oo. This shows that (iii) = (iv).
Finally, suppose that o < +o00. Let z,y € E be such that x # y.
Then |z —y|| # 0 and z = (z — y)/[|z — y|| is a well-defined element
of FE with ||z]| = 1. It follows that:

M= (2=
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1)) < @

and consequently ||l(z) — I(y)|| < a|lz — y||. This is obviously still
valid if x = y, and it is therefore true for all z,y € E. Since a < 400,
this shows that / is continuous, and we have proved that (iv) = (i).
This completes our proof that (i), (i7), (¢i7) and (iv) are equivalent.
Exercise 3
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Exercise 4. To show that Lk (E, F) is a K-vector space, we only
need to show that it is a K-vector subspace of the set of all maps
f + E — F. In other words, given u,v € Lg(F,F) and a € K,
we need to show that u + av € Lk (F, F). This in turn amounts to
showing that u + awv is a linear map, and that it is continuous. Since
u and v are continuous, from exercise (3) there exists K1, Ky € RT
such that [|u(z)|| < Ki||z| and ||v(z)|| < Ka||z|| for all x € E. Hence:

[(u+av)(@)] = [u(z)+ av(z)]|
[u(@)] + |af - [[o()]]
(K1 + [l Ks) ]|

IAIA

and consequently from exercise (3), u+ awv is continuous (provided it
is linear, which we are about to prove). Moreover, given z,y € E and
6 € K, we have:

(utav)(z+Py) = u(z+By)+av(z+ Py)
u(z) + Puly) + av(z) + afu(y)
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= u(z) +av(z) + Bluly) + av(y))
= (u+av)(z) + Bu+ av)(y)

This shows that u + awv is linear, and we have proved that Lk (F, F)
is indeed a K-vector space.
Exercise 4
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Exercise 5.

1. Let E, F' be K-normed spaces. Given | € Lk (FE, F), let:

A
11} = sup{[li(@)[| : z € E, =[] = 1}

Note that from exercise (3), we have ||l|| < +o0. Define:

A
a=sup{[[i(x)] :z € E, [z <1}

We claim that a = ||I||. Let « € E be such that |z| = 1.
Then in particular ||z]] < 1, and consequently [|I(z)]| < a. It
follows that « is an upper-bound of all ||{(z)||’s as x runs through
that set of all x € E with ||| = 1. Since ||I|| is the smallest
of such upper-bounds, we obtain ||I|| < a. To show the reverse
inequality, consider # € E with ||z|| < 1, and assume that 2 # 0.
Then ||z|| # 0 and y = x/||x|| is a well-defined element of E with
lly]| = 1. Hence, we have:

@l ’z (%”)H — i)l <

El
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and consequently ||I(z)|| < ||I]| - ||z]]. Having assumed |[|z|| < 1,
we obtain |[I(z)|| < ||I||. Since 1(0) = 0, such inequality still
holds for 2 = 0, and consequently we have proved that ||I(z)| <
|l7]| for all € E with ||«|| < 1. This shows that ||| is an upper-
bound of all ||l(x)]|’s as = runs through the set of all z € E
with ||z]| < 1. Since « is the smallest of such upper-bounds, we
obtain a < ||I]]. We have proved that « = ||I|], i.e.:

12l = sup{[ll(z)[| : € E, [l] <1}

aésup{l(x) x el x#O}

]
We claim that ||I|| = a. Let x € E, x # 0. Then y = x/||z|| is
such that |ly|| = 1, and consequently:

o) _ Hz (%”)H — i)l <

||

2. Define:
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This being true for all x € E, x # 0, we obtain a < ||I||. To

show the reverse inequality, consider # € F with ||z]| = 1. In
particular x # 0 and consequently:
[1()l
()] = <
|

This being true for all x € E with [|z| = 1, we obtain ||| < a.
We have proved that o = ||l]|, or equivalently:

I17]] zsup{l(x) x€F | x 7&0}

]

3. Let © € E. Suppose z # 0. From 2. we obtain:

el

]

< ||l

and consequently [|I(x)|| < |lI|| - ||=]|. Since 1(0) = 0, we have
proved that |[I(z)|| < ||I]|] - ||z| for all z € E.
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4. Since [ is continuous, from exercise (3) we have ||l|] < +oo.
So ||I|| is indeed an element of R¥, which furthermore from 3.
satisfies ||I(x)]] < ||I|| - ||z|| for all x € E. Suppose K is another
element of R™, such that:

Ve e B, [[i(z)] < K|z

Then for all x € E, x # 0, we have |[I(x)]/|z] < K. So K is
an upper-bound of all ||I(x)]|/||x||, as « runs through the set of
all z € E, x # 0. Having proved in 2. that ||{|| is the smallest
of such upper-bounds, we obtain ||I|| < K. So ||I|| is indeed the
smallest K € RT with ||l(z)| < K||z| for all z € E.

5. Since ||I|| < 400 for all | € Lk (E, F), the map || - || is indeed a
map || || : Lk (E, F) — RT. We claim that it is in fact a norm
on Lk (E, F). Suppose ||I|| = 0. Then from 3. for all z € E:

@) < [I2 - fl«] = 0
and consequently {(z) = 0 for all x € E. This shows that [ =0
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and we have proved that ||I|| = 0 = [ = 0. Conversely, if [ = 0:
1l = sup{[li(x)]| -z € E, [zl =1}
= sup{0} =0

which shows that ||I|| = 0 is in fact equivalent to [ = 0. Let
a € K. For all z € E, using 3. we have:

le)@)| = fad(2)]
o - [[1(2)]

el - (121 1]

IN

and it follows from 4. that ||al|| < |a| - ||I||. Suppose « # 0.
Then applying this inequality to o' and ol we obtain:

11 = fa= ()]
< a7 lod] = lo 7Hlad]
and consequently |a|-||I]] < ||al]||. This shows that ||al|| = |«|-||Z||

foralll € Lk (F, F) and a # 0. This equality being still true for
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a = 0, we have proved that ||al|| = |a| - ||I|| for all ] € Lk (E, F)
and a € K. Let [,l' € Lk (E, F). Then for all x € E:
1+ 1) (@)] 11(z) + 1 ()]
12(@) | + (1 ()
20 Nl 4+ 2 el
(e + 1l

and it follows from 4. that ||l + || < ||I|| + ||I']]. From defini-
tion (95), we conclude that ||.|| is indeed a norm on Lk (F, F).

IAIA

6. Since Lk (E,F) is a K-vector space and || - | is a norm on
Lk (E,F), we conclude that (Lx(E,F),| - ) is a K-normed
space by virtue of definition (125).

Exercise 5
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Exercise 6.

1. Let E, F' be two R-normed spaces and U be open in E. Let ¢ :
U — F be amap, and a € U. We assume that l1,l> € Lr(E, F)
satisfy the requirements of definition (128). Let € > 0 be given.
Since [; satisfies the requirement of definition (128), there exists
61 > 0 such that for all h € E:

€
Ikl <01 = a+heU and |[é(a+h) - d(a) —L(h)] < SA]
Similarly, there exists d2 > 0 such that for all h € E:

€
Ihll <02 = a+heU and [[¢(a+h) = é(a) —L(R)] < 57|

Let § = min(d1,d2). Then § > 0, and for all h € E the condition
||h]] < d implies that a + h € U and furthermore:

1(h) = la(W)[| < [l¢(a+h) = ¢(a) = L2 (h)]]
+ lléla+h) —¢a) = L(h)]
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€ €
< —|h|l+ =||h
< IR+ Sl
= elln]l
Hence, given € > 0, we have found § > 0 such that for all h € E:
[l <6 = [[l(h) = L2(R)|| < €[|A]

2. Let € > 0 and § > 0 be such that for all h € E:
IRl <6 = [[l(h) = L2(R)|| < €[|h]
Let € E with ||| = 1. Then h = dx is an element of E with
|h|| = 6. In particular ||h|| < d, and consequently we have:
oll(h =) (@) = dllh(z) —la(z)]
111 (0x) — I2(0) |
111(h) — L2 (h)||
ellr|| = ed

IN
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Since ¢ > 0, it follows that [|(I1 — l2)(x)]] < € and we see that €
is an upper-bound of all ||(I; — l2)(x)]||’s as = runs through the
set of all x € E with ||z|| = 1. Since ||l; — l2|| is the smallest of
such upper-bounds, we obtain ||l; — l2|| < €. This being true for
all € > 0, we conclude that ||l; — l2]] =0, i.e. 1 = la.

Exercise 6
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Exercise 7.

1. Let E, F be two R-normed spaces and U be open in E. Let
¢ : U — F be amap and a € U. Suppose that ¢ is differentiable
at a. Take e = 1. Since d¢(a) denotes the differential of ¢ at a,
i.e. the unique element of Lg (E, F') satisfying the requirements
of (128), there exists 6 > 0 such that for all h € E:

[Pl <6 = a+heU and |[¢(a+h)—¢(a) —do(a)(h)]| < |[A]l

In particular, for all h € E the condition ||| < ¢ implies that
a+ h € U and furthermore:

l¢(a+h) — ¢a)ll I¢(a +h) = d(a)ll — l|de(a)(R)]|

+  lldg(a)(h)]

< |llgla+h) = ¢(a)ll - l[de(a)(R)]|
+  lldg(a)(R)]

< li¢la+h) = ¢(a) — dé(a)(R)]|

+  lldg(a)(h)]
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< Rl + [lde(a)l - [l
K{n]|

where we have put K = (1 + ||d¢(a)|) € RT. Hence, we have
found § > 0 such that for all h € E:

[l <0 = a+heUand |[¢a+h) - ¢(a)] < KA

This shows that ¢ is continuous at a. We have proved that if ¢
is differentiable at a, then ¢ is continuous at a.

2. Suppose ¢ : U — F is of class C'. From definition (130), the
differential map d¢ : U — Lr(E, F) is well-defined, i.e. d¢(a)
exists for all a € U. Furthermore, d¢ is said to be a continuous
map. For this to be meaningful, U and Lg(E, F) need to be
topological spaces. E being an R-normed space, it is naturally
endowed with the norm topology, as defined in (126). Since
U is a subset of E, the obvious topology on U is the topology
induced by the topology on E, as defined in (23). Now from
exercise (5), Lr(E, F) is an R-normed space. It is therefore
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a topological space, when endowed with the norm topology, as
defined in (126).

3. Suppose ¢ : U — F is of class C'. Then in particular, for all
a € U the differential d¢(a) exists. From 1. it follows that ¢ is
continuous at a, for all @ € U. We conclude that ¢ is continuous.

4. We assume that £ = R. Note that R is a vector space over
itself, and that |- | is a norm on R. So (R, |-]) is an R-normed
space. Let a € U. We assume that the limit:

S 2 g Y0t 0@

t#£0,t—0 t

exists in F'. We claim that ¢ is differentiable at a, and further-
more that the differential d¢(a) of ¢ at a is given by:

VteR , do(a)(t) =t-¢'(a)
Let I € Lr(R, F) be defined by I(t) = t - ¢'(a). Note that I(t)
is nothing but the product of ¢'(a) € F with the scalar ¢t € R.
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So [ is well-defined, and it is clearly a linear map. Moreover, for
all t € R, we have:

1@ = lIt- ¢'(a)ll = 1t] - 1 (a)
and in particular ||[I(¢)]] < ||¢'(a)]|-|t]. Solis continuous, and it is
indeed an element of Lgr (R, F'). To show that ¢ is differentiable
at a with d¢(a) = [, we only need to show that [ satisfies the
requirements of definition (128). Let € > 0 be given. Having
assumed that the limit ¢'(a) exists, there is § > 0 such that for
all t € R, t # 0, the condition [¢t| < § implies a + ¢ € U and:

H ¢la+1) —¢(a)

=g <

Hence, we have:

lp(a+1t) — é(a) — 1)

lp(a+t) — ¢a) —t-¢'(a)
’¢(a+t) — ¢(a) _ ¢/(a)

tl -
1 t
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< elt]
This last inequality being still valid for ¢ = 0, we have:
[t] <6 = a+teUand |p(a+t)—pla) —1(t)] < elt]

So [ satisfies the requirements of definition (128) and we have
proved that ¢ is differentiable at a with d¢(a) = . This shows
that the existence of ¢'(a) implies that of d¢(a). Conversely,
suppose that d¢(a) exists, i.e. that ¢ is differentiable at a. We
claim that ¢'(a) exists, and furthermore that ¢'(a) = dé(a)(1).
Let € > 0. There exists 6 > 0 such that for all ¢t € R:

<8 = a+teUand [éatt) - dla) - doa)(t)] < el

In particular, if t € R, t # 0, the condition |¢| < ¢ implies that
a+t € U, and furthermore, denoting I = d¢(a):

‘Vw+w—w@_xw‘: 1

: glléta+8) (@) ()
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< —¢€lt| =€

This shows that the limit ¢'(a) exists and is equal to d¢(a)(1).
We conclude that in the case when £ = R, ¢ : U — F is
differentiable at a, if and only if the derivative ¢'(a) exists, in
which case d¢(a) € Lr(R, F) is given by dé(a)(t) =t-¢'(a) for
all t € R. In particular, we have d¢(a)(1) = ¢'(a).

Exercise 7
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Exercise 8.

1. Let E, F, G be three R-normed spaces. Let U be open in E' and
V be openin F. Let ¢ : U — F and v : V — G be two maps
such that ¢(U) C V. We assume that ¢ is differentiable at a €
U, and we put Iy = d¢(a). We assume that ¢ is differentiable
at ¢(a) € V, and we put lo = diy(¢(a)). Since ¢p(U) C V, for all
x € U we have ¢(x) € V. So ¢(¢p(x)) is a well-defined element
of G. Tt follows that ¢ o ¢ : U — G is a well-defined map.

2. Let € > 0. Since I € Lr(E, F), ||l1]] is a well-defined element
of R*. Since Iy € Lr(F,G), ||l2] is a well-defined element of
RT. Take n = min(1, (1 + ||l1]| + ||l2]|)~*). Then n > 0, and:

n(n+ 1Ll -+l < nt+ [0l + [12])
< €
3. Since 1 is differentiable at ¢(a) € V and ly = dy(é(a)), la
satisfies the requirements of definition (128). There is d3 > 0
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such that for all he € F with |he| < d2, ¢(a) + he € V and:
[4(d(a) + ha) — ¥ o ¢(a) — la(h2)|| < nllhe]]
4. Let hg € F with ||he|| < d2. Let h € E. Using 3. we obtain:
[¥(d(a) +h2) — Yod(a)—lzoli(h)
< lw(ela) + he) — o d(a) — l2(ha)||
+  [ll2(h2) = l2 0 Lu(h)||
ikl + [[l2(he — i (R))|]
nlihall + 2]l - [[h2 — L(R)]|
5. Since ¢ is differentiable at a € U and l; = d¢(a), l; satisfies the

requirements of definition (128). There exists d; > 0 such that
for all h € E with ||h|| < &1, we have a + h € U and:

[¢(a+h) = ¢(a) — LR < nllA] (2)

Moreover, from 1. of exercise (7), ¢ is continuous at a. Since
d2 > 0, there exists ] > 0 such that for all h € E with ||h|| < d1,

IAIA
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we have a + h € U and:

[¢(a+h) = ¢(a)]| < &2 3)

Taking § = min(dy, d}), we have found § > 0 such that for all
h € E with ||h]| < 4§, we have a + h € U and furthermore both
inequalities (2) and (3) hold.

6. Let h € E with ||h|| < 0, Then a + h € U and furthermore both
inequalities (2) and (3) hold. Let he = ¢(a+h)—¢(a). Then (3)
can be written as ||he|| < d2, and applying 4.:

[Wodlath) — vod(a)—lyoli(h)
= [[¥(¢(a) + h2) =P od(a) —laoli(h)]|

< nllhall + 12l - [[h2 = L ()|
= nllhall + lli2]l - [6(a + h) — d(a) — L ()]
using (2) — < nllhall + [[i2lnA]

nlléla+h) = d(a)ll + nllzll - 2]
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< nll¢(a+h) = ¢la) — L(h)||
+  nllla (W) -+ nlliz]l - [|7

using (2) — < ||kl +nllull - Al + nllia]l - Al
= 0+ Ll + DIz

using 2. — < €|

7. Since I € Lr(E,F), [y : E — F is linear and continuous.
Since Iy € Lr(F,G), lo : F — @G is linear and continuous. So
lyoly : E — @ is linear and continuous, and lool; € Lr(E,G).

8. From 6. and 7. we conclude that Iy 0ly € Lr(F, Q) is such that
given € > 0, we have found § > 0 such that for all h € E with
k|| < 6, we have a + h € U and:

[P0 dla+h)—od(a) —laoli(h)| < eln]
From definition (128), it follows that ¢ o ¢ : U — G is differen-
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tiable at a € U, and furthermore from definition (129):

dpod)(a) = laol
= dy(¢(a)) o dg(a)
This completes the proof of theorem (110).

Exercise 8
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Exercise 9.

1. Let (', T") and (2, T) be two topological spaces, and A C P ()
be a set of subsets of Q2 generating the topology 7, i.e. such that
T =T(A). Let f:9Q — Q be a map, and define:

UETACQ : fHA) eT)

We claim that U is a topology on Q. Since f~1(0)) =0 € 7’ and
F7HQ) = Q' € T, both ) and Q are elements of U. Let (A;)icr
be a family of elements of /. Then:

S (U Ai> =Jsrtaner
el el

So UjerA; € U, and we have proved that U is closed under
arbitrary unions. Let A, B € Y. Then:

FFHANB) = AN B eT
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So AN B € U, and we have proved that U is closed under finite
intersections. From definition (13), we conclude that U is a
topology on €.

2. Suppose f : (Q,7') — (Q,7) is continuous. Then from defi-
nition (27), for all A € 7 we have f~1(A) € 7'. In particular,
since A C T(A) =T, for all A € A we have f~1(A4) € 7'. Con-
versely, suppose f~1(A) € 7' for all A € A. Then A C U, where
U is the topology on 2 defined in 1. However from exercise (11)
of Tutorial 6, the topology 7 (A) generated by A is the small-
est topology on  containing A, in the inclusion sense. Hence,
it follows from A C U and the fact that U is a topology, that
7 (A) C U. However by assumption, we have 7(A) = 7. So
7 C U, and we conclude that f~(A) € 7" for all A € 7. This
shows that f is continuous. We have proved that f is continuous
if and only if f~1(A) € 7' for all A € A.

Exercise 9

www.probability.net


http://www.probability.net

Solutions to Exercises 78

Exercise 10.

1. Let p; : © — Q; be the canonical projection mapping. Given
i€ I and A; € 7; we have:

pitA) =4 x ] %
JeN{i}

It follows from definition (52), that p; *(A;) is an open rectangle,
i.e. arectangle of (7;)jer, and in particular it is an element of
the product topology 7. This shows that p; is continuous.

2. Suppose each f; : (', T") — (Q4,7;) is a continuous map. From
definition (56), the product topology 7 on Q is the topology
generated by the open rectangles, i.e. the rectangles of (7;)c;.
In other words, 7 = 7(A) where A = I;¢;7;. From exer-
cise (9), to show that f is continuous, it is sufficient to show
that f~'(A) € T’ for all A € A. So let A € A be an open rect-
angle. From definition (52), A can be written as A = ;¢ A;,
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where each A; is an element of 7; U {Q;} = 7;, and the set
J={iel:A; #Q,;} is finite. Hence, we have:
FA) = {we® fw) e A}

= {weQ:(filw))ier € Wer4;}

= {we: filw)e A,Viel}

= {w e fl(w) € A Vie J}

= ﬂ £ H(A)

ied

Having assumed that f; is continuous for all i € I, it follows
from A; € 7; that f; '(A;) € 77, and consequently since J is
finite, f~1(A) = Nicsf; '(A;) is an element of 7’. Hence, we
have proved that f~1(A) € 7' for all A € A, and we conclude
that f is continuous. Conversely, suppose f : (', 7') — (,7)
is continuous. Since p; : (Q,7) — (£;,7;) is continuous, each
fi = pi o f is a continuous map.

Exercise 10
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Exercise 11.

1. Let E, F,G be three R-normed spaces. Let U be open in E
and V be open in F. Let ¢ : U — F and ¢ : V — G be
two maps of class C* such that ¢(U) C V. Given (Iy,l) €
Lr(F,G) x Lr(E, F), we define:

Ni(l,l2) =l + Il
No(ly,l) 2 VUl + ]
Noo(li,l2) 2 max(l]], 12
Then each N; : Lr(F,G) x Lr(E,F) — RT is a well-defined

map, i € {1,2,00}, and we claim that it is in fact a norm on
Lr(F,G) x Lr(E, F). Note that we are implicitly saying that
Lr(F,G) x Lr(E, F) is an R-vector space, a fact that has not
been justified in these Tutorials. For those not familiar with
the product structure of vector spaces, recall that given two
elements (I1,12) and (1},1%) of Lr(F,G) x Lr(E, F), and @ € R,
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a vector addition @ is defined as:
(l1,02) ® (15, 1) 2 (I + 1, 1o + 1)
and a scalar multiplication ® is defined as:
a® (l1,l2) = (aly,als)

It is cumbersome but not difficult to show that Lr(F,G) X
Lr(E, F) together with the operators @ and ®, satisfy the re-
quirements of (89) defining an R-vector space, where the zero
element of Lr(F,G) x Lr(E, F) is understood to be (0,0). It
is customary to denote @ and ® simply by + and -, and we
shall do so from now on. Now, given (z,7) € R?, we de-
fine [[(@m)ls = lal + lul, @ 9)lls = v/J2P + o as well as
|(z,9)|loc = max(|x|,|y|). Then it is clear that N;(l1,l2) =
112, H2ID)ls for all ¢ € {1,2,00}. In order to prove that NV;
is a norm, we shall first prove that || - ||; is a norm on R?, a
fact that many of us are already familiar with. For those who
require a proof, here is the following: note that | - ||2 is nothing
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but the norm defined in (81), associated with the usual inner-
product of R?. From exercise (1), || - ||z is therefore a norm
on R?. So we may assume that i € {1,00}. It is clear that
l(x,y)]|l; = 0 is equivalent to (z,y) = (0,0) and furthermore
that ||a(z,y)|l; = |af - ||(z,y)|; for all & € R. Hence, we only

need to prove the triangle inequality for || - |1 and || - ||e. Given
(x,y) and (2,7') in R?, we have:
Iz, )+ @)l = i@+ y+y)h

= |lz+2[+y+y
| + |2 + [y] + |¥/]
[z, )l + 112", )1

N

Moreover, we have:
|z + 2| || + [2']
max(|z|, [y]) + max(|2'], [y'])

I, v)lloe + (2", 4 loo

IAINA
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and similarly |y + v'| < ||(z,y)]|oc + || (2, ¥’)||oc. Hence:

I,9) + (@ ¥)llee = M@ +2"y+1)lle
max(|a + 2’|, [y +y'])
I, v)lloe + 11(2", 4 loc

So we have proved that [|-||; is a norm on R? for all i € {1, 2, 00}
Note that all this will be generalized in a later tutorial, when
we formally study normed vector spaces, and in particular the
norm || - ||, on R™ or C”, where p € [1,+00]. Having proved
that || - ||; is a norm on R2, we shall now prove that N; is a
normon Lr (F, G)x Ly (E, F). Since N;(I1,12) = |||, l2D I+,
the condition N;(l1,l2) = 0 is equivalent to ||(||l1]], ||l2]])]l: =
0, which is equivalent to (||l1]], ||l2]|]) = (0,0), which is in turn
equivalent to (I1,13) = (0,0). Moreover, if a € R, we have:

Ni[a(ll, 12)] = Ni[(all, alg)]
= [ (lledall; [ledz])) |]:

IN
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Finally, if (I1,12), (1,15)
Ni[(I1,12) + (17,15)]

We have proved that N; is a norm on Lg(F,G) x Lr(E, F).

= [ al- Nl laf - ) .

= el (], 1221 1l
= laf- ([ (Il [122]l) Nli
= |a|Ni(l1,12)

€ Lr(F,G) x Lr(E, F):

= Ni[(ll + lll,lg + 1/2)]
| (142301 12+ 150)) 11

< QR+ 20 e+ N1 11
= Il el + el N2l [l
< QR 200 s = 1 CEE 221 [l

Ni(ly,12) + Ni(11,15)

84

2. Let X = Lr(F,G) x Lr(F, F) and 7, T2, T be the topologies
on X induced by the norms Ny, No and N, respectively. Let 7
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denote the product topology on X. We shall prove the equality
Ti =72 =T, =7T. For all (I1,13) € X, we have:

[N2(l1,12)]? 12201 + (12212
1301+ (1201 + 2] - (12l
(Nl + llEal1)®
= [Ni(l, 1))
[2 max([[1a], [|2=2]))]*
= 4[Neo(l1,12)]?
dmax([|1]1%, [|i2]1%)
A0+ [12211)

= 4[Ny(l1,12)]?

from which we obtain Ny < N7 < 2N, < 2N,. Consider the
identity mapping j : X — X, defined by j(l1,l2) = (I1,12) for
all (I1,l2) € X. Then j is a linear mapping and the inequality

IN

IN

IN
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Ny < Nj can be written as:
V(li,l2) € X, Nalj(ly,12)] < Ni(l,l2)

From exercise (3), it follows that j : (X, N;) — (X,N3) is a
continuous map. Hence, for all U open in (X, Ns), ie. for
all U € T3, we have j71(U) open in (X, Ny), i.e. U € 7;. This
shows that 73 C 7;. Similarly, the inequality N1 < 2N, implies
that 77 C 7, and N < Ny that 7, C 75. Hence, we have
proved that 7o C 77 C 7, C 75, or equivalently 773 = 75 = 7.
It remains to show that 7 = 7. From definition (56), the
product topology on X is the topology generated by the open
rectangles of X, i.e. the sets of the form A x B where A is open
in Lr(F,G) and B is open in Lg(E, F'). To show that 7 C 7,
it is sufficient to prove that any such A x B is an element of 7.
Indeed, 7 being the smallest topology on X containing all open
rectangles, if 7, is shown to contain all open rectangles, then
T C 7. We therefore consider A x B open rectangle in X, and
we shall prove that AxB € To,. If AxB = (), then AxB € T is
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clear. Otherwise, there exists (I1,l2) € Ax B. Since A is open in
Lr(F,G)andl; € A, there exists ¢; > 0such that B(l3,¢1) C A,
where B(l1,€1) denotes the open ball in Lg(F,G). Similarly,
since B is open in Lr(FE,F) and Iy € B, there exists €2 > 0
such that B(la,e2) C B, where B(l2,€2) denotes the open ball
in Lr(E, F'). Note that we are using identical notations B(-, )
to refer to open balls in Lgr(F,G) and Lr(E, F), but this is
unlikely to confuse anyone. Let € = min(ey,€3). Then € > 0,
and furthermore for all (1,7}) € X we have:

Noo[(l5,15) — (I, 12)] <€ & Noof(ly — 11,15 —12)] <€
max([|l} = U, [[ls — L2]]) < e
11 =Ll < e, [l —lofl < e
15 € B(ly,e1) , I € B(lg, €2)
lieA,l,eB

(13,15 e Ax B

A

Hence, given (l1,l2) € A x B, we have found e > 0 such that
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Bo[(l1,12),¢] € A x B, where Bo[(l1,12), €] denotes the open
ball in X with respect to the norm N.,. This shows that A x B
is open with respect to the topology induced by N, i.e. that
A x B € 7. We have proved that 7 C 7. To show the
reverse inclusion, consider U € 7. Given (l1,ls) € U, there
exists € > 0 such that Boo[(l1,12),¢] C U. For all (I1,15) € X:
(11,15) € B(l1,€) x B(lz,¢€) 1 =l <e, iy —lafl <e
max(|l} — L, |1 — L) < e
NOO[(lll — ll,lé — 12)] <€
NOC[( llvl/2) - (llaZQ)] <€
( /17 1/2) S BOO[(llv ZQ)’ 6]
and consequently B(ly,€) x B(l2,€) = Bx[(l1,12),€]. However,
B(l1,€) being an open ball in Lg (F,G), it is an open subset of
Ly (F,G). Similarly, B(lz,€) is an open subset of Lr(E, F). It
follows that B(l1,€) x B(la,€) is an open rectangle in X, and in
particular is an element of the product topology 7. We have

SR
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proved that Buo[(l1,12),€] = B(ly,€) x B(la,€) is an element of
7. Hence, given (I1,l2) € U, we have found some Uy, ;,) =
Bm[(ll,lg),e] € 7 such that (ll,lg) € U(ll,lz) C U. Hence:

U= U U(ll,lz) eT
(I1,l2)eU
and we have proved that 7., C 7. This completes our proof of
Tw=7T,and finally 71 =T, =T, =7.

3. Let X = Lr(F,G) x Lr(E,F) and H : X — Lr(F,G) be the
map defined by H(l1,l2) =1y ol, for all (I1,12) € X. Note that
ifly € Lr(F,G) and Iy € Lr(E,F), then [y 0ls : E — G is a
well-defined map, which furthermore is linear and continuous.
So H is a well-defined map which has indeed values in Lgr (E, G).
Given (ly,12) € X, for all z € E we have:

[H L) (@) = ([l o la) (@)
= [lh((=))]
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1Tl ()]
1Tal] - [122]] - [l

Hence, using 4. of exercise (5), || H(I1,12)]| < ||i1] - [|i2]|-

IAIA

4. For those familiar with the notion, H is a bilinear map such
that ||H(l1,12)|| < ||ll]| - [|i2]] for all (I1,l2) € X, where X =
Lr(F,G) x Lr(E,F). Tt follows that H is continuous. As we
have not had a tutorial on multilinear maps, here is a direct
proof: Let (I1,12) and (I7,15) be elements of X. Then:

[H(15,15) — H(l, )| = (1ol — ol

< [oly—hioly+[llholy—liol
Iy is linear — = |[(I] — 1) o I]| + ||I1 o (I5 — I2)]|

= [[H = b )|+ [1H (1,1 = L)

< i =Gl Nl - 112 — 2|l

< (el + N0l max((liy = 1], 17 — L2]])

(111D Noo (1) = 11,15 — 12)
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(2214 112 Noo (11, 15) — (11, I2)]

So we have proved that:

1H (13, 15) = H(lw, 1) || < (]l + 112 Noo[(1, 15) — (I, 12)] (4)
Suppose now that No[({1,15) — (I1,12)] < 1. Then:
1ol < 11y = Lol + Iz
< max([lI = G|, 11 — L2[l) + [|2]
Neo|(13,15) = (I, 12)] + L]
14|22l

A

and consequently, using (4) we obtain:

| H (17,15) — H(l1, )] < (T4 [0l 4 12l Noo [(13,15) — (11, 12)]

Hence, assuming (l1,12) € X given and € > 0, defining n > 0 as
n =min[1, (1 + [[l1]| + ||l2]]) ~t€], it is clear that:

Noo[(l1,15) = (I, 1)l < = [[H(1,15) — H(l, )| < e
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Having proved in 2. that the product topology on X is induced
by the norm N, it follows that H is continuous at (I1,l3). This
being true for all (I1,1l2) € X, H is continuous.

5. Let K : U — Lr(F,G) x Lr(FE,F) be the map defined by
K(a) = (dy(¢(a)),dg(a)) for all a € U. Note that given a € U,
having assumed that ¢ is of class C'! on U, in particular the dif-
ferential d¢(a) is a well-defined element of Lr(E, F'). Further-
more, having assumed that 1 is of class C* on V and ¢(U) C V,
in particular ¢(a) € V and the differential dy)(¢(a)) is a well-
defined element of Lgr(F,G). It follows that K(a) is a well-
defined element of X = Lr(F,G) x Lr(E, F). So K is a well-
defined map, which has indeed values in X. From exercise (10),
in order to show that K is continuous, it is sufficient to show
that each coordinate mapping a — dip(p(a)) and a — do(a)
is continuous. However, since ¢ is of class C!, the differential
dp : U — Lr(E,F) is a continuous map. Similarly, since ¢ is
of class C!, the differential dyy : V — Lgr(F,G) is a continuous

www.probability.net


http://www.probability.net

Solutions to Exercises 93

map. Since ¢ : U — F is differentiable on U, it follows from
exercise (7) that it is continuous. Since ¢p(U) C V', we conclude
that dyod : U — Lr(F,G) is a continuous map. Having proved
that the two coordinate mappings d¢ and di) o ¢ are continuous,
we have proved that K is a continuous map.

6. Let a € U. Then ¢ is differentiable at a and 1 is differentiable
at ¢(a) € V. From theorem (110), it follows that ¢ o ¢ is
differentiable at a. This being true for all a € U, 1 o ¢ is
differentiable on U.

7. From theorem (110), for all a € U we have:

d(pod)(a) = di(s(a))ode(a)
= H(d)(¢(a)),d¢(a))
= H(K(a))
= HoK(a)
This being true for alla € U, d(¢ 0o ¢) = Ho K.
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8. Given three R-normed spaces E,F and G, given U open in
E and V open in F, given ¢ : U — F and ¥ : V — G of
class C! with ¢(U) C V, we have shown in 6. that 1) o ¢ is
differentiable on U. Furthermore, we have shown in 7. that
d(1 o ¢) can be expressed as d(v) o ¢) = H o K, where K : U —
Lr(F,G) x Lr(E, F) has been shown in 5. to be continuous,
and H : Lr(F,G) x Lr(E,F) — Lr(E,G) has been shown in
4. to be continuous. It follows that d(y) o ¢) : U — Lr(E, Q)
is a continuous map. From definition (130), we conclude that
wo¢ : U — G is of class C'. This completes the proof of
theorem (111).

Exercise 11
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Exercise 12.

1. Let E be an R-normed space. Let a,b € R, a < b. We assume
that f : [a,b] — FE and g : [a,b] — R are two continuous maps
which are differentiable at every point of ]a, b[, with:

vt €la, b, |f' @) < d'(t)
Let € > 0. We define ¢, : [a,b] — R by:
0clt) £ [11(t) = F(@)]] = 9(t) + g(a) — et —a)
for all ¢ € [a,b]. For all z,y € E, we have:

izl = [yl T < {lz =yl

It follows that the map || - || : E — R™T is a continuous map.
Having assumed that f : [a,b] — F is continuous, from:

1£(t) = f(a) = f(t)) + f(@)ll = [1F(t) = £
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it is clear that t — f(t) — f(a) is also continuous. Hence, we see
that ¢ — || f(¢t) — f(a)]| is continuous and finally, since ¢ is itself
continuous, we conclude that ¢, is a continuous map.

2. Let E. = {t € [a,b] : ¢c(t) < €} and ¢ = sup E.. Since ¢.(a) =0,
in particular ¢.(a) < e and consequently a € E.. This shows
that a < ¢. Furthermore, for all t € E,., we have t < b. So b
is an upper-bound of E.. Since c is the smallest of such upper-
bounds, we obtain ¢ < b. We have proved that ¢ € [a,b]. In
particular ¢.(c) is well-defined. Suppose ¢c(c) > €. Then ¢ €
- 1(Je, +00]). Having proved that ¢ is continuous, the fact that
Je, +o0] is an open subset of R implies that ¢-*(]e, +00[) is an
open subset of [a,b]. From ¢ € ¢-1(Je, +o0[), we deduce the
existence of 7 > 0, such that:

Je=n,c+n(Na,b] € o (e, +o0)) ()

Now let t € E.. Then t € [a,b], t < c and furthermore ¢ (t) < e.
It follows from (5) that ¢ cannot be an element of J¢c — n,c],
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and consequently ¢ < ¢ —n. This shows that ¢ — n is an upper-
bound of E, contradicting the fact that c is the smallest of such
upper-bounds. Indeed, note that ¢ € [a, b] implies that ¢ < +o0
and consequently ¢ — 7 < ¢. Our initial assumption is therefore
absurd, and we have proved that ¢.(c) < e. When dealing with
this question, it may have been tempting to some to use the
following argument: since E. = {t € [a,b] : ¢ < €} and ¢ is
continuous, FE. is a closed subset of [a, b], which furthermore is
non-empty since a € F.. It follows that ¢ = sup E. € E.. This
argument is valid, but one has to be careful about the following
point: if E. is a closed subset of R, it may not be true that
sup E. € E, (take E. = R). The fact that E. is a closed subset
of [a, b] (which is itself closed in R) is of crucial importance here.
A rigorous argument goes as follows: The topology of [a,b] is
induced by that of R, but also more importantly by that of R.
The fact that E is closed in [a, b] implies the existence of some F’
closed in R, such that E. = FNla,b]. However, the interval [a, ]
is also closed in R (it is compact and R. is metrizable). So E, is
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in fact also a closed subset of R. Being non-empty, we conclude
from exercise (9) (part 5.) of Tutorial 8 that ¢ = sup E. € E..

3. Since ¢, is continuous and ¢.(a) = 0, there exists h > 0 with:

Vt € [a,a+ h[N[a,b] , ¢c(t) < |pe(t)] <e

4. Since a < b, we have Ja,a + h[N[a,b] # 0. Let ¢ be an arbitrary
element of Ja,a + h[N[a,b]. Then ¢ € [a,b] and from 3. we have
¢c(t) <e€. Sot € E. and consequently ¢ < ¢. Since t €]a,a+ hl,
we conclude in particular that a < ¢. So ¢ €]a, b].

5. Suppose ¢ €la,b[. By assumption, both derivatives f'(c) € FE
and ¢'(c) € R are well-defined. From the existence of f'(c) we
deduce that of §; > 0 such that for all ¢t # ¢:

) — f(o)

t €le— 8y, c+ 61[N[ab] = Hf(tt_c (6)

From the existence of ¢'(c) we deduce that of d; > 0 such that

- f’(C)H <

N
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for all ¢t # c:

g() —gle)

P g'(c)
Let ¢ = min(d1,d2) > 0. Having assumed that ¢ < b, the set
Je,b]Nje, e + J[ is not empty. Let to be an arbitrary element of

Je, b]Nje, ¢ + 6] From (6) we obtain:

€lc — 82, ¢+ d2[N[a,b] = <

(7)

| <o+ [ L2 -
< IfE@I+5
From (7) we obtain:
oy o 9lto) —gle) 9(to) — g(c)
Jl) = TE=TE g0 - T
< g(tg()):i(C) +‘g(t2()):i(0) g0
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g(to) —glc) | e
- 20—0 +§

6. Since ||f'(c)|| < ¢'(c), it follows from 5. that:

1£(t0) = f()Il = [to—¢]- W
< fto—cl-(lF ()l +€/2)
< \to—c\( +e/2)
<

9
€
to—C 2
(to — ) < )
O_C

= g(to) — g(c) + €(to — ¢)

7. Having proved in 2. that ¢.(c) < ¢, we have:
1 (c) = fla)ll < g(c) —g(a) +€(c —a) +€
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8.

9.

10.

11.

From 6. and 7. we obtain:

1f(to) — f(a)ll 1f(to) = f( + [1f(c) = Fla)l
9(to) = g(c) +€(to = ¢)
g9(c) —g(a) +e(c—a) +¢

(

g(to) —g(a) +€(to —a) + ¢

+ INIA

It follows from 8. that ¢¢(tg) < e. This shows that tyo € F. and
consequently to < c¢. This contradicts that fact that ¢y €]c, b].
Hence, our initial assumption that ¢ €]a, b[ is absurd.

We have proved in 4. that ¢ €]a,b]. However, ¢ €]a,b] leads
to a contradiction. It follows that ¢ = b. Since ¢¢(c) < €, we
conclude that ¢.(b) < e. Hence:

1£(0) = fa)| < g(b) —g(a) +€(b—a)+e

Given an R-normed space F, given a,b € R, a < b, given two
continuous maps f : [a,b] — FE and g : [a,b] — R which are
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differentiable at every point of ]a, b[, and such that:
vt €la, b, | f/(OI < g'(t)
we have proved in 10. that given € > 0:

1£(6) = fa)ll < g(b) —g(a) +€(b—a)+€

This being true for all € > 0, we conclude that:

1£(b) = fa)]| < g(b) — g(a)
This completes the proof of theorem (112)

Exercise 12
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Exercise 13.

1. Let U be open in R™ and ¢ : U — E be a map where F is an
R-normed space. We assume that ¢ is differentiable at a € U.
The differential d¢(a) € Lr(R", E) satisfies the requirements
of definition (128). Given € > 0, there exists § > 0 such that for
all € R™, the condition ||z < § implies that a + x € U and:

Ip(a + ) — ¢(a) — dé(a)(x)]| < e]|z]|

If (ey1,...,e,) denotes the canonical basis of R™, then for all
h € R with |h] < §, given an arbitrary ¢ € N,,, the vector
x = he; is such that ||z|| = |h| < §. So a+ he; € U and:

[(a + hei) — ¢(a) — do(a)(he:)|| < el [hei
This being true for all h € R with |h| < §, we have proved that:

i o+ he) = o) — do(a) (e =0
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2. Let i € N,,. Putting | = d¢(a), we have:

‘¢w+h?—¢wx4@0 (e + hee) —dla)— hi(er)]|

\hl

and it follows from 1. that:

#la+ hes) — $la)
A= dg(a)e)

We conclude from definition (131) that the partial derivative
g—i(a) exists and is equal to d¢(a)(e;).

=0

1
h#0,h—0

3. Given an open subset U of R", given a map ¢ : U — F where E
is an R-normed space, we have proved that if ¢ is differentiable
at a € U, then g—i(a) exists for all ¢ € N,,, and furthermore:

¢
ox;

(a) = dg(a)(e:)
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Let h = (h1,...,h,) € R". We have:

dp(a)(h) = do(a) (Z he>
i=1

Z hidé(a)(e;)

Z h 3:1:,

This completes the proof of theorem (113).

[l
-

Q
g

Exercise 13
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Exercise 14.

1. Let U be open in R™ and ¢ : U — E be a map, where F is an
R-normed space. Suppose ¢ is differentiable at a,b € U. Let
i € N,,. From exercise (3), we have:

|de(b) — d(a)l| = sup [|(de(b) — de(a))(x)]|

where the supremum is taken over all z € R™ with |z| = 1.
Taking x = e;, where (eq,...,e,) is the canonical basis of R",
since ||e;|| = 1 we obtain in particular:

0¢p 0¢p

1de(b)(e:) — d(a)(es)|
1(d(b) — do(a))(e)l
1de(b) — do(a)

2. We now assume that ¢ is of class C* on U. In particular, d¢(a)
exists for all @ € U. From theorem (113), it follows that the

20 " om (“)H

IN
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partial derivative g—i(a) exists for all @ € U and 7 € N,,. Fur-
thermore, the differential d¢ : U — Lr(R™, F) is continuous.
It follows from 1. that g—i : U — F is also a continuous map.
We have proved that if ¢ is of class C! on U, then g—i exists
and is continuous on U, for all i € N,,.

Exercise 14
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Exercise 15.

1. Let U be open in R"”. Let ¢ : U — FE be a map, where F is
an R-normed space. We assume that T exists on U, and is
continuous at a € U, for all i € N,,. We define [ : R" — E by:

for all h = (hy,...,h,) € R™ Having assumed that g—i exists
on U for all i € N, in particular each g—i(a) is a well-defined

element of E. Given h € R", each product g—i(a) - h; of the

scalar h; € R and vector a_¢( ) is therefore itself well-defined.

It follows that [(R) is a well-defined element of E. Sol: R" — E
is a well-defined map, which furthermore is clearly linear. Given
h € R™, using the Cauchy-Schwarz inequality (50), we obtain:

Z 8@"1

12(h
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< ;)i(a)h
- B[l
() (Elee)

= M-

where we have put M = (31, Hg—i(a)HQ)l/z. Having found
M € R7 such that ||I(h)| < M]||h|| for all h € R", we conclude
from exercise (3) that [ is continuous. So we have proved that
Il € Lg(R™, E). Of course the fact that [ is continuous is a
consequence of a far more general result: any linear linear map
l: F — E defined on a finite dimensional normed space F, is in
fact continuous. We shall prove this result in a later tutorial.
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2. Let € > 0. Having assumed that each partial derivative g—i is
continuous at a € U, for all © € N,, there exists 1; > 0 such that
for all h € R™, the condition ||h|| < 7; implies that a + h € U
and furthermore:

H 99 a+n)— 22

8xi B axl
Taking 7 = min(n1,...,7m,) > 0, the condition ||k|| < n implies
that a + h € U and furthermore:
¢

‘a—%(a+h)—

(G)H <e

¢
a.’IJi

Vie N, ,

(a)” <e

3. Let h = (h1,...,hy,) € R™ with ||h]| < n. Let (e1,...,en)
denote the canonical basis of R™. Let kg = a and for all i € N,,:

k‘l‘ =a-+ Z hjej
j=1
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From 2. the condition ||h/|| < n implies that a + h’' € U, for all
h' € R™. However, it is clear that kg € U and for all i € N,,:

ki —all = |>_ hje;
j=1
4 1/2
- (v
j=1
1/2
< | Xon = [[hll <n
j:
So ki = a+ (k; — a) is an element of U. Moreover:

pla+h) — ola) —I(h) = ¢(kn) — (ko) — I(R)

= > (6 -1)) = U(h)

1=

—
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> (olhios + o) = o(ki-1) ~ g @)

i=1

4. Let i € N,,. Suppose h; > 0 and define f; : [0, h;] — F by:

9¢
8xl( a)

for all ¢t € [0,h;]. Given t € [0,h;], the product ¢ - 5= 99 (4) is a
well-defined element of E, and ¢(k;_1) is also well-defined since
ki—1 € U. Furthermore, following a similar proof to that of 3.:

filt) = ¢(kizr +tei) — dlki1) —

- 1/2
2
> o4t
j=1
1/2

Zl: h? <n
j=1

ki1 + te; — al|

IN
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and consequently k;_1 + te; € U. It follows that ¢(k;—1 + te;)
is also a well-defined element of E. We conclude that f;(t) is a
well-defined element of E of all ¢ € [0, h;], and we have proved
that f; : [0,h;] — E is well-defined. Let ¢t € [0,h;] and u # 0
such that t + u € [0, h;]. Define k* = k;_1 + te; € U. We have:

w %[¢(k171 + (t + u)ei) B ¢(k'i*1)

S GR0r 0]

_ %[Qs(ki,l +te;) — o(ki—1) — gi( )]
— %[Qﬁ(k* + ue;) — ¢(k™)] — gfi (a)

Having assumed that the partial derivative % exists at every

point of U, in particular it exists at k* € U, and consequently
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from definition (131), we obtain:

e St w = £ 96

w£0,u—0 u Oz

() - 220

So the derivative f/(t) exists for all ¢ € [0, h;] and furthermore:

0 0
) = 22 (b + ter) - 52(a)

5. The fact that f; is continuous on [0, ;] can be seen in various
ways. One the one hand, having proved that f/(t) exists for all
t € [0, hi], fi is necessarily continuous on [0, h;]. On the other
hand, the map t — k;_1 + te; is clearly continuous with values
in U, while ¢ : U — E being differentiable, is also continuous
by virtue of exercise (7). It follows that ¢t — ¢(k;—1 + te;) is a
continuous map, and it is clear from there that f; is continuous
on [0, h;]. Having proved that f/(t) exists for all ¢t € [0, h;], in
particular f/(t) exists for all ¢ €]0,h;[. So f; is differentiable
on ]0, h;[. Note that our use of the word differentiable means
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nothing more here than the existence of the derivative f/(¢).
Fortunately, from 4. of exercise (7), this is equivalent to the
word differentiable in the sense of definition (128). Since we
have proved that for all ¢ €]0, h;[, we have [|k;—1 +te; —al <n,
using 2. we obtain:

L] = H 04

8{17,‘

¢
8{17,‘

(ki1 + te;) —

(a)

6. Since f; : [0, h;] — E is continuous on [0, h;] and differentiable
on ]0,h;[ with || f/(t)]] < € for all ¢ €]0,h;[, applying theo-
rem (112) we obtain:

H¢(7€i1 + hiei) — ¢(ki—1) — hi aai (@ = [Ifi(h)]
= | fi(hs) = fi(0)]]
S G(hl — O) = €|hl|

7. Suppose now that h; < 0. The inequality obtained in 6. is
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clearly true if h; = 0. So we may assume that h; < 0. Similarly
to 4. we define f; : [h;, 0] — E by:

9¢

PG

Then f; is well-defined, continuous on [h;, 0] and differentiable
on |h;, 0], with the property that:

9¢
!

() = 52
for all t €]h;,0[. In particular, we still have || f/(¢)|| < € for all
t €]h;, 0], and applying theorem (112) once more, we obtain:
99
8—%(@

fi(t) = d(ki—1 +te;) — d(ki—1) — ¢

(ki—1 +te;) — gj (a)

= [Ifi(ha)ll

= | fi(0) — fi(hs)||
< 6(0 - hl) - 6|h1|

Héb(kz‘—l + hie;) — d(ki—1) — hi

Hence, the inequality obtained in 6. is still valid for h; < 0.
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8. Using 3. and 6. we obtain:
l¢(a+h) — ¢(a) = IU(h)]

n

> (¢(kil + hiei) — ¢(ki1) — hi%(@) H

i=1
n 0
< > ||@(kio1 + hies) — d(ki1) — hia_j(a)
i=1 '
< > elhl
l:1n 1/2 n 1/2
)
i=1 i=1

= evn|lh

This has been proved for any h € R™ with ||h|| < 7.

9. Given U open in R™, given a map ¢ : U — E where F is an
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R-normed space, having assumed that ‘% exists at every point
of U and is continuous at a € U for all i€ N,,, given € > 0,
we have found 7 > 0 such that for all h € R™, the condition
||h]] < n implies that a + h € U together with:

l¢(a+h) = da) — IR < ev/nl|h]|

Applying this result to €/y/n instead of ¢, taking 6 = n/2 > 0,
the condition ||h|| < § implies that a + h € U together with:

[6(a+h) = ¢(a) = I(R)[| < €[]

It follows that [ € Ly (R™, E) satisfies the requirements of def-
inition (128), and we have proved that ¢ is differentiable at
a € U. This completes the proof of theorem (114).

Exercise 15
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Exercise 16.

1. Let U be open in R". Let ¢ : U — E be a map where E is
an R-normed space. We assume that for all i € N,,, g—i exists
and is contmuous on U. Then in particular, given a € U, for
alli € N,,, 2 a_ exists at every point of U and is continuous at
a € U. From theorem (114), it follows that ¢ is differentiable
at a. This being true for all a € U, we have proved that ¢ is
differentiable on U.

2. Let a,b € U and h € R". Since ¢ is differentiable at a and b,
using theorem (113) and the Cauchy-Schwarz inequality (50):

(de(b) —de(a)) (Rl ||d¢(b)(h)—d (a )( )l

. 00

- P ax ( )h’
8¢ 09

< &Cl() % >H i
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s( 2200 - 52 )(Zh |2>
. 26 26 12
=< 220)- 220 ) nl

3. Let a,b € U. It follows from 2. together with 4. of exercise (5):

o\ 1/2
) (8)

4. Let a € U and € > 0 be given. Having assumed that g—i is

¢
ox;

2
F(0) = 5 (@)

1dp(b) — do(a)|| < (

continuous on U for all i« € N,,, in particular 3—¢ is continuous

at a for all @ € N,,. Hence, given i € N,,, there exists 1; > 0
such that for all b € U, we have:

-] <7

www.probability.net

la = bl <mi



http://www.probability.net

Solutions to Exercises 121

Taking n = min(ny,...,n,) > 0, for all b € U, using (8):
la—bll <n = |dp(b) —dp(a)]| < e

This shows that d¢ : U — Lr(R", E) is continuous at a. This
being true for all a € U, we have proved that d¢ is continuous.

5. Given U open in R", given a map ¢ : U — E where F is an R-
normed space, havmg assumed that 3—¢ exists and is continuous
on U for all i € N,,, we have proved that ¢ is differentiable on
U and furthermore that d¢ : U — Lr(R", E) is a continuous
map. From definition (130), it follows that ¢ is of class C'* on
U. Conversely, if we assume that ¢ is of class C' on U, then
from 2. of exercise (14), g—i exists and is continuous on U for
all i € N,,. This completes the proof of theorem (115).

Exercise 16
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Exercise 17. Let E, F' be two R-normed spaces and | € Lgr(E, F).
Let U be an open subset of E. Let [|;; denote the restriction of I to
U, ie. the map l|y : U — F defined by (I|y)(z) = l(z) for all z € U.
Let a € U. Since U is open in F, there exists § > 0 such that the
condition |||l < ¢ implies a + h € U for all h € E. So there exists
d > 0 such that the condition ||h|| < ¢ implies a + h € U, and:

IGw)(a+h) = (u)a) = LR)|| = [[la+h) = l(a) = (R)[| = 0

Tt follows that [ satisfies the requirements of definition (128) in relation
to ljy. We conclude that [y is differentiable at a, and furthermore
that d(l|y)(a) =1 € Lr(E, F). This being true for all a € U, Iy is
differentiable on U, and since d(l|y) : U — Lr(E, F) is the constant
map d(l;)(z) =1, d(ljy) is continuous. So Iy is of class C*.
Exercise 17
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Exercise 18.

1. Let Fq,...,E,, n > 1, be n K-normed spaces. Let £ = F; x
... x E,. Let p € [1,400], and for all z = (z1,...,z,) € E:

n l/p
(Z $i||p>
=1

A
[#]lc = max [z
i=1,...,n

(Bl

We claim that || - ||, and || - ||cc are norms on E. It is clear that
|z]|, = 0 and ||z]|c = 0 are both equivalent to x; = 0 for all
i € N,,, which is itself equivalent to x = 0. Note that although
the same notation is used, the 0’s of || z||, = 0, z; = 0 and = = 0,
do not refer to the same things. The first one is the element of
R, the second is the identity element of F; and the last one
refers to (0,...,0), the identity element of F, where the entries
of (0,...,0) are themselves different zeroes, each particular one
being the identity element of the corresponding E;... We have
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not yet defined an Abelian group in these tutorials, but we shall
still venture the following comment: in the context where an
Abelian group is clearly understood (R is an Abelian group, a
vector space is an Abelian group), it is customary to denote its
identity element by 0. Now for all x € E and o € K we have
llaz|leo = || - [|%]|co, and furthermore:

loaxll, = [la-(@1,...,2)p
= |(ax1,...,0z,) |,
n 1/13
_ (z)
=1

(i o - [Jil]) )1/1’

i=1
n l/p
= <|@|pz ||$z‘p>
i=1
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n 1/13
= o (Z ||xﬂ> = la - flall
i=1
It remains to prove the triangle inequalities for || - [ and || - ||,.

Let z € E and y € E. For all « € N,,, we have:

il + [y
max ||| + max [[yi|

|z + yill

IAINA

[z ]loo + llylloo
This being true for all ¢ € N,,, we obtain:

I+ ylloe = max s+ gill < 2lloo + loc

In order to prove the triangle inequality for || - ||,, one may
think of two possible strategies: On the one hand, it is likely
that mimicking the proof of theorem (43) will lead to a valid
and simplified proof of the triangle inequality, the crucial point
being the convexity of  — P, x > 0, for p € [1,+0o0[. On the
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other hand, it is possible to re-interpret the triangle inequality
in a way which makes it a particular case of theorem (43). This
is the approach we shall follow: Let = (21,...,2,) € E and
y = (Y1,---,Yn) € E. Define Q = N,, and let F = P(2) be
the power set of 2. Then F is obviously a o-algebra on 2. We
define p : F — [0, 4+o00] by:
VAEF, u(A) =D 1a(i)
i=1

Then p(0) = 0, and if A = Wy>1 Ay, is a union of pairwise disjoint
elements of F, we have 14 = Zk21 14, and consequently:

n(A) = ZIA(Z')
7'; —+o0
1

i=1 \k=
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- g(Z“k )

All terms >0 — = i(ZlAk >
- Z (A)

k=1
So 1 is a measure on (2, F). We define f,g: (2, F) — [0, +]
by setting f(i) = ||z;|| and g(i) = ||y;|| for all i € Q. Then f and
g are non-negative, and clearly measurable since F is the whole
of the power set P(£2). Applying theorem (43), we obtain:

le+yllp = (@) + G un) [l
(@1 +y1,- 20+ yn) lp
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IN

Theorem (43) —

IN

(3
;
p{i =1 — = (Z /{Z}(erg)pdu)l/p
(
(
(
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= llllp + lylle

This completes our proof of the triangle inequality for ||-||,, and
we have proved that || - ||o and || - ||, are norms on E.

2. Let 7, and 75, denote the topologies induced on E by || - ||, and
| - |loo Tespectively. Let 7 denote the product topology on E.
For all z € E, we have:

n 1/p
(Z :cinp)

l; 1/p
(Z(::;HOC)P)

i=1

]l

IN

n'/r. 2| 0o

nt/P - (max [l |7) /7
7
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n l/p
< nalr. (Z ||xﬂ> — /2],
=1

Having proved that |||, < n?||-|lec < n'/?||-||p, it follows from
exercise (3) that the identity mapping j : (E, ||-]|) — (E,|“[lc)
is a homeomorphism, i.e. that j and j~' are continuous. This
shows that 7, = 7. In order to prove that 7 C 7, it is
sufficient to prove that 7., contains every open rectangle in F.
Hence, we consider A = Ay x ... x A,, where each A; is an
open subset of E;. Suppose z = (x1,...,2,) is an element of
A. Then for all i € N,,, x; is an element of A; which is open in
E;. There exists €; > 0 such that B(z;,¢;) C A;, where B(x;, €;)
denotes the open ball in F;. Let ¢ = min(eq,...,€,) > 0 and let
Boo(z,€) denote the open ball in E, relative to the norm || - || .
For all y = (y1,...,yn) € E, we have:

Y € Bo(z,6) & |ly—7)0 <e
& max|ly; — x| <e
3
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lys — @ill < €,Vi€ Ny
Yi € B({,Ci,ei),Vi eN,
Yi € Ai,Vi c N,
yeA

O

This shows that B (z,€) C A, and we have proved that for all
x € A, there exists € > 0 such that By (z,e) C A. It follows
that A € 7, and we have proved that 7 C 7.,. Note that
there is no need to consider separately the case A = (J in the
previous argument. To show that 7., C 7, consider A € 7.
Given z € A, there exists € > 0 such that B (z,€¢) C A. For all
y € E, we have:
Y € Boo(2,€) Iy — 2o <€

max llys — 24| < e

llyi — ;|| <e,VieN,
y; € B(xj,€),Vie N,

t e T
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&y € B(xy,€e) X ... X B(xy,€)

Tt follows that Beo(x,€) = B(x1,€) X ... X B2y, €) and Boo(z, €)
is therefore an open rectangle in F, and in particular an element
of the product topology 7. Hence, for all z € A, there exists
some A, € 7 such that ¢ € A, C A. From A = U,ca A, we
conclude that A € 7, and we have proved that 7., C 7. This
completes our proof of 7, = T, =T.

3. Although we have not explicitly justified this point, F is a K-
vector space as defined in (89), where the scalar multiplication
and vector addition are given by the formulas:

a-(z1,...,2) 2 (axq,...,«axy,)
(x1+...,xn)+(y1,...,yn)

For all z = (z1,...,z,) and y = (y1, ..., yn) elements of F, and
a € K. Since || - ||, and || - ||oc are norms on FE, it follows from
definition (125) that (E,|| - ||;) and (E,|| - ||sc) are K-normed

1>

(2171 +y177xn+yn)
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spaces. Having proved that 7, = 7o, = 7, we conclude that the
norm topologies on E relative to both || - ||, and || - ||c are equal
to the product topology on E.

Exercise 18
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Exercise 19. Let E and F' be two R-normed spaces. Let U be open
in F and ¢,v : U — F be two maps. We assume that both ¢ and v
are differentiable at a € U. Let o € R. Let k = d¢(a) and | = di)(a).
Since both k and [ are elements of Lr(F, F'), from exercise (4) the
map m = k + al is an element of Lr(E, F'). To show that ¢ + aw
is differentiable at a with d(¢ + at))(a) = m, we have to show that
m satisfies the requirements of definition (128), in relation to ¢+ aap.
There is nothing to do if @ = 0, so we may assume that o # 0. Since
both & and [ satisfy the requirements of definition (128), in relation
to ¢ and v respectively, given € > 0 there exist 4; > 0 and d2 > 0
such that for all h € E, ||h]| < 61 implies that a + h € U, with:

€
l¢(a +h) = ¢(a) = k(R)]l < S|4
and ||h|| < 02 implies that a + h € U, with:

[¥(a+ h) —(a) = I(h) 7]

I<
ﬂl
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Note that to obtain d; and d2, we obviously applied definition (128)
to different values of ’¢’. Defining x = ¢ + aw), if § = min(dy, d3) > 0,
the condition ||| < ¢ implies that a + h € U, with:
Ix(a+h) =x(a) =m(h)| < l¢(a+h)—d(a) —k(h)
\a\ [¥(a + h) P(a) —1(n)]|
||h||+\a\ 172

IN +

2||

E||h||

This shows that m satisfies the requirements of definition (128), and
we have proved that x = ¢+ ap is differentiable with dy(a) = m, i.e.:

(¢ + ap)(a) = dp(a) + ady(a)

Exercise 19
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Exercise 20.

1. Let E and F' be two K-normed spaces. Let Ng and N be two
norms on E and F', inducing the same topologies as the norm
topologies on E and F respectively. From definition (127), the
set Lk (F,F) is that of all linear maps [ : E — F which are
continuous. In the presence of alternative norms Ng and Np on
FE and F respectively, the word continuous is potentially vague,
as it may not be clear which topologies are being referred to.
Fortunately, by assumption the norms || - | and Ng induce the
same topology on F, whereas || - || and Np induce the same
topology on F. As far as continuity is concerned, it is therefore
unnecessary to be more specific about which particular norm
on E (]| - || or Ng), and which particular norm on F (] - ||
or Np) is being considered. Consequently, the set Lk (E, F)
is unambiguously defined, without the need to introduce more
precise but cumbersome notations such as Lk [(E, ||-]), (F, || -1)]
or Lx[(E, Ng), (F,Np)] etc.
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2. Let idg : (E,| - ||) — (E, Ng) be the identity mapping. Since
|| - || and Ng induce the same topology on E| if A is open with
respect to the topology induced by Ng, then A = id,' (A) is also
open with respect to the topology induced by || - ||. It follows
that idg is a continuous map.

3. Having proved that idg : (E,| - ||) — (E, Ng) is a continuous
map, being also linear, it follows from exercise (3) that there
exists Mg € R* such that:

Vo e E, Nplidg(z)] < Mg||z|

If Mg = 0 (which is possible when E is reduced to the triv-
ial case E = {0}), it is always possible to replace Mg by an
arbitrary positive constant. Hence, there exists Mg > 0 such
that Ng < Mg|| - ||. However, since || - || and Ng induce the
same topology on F, the map id.' : (E,Ng) — (E, | -||) is also
continuous. Hence, we can find M, > 0 such that:

Vee E, |lidg'(z)| < MiNg(z)
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Defining mg = 1/M}, > 0, we obtain mg|| - || < Ng. We have
proved the existence of mg, Mg > 0 such that:

Ve e B, mpllz]| < Np(z) < Mgllz|

4. Since ||-]] and Np induce the same topology on F, applying 3. to
the space F' and the norms || || and Ng, we obtain the existence

of mp, Mg > 0 such that:

Vy e F, mpe|yl < Ne(y) < Mre|lyll
Let | € Lk (E, F) and x € E with Ng(z) = 1. We have:

INFU@)I <
<

IN

Mp||l(z)||

Mep|[T]] - [|]|

Mep||]| - = —||Ill
mpg mpg

Defining M = Mp/mg > 0, we have proved that M]|l| is an
upper-bound of all ||[Ng(l(z))]|’s as  ranges through the set
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of all z € E with Ng(z) = 1. Since N(I) is by definition the
smallest of such upper-bounds, we obtain N (1) < M]|l||. This
being true for all [ € Lk (E, F'), we have found M > 0 such that
N < M||-||- In order to show the existence of m > 0 such that
m| - || £ N, one may reach a quick conclusion by interchanging
the roles of || - || and Ng on the one hand, and || - || and Np
on the other hand, to obtain M* > 0 such that || - || < M*N,
and conclude with m = 1/M*. As this may seem confusing
or unconvincing to some, we shall proceed without emphasis to
this symmetry. Let € E be such that ||z| = 1. Using 3.
of exercise (5) applied to the norms Ng on E, Np on F, and
associated N on Lk (E, F):

M@l < ——Np(()
mpg
3. ofex. (5) = < ——N()- Np(x)
mpg
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1 M
< —N()Mgllz|| = =ZN()
mpg mpg

Defining m = mpr/Mpg > 0, we have proved that m=1N(l) is
an upper-bound of all ||I(z)|]’s as x ranges through the set of all
x € E with ||z|| = 1. Since [|l]| is the smallest of such upper-
bounds, we obtain ||I|| < m~*N(l), or equivalently m/||l|| < N(I).
This being true for all I € Lk (E, F'), we have found m > 0 such
that m| - || < N. Hence, there is m, M > 0 such that:

Vie Lx(E,F), m||l]| < N() < M|l

5. Having found m, M > 0 such that m|-|| < N < M||-]], it is clear
from exercise (3) that j : (Lx(E, F),| - ||) — (Lx(E,F),N),
the identity mapping, is a homeomorphism, i.e. that both j
and j~! are continuous. It follows that || - || and N induce the
same topology on Lk (F,F). Indeed, let 7. and 7y be the
topologies on Lk (F, F) induced by ||- || and N respectively. Let
A € Ty. Since j is continuous, A = j~(A) is an element of
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7).~ This shows that 7y C 7)., and similarly 7). C 7x.

6. Suppose that K =R and ¢ : U — F' is differentiable at a € U.
Let | = d¢(a) € Lr(FE, F). Our assumption of ¢ being differen-
tiable at a, means specifically that [ satisfies the requirements of
definition (128), in relation to the normed spaces (E, || - ||) and
(E, |l - |]). Saying that ¢ is also differentiable at a with respect
to the norms Ng and Npg, is just an informal way of saying
that [ should also satisfy the requirements of definition (128),
in relation to the normed spaces (F, Ng) and (F, Ng). This
is exactly what we need to prove. For this purpose, we con-
sider mg, Mg > 0 such that mg|| - || < Ng < Mg| |, and
mp, Mp > 0 such that mp|| - || < Np < Mp| - ||. Let € > 0 be
given. Applying definition (128) to € = emp/MFp in relation to
(E,||I-|) and (F,||-||), there exists ¢’ > 0 such that for all h € E,
the condition [|h]| < ¢’ implies that a+h € U, and furthermore:

l6(a+h) = 6la) = UR)|| < eq = 1h]
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Defining § = mgd’ > 0, for all h € E the condition Ng(h) < §
implies that mgl|h|| < mgd’ and consequently ||h|| < ¢’. Hence,
the condition Ng(h) < ¢ implies that a+h € U and furthermore:

Np(¢(a+h) —¢(a) —Il(h)) < Mrl¢(a+h) = ¢(a) =LA

< MFe—HhH
< Mpe——="217
< FGMF o

This shows that [ satisfies the requirements of definition (128)
in relation to the normed spaces (E, Ng) and (F, Ng). We have
proved that changing the norms on F and F with equivalent
norms Ng and Np, i.e. norms inducing the same topologies on
E and F, does not affect the differentiability of ¢ : U — F at
a € U, or the value of the differential d¢(a) € Lr(E, F).

7. Suppose that K = R and ¢ : U — F is of class C! on U. In
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particular, ¢ is differentiable on U. It follows from 6. that ¢ is
also differentiable on U with respect to the norms Ng and Npg.
Let d¢ : U — Lr(E, F) be the differential of ¢. From 6., d¢
is also the differential of ¢ with respect to the norms Ng and
Np. Having assumed that ¢ is of class C' on U, the differential
dp : U — Lgr(FE,F) is continuous. More precisely, d¢ is a
continuous map, with respect to the norm topology on Lg (E, F)
and the topology on U induced by the norm topology on E. If
we replace the norms on F and F' by N and N respectively,
by assumption the norm topology on E is unchanged, and so
is the topology on U. From 5. the topology on Lgr(F,F) is
also unchanged. It follows that d¢ : U — Lr(E,F) is also
continuous with respect to the topologies on U and Lr(E, F)
induced by the norms Ng and Np. This shows that ¢ is of class
C' on U, with respect to the norms Ng and Np.

Exercise 20
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Exercise 21.

1. Let F' = Fy x ... x F}, be the product of p, p > 1, R-normed
spaces. Given i € Ny, let p; : F' — Fj be the canonical projec-
tion defined by pi(z1,...,2p) = z; for all x = (z1,...,2,) € F.
Given z = (z1,...,2p) € Fand y = (y1,...,yp) € F, given
a € R, we have:

pilz+oy) = pil(z1,... 2p) +a (Y1, Yp)]
= pil(z1,...,2p) + (ay1, ..., oyp)]
= pil(z1 +ayi, ...,z + ayp)
= z;t+oy
pi(z) + api(y)
Hence, p; : F' — F; is a linear map. From exercise (10), p; is
continuous with respect to the product topology on F. From

exercise (18), the product topology on F coincides with the
norm topology on F' viewed as an R-normed space. So p; is
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also continuous with respect to the norm topology on F. This
shows that p; € Lr(F, F;). Note that there is no need to be very
specific about which norm on F' is being referred to, by virtue
of exercise (18) and (20). It is understood that any norm chosen
on F', if not specifically of a type described in exercise (18), will
at least induce the same topology, i.e. the product topology on
F. To show that p; is continuous, assuming for example that F
is endowed with the norm |||, of exercise (18) with ¢ € [1, +0o0],
one can argue directly that for all x € F"

p 1/q
Ipi(2)[| = [l < (Z $i||q> = [lzllq
i=1

It follows from exercise (3) that p; is continuous.

2. Given i € Ny, let u; : F; — F be defined as:

i
~ =~

20,....770,...,0)

Vo, € Fy | wi(x;)
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For all z;,y; € F; and o € R, we have:

ui(z; +ay;) = (0, $z+0fyz,---70)
= (0, yee s 0)+a- (0, Yy ..., 0)
= ui(xi)JrOé'ui(yi)

Hence, u; : F; — F is linear. Using the norm || - ||« on F as
defined in exercise (18), we obtain:

[wi(i)]|oo = max(0, ... [lil], ..., 0) = [

and it follows from exercise (3) that u; : F; — F' is continuous.
We have proved that u; € Lgr(F;, F). Now for all z € F":

(Zuio;m) () = > (uiop)()
i=1 i
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p

= Y (0,...,7,...,0)
i=1

= (z1,....0p) =2

This being true for all x € F', we obtain:

p
E Uu; 0p; = idp
i=1

where idp : F© — F denotes the identity mapping. It follows
that if F is an R-normed space, U is open in E and ¢ : U — F
is a map, then:

¢ = idpod

(Z)

§ uz o pz
i=1
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P
= Z u; o (p; 0 §)
i=1

P
> uiod
i=1

where ¢; : U — F; is defined as ¢ = p; o ¢.

3. Suppose ¢ : U — F is differentiable at a € U. Let i € N,,. Hav-
ing proved in 1. that p; € Lr(F, F;), it follows from exercise (17)
that p; : F — F; is differentiable on F, with dp;(z) = p; for all
x € F. Applying theorem (110), we conclude that p; o ¢ = ¢; is
differentiable at a € U, with:

doi(a) = d(piod)(a)
= dpi(¢(a)) o dp(a) = pi o dg(a)

4. Suppose that for all i € N, ¢; : U — Fj is differentiable at
a € U. Having proved in 2. that uw; € Lr(F;, F), it follows
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from exercise (17) that u; : F; — F is differentiable on F;, with
du;(z;) = u; for all x; € F;. Applying theorem (110), the map
u; o ¢; : U — F is therefore differentiable at a € U, with:

d(u; o ¢;)(a) = dui(¢i(a)) o dpi(a) = u; o dp;(a)

Having proved in 2. that ¢ = >°%_, u; o ¢;, we conclude from
exercise (19) that ¢ is differentiable at a € U, with:

d (Z u; o ¢i> (a)

Z d(u; o ¢;)(a)
i=1

de(a)

P
Z u; o do;(a)
i=1

5. Let a,b € U. We assume that ¢ is differentiable at a and b. Then
do(a) and do(b) are well-defined elements of Lg (E, F'). From 3.
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dg;(a) and de;(b) are well-defined elements of Lr (E, F;) for all
1 € N,. Given i € N,,, we claim that:

1di (b) — depi(a)|| < [|dd(b) — dé(a)]|
Note that ||d@;(b) — do;(a)]| is well-defined from exercise (5):
|dsi (b) — depi(a) | = sup | (depi (b) — di(a)) ()|
where the sup is taken over all © € E with ||z|| = 1. Also:

|dé(b) — dé(a)| = sup ||(dg(b) — d(a))()]

where the sup is taken over all z € E with ||z|| = 1. Note
however that this expression is dependent upon a specific choice
of norm on F', in order for || (d¢(b) —d¢(a))(z)|| to be meaningful.
As a possible choice, we shall work with the norm | - |2 of
exercise (18), so that specifically:

ldo(b) — de(a)]| = sup [|(do(b) — do(a)) ()]
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where the supremum is taken over all z € E with ||z| = 1. Now
for all y = (y1,...,yp) € F and ¢ € N, we have:

) 1/2
ps W)l = llysll < (Z yj||2> = [yl
j=1

Having proved in 3. that d¢;(a) = p; o dé(a), we have similarly
dgi(b) = p;odg(b) and consequently for all x € E with ||z| = 1:
[(doi(b) — doi(a))(z)]| | pi[(de(b) — do(a)) ()] ||
[(dp(b) — do(a))()|]2

[ (b) — do(a)|

IN A

from which we conclude that:
1di(b) — dgi(a)|| < [|dp(b) — de(a)]|
6. For all z € E with ||z| = 1, since d¢;(a) = p; o d¢(a):

I(do(b) — dd(a))(@)| = [[(d(b) — de(a))()l>
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) 1/2
_ (Z I pil(d0() — do(a))(@) ||2>

=1

, 1/2
- (Z [ (deps(b) — di(a ))(x)2>

=1

» 1/2
(Z | depi (b) — depi )||2>

1

IN

from which we conclude that:

1/2
|dp(b) — do(a)|| < (Z [|dpi(b) — depi( )Il2>

7. Suppose ¢ : U — F is of class C! on U. Let i € N,,. Since ¢ is
differentiable on U, from 3. ¢; : U — F; is also differentiable on
U . Since d¢p : U — Lr(E, F) is a continuous map, it follows
from 5. that d¢; : U — Lr(E,F;) is also a continuous map.
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This shows that ¢; : U — Fj is of class C' on U. We have
proved that if ¢ is of class C1, then ¢; = p; o ¢ is of class C*
for all i € N,. Conversely, suppose all ¢;’s are of class C' on
U. Then in particular, all ¢;’s are differentiable on U. It follows
from 4. that ¢ is also differentiable on U. Furthermore, each
do; : U — Lr(E, F;) is a continuous map. In particular, given
a € U, each d¢; is continuous at a. Given € > 0, for all 7 € N,
there exists 7; > 0 such that for all b € U:

1b—all < = [|dei(b) — dei(a)] s%

Defining 7 = min(n1,...,n,) > 0, for all b € U, using 6.:
[b—all <n = [[dp(b) — do(a) < e

This shows that d¢ : U — Lr(FE, F) is continuous at a. This
being true for all a € U, we have proved that d¢ is a continuous
map. So ¢ is of class C! on U. We conclude that ¢ is of class
C' on U, if and only if ¢; is of class C! on U for all i € N,.
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Note that this conclusion would still hold, if F' were given any
other norm N inducing the product topology on F, instead of
| - ll2- Indeed from exercise (18) the norm || - |2 does induce
the product topology on F'. So any other norm N inducing the
product topology, induces the same topology as || - ||2. It follows
from exercise (20) that ¢ being of class C! on U relative to the
norm || - ||2, is equivalent to ¢ being of class C! on U relative to
the norm N. Given 7 € N, the map ¢; : U — Fj is unaffected
by a change of norm on F. It follows that the conclusion we
have reached having assumed that F' is endowed with the norm
Il - |l2, is still valid when F is endowed with the norm N.

8. Given p+1 R-normed spaces E and F1,. .., Fj, given U open in
Eand F=Fy x...xF,, givenamap ¢ = (¢1,...,¢p) : U — F,
for all @ € U we have proved in 3. and 4. that ¢ is differentiable
at a, if and only if ¢; is differentiable at a for all ¢ € N,,. We
have proved in 7. that ¢ is of class C' on U, if and only if ¢; is
of class C! on U for all i € N,. Now suppose a € U and ¢ is
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differentiable at a. For all h € E, using 4. we obtain:

do(a)(h) = (iuiod@(a)) (h)
= i(uiod@(a))(h)
- iui[d@(a)(h)}
- i(o,...,d@(a)(h),.--,o)

= (dér(a)(h), ..., doy(a)(h))
This completes the proof of theorem (116).

Exercise 21
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Exercise 22. Let ¢ = (¢1,...,¢,) : U — R™ be a map, where
U is an open subset of R". We assume that ¢ is differentiable at
a € U. Let (e1,...,e,) be the canonical basis of R". Note that if
we consider (R, |- ]) as a normed vector space over itself, then the
usual inner-product of R™ induces the norm | - [|2 of exercise (18),
and in particular, it induces the product topology on R"™. It follows
that R™ is a particular case of finite product of R-normed spaces, as
per theorem (116). Having assumed that ¢ is differentiable at a € U,
from theorem (116) each ¢; : U — R is differentiable at a € U.
Given ¢ € N,,, applying theorem (113) to ¢;, it follows that for all
j € N, the partial derivative i’J (a) exists and furthermore for all

h=(hi,...,h,) € R", we have:

6(251
dei(a Z [“)xj
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In particular, d¢;(a)(e;) = %(a) for all j € N,,. Hence, we obtain
from theorem (116):

dp(a)(e;) = (dpi(a)(e;), ..., don(a)(e;))
= Y doi(a)(es)e:
i=1

_ N9

= ; a—xj(a)el = Me,
where M € M,,(R) is the n x n matrix:

ia) ... 9%(a)

M= : :
S . 3@

Having proved that d¢(a)(e;) = Me; for all j € N, we conclude
that d¢(a) = M. Now from theorem (116), ¢ being of class C' on
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U is equivalent to ¢; being of class C' on U for all i € N,,. From
theorem (115), this in turn is equivalent to gfj existing and being
continuous on U, for all j € N, and i € N,,. Hence, we have proved
that ¢ is of class C! on U, if and only if for all 4,j € N,,, the partial
derivative ad’l exists and is continuous on U. This completes the proof

of theorem (117).

Exercise 22
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Exercise 23.

1. The set M, (R) of n x n matrices with entries in R, is the set
of all maps M : N,, x N,, — R, i.e. M, (R)=RN»*N=_There
is an obvious topology on M,,(R), namely the one induced by
the inner-product:

A n
(M,N) = Z M; ;N; ;
ij=1

with associated norm:

1/2
n
_ 2
M= | D M
ij=1
which induces the product topology on RN»*N» by virtue of

exercise (18). In these tutorials, we have consistently identified
elements of M,,(R) with the set of linear maps [ : R® — R"™.
This set coincides with Lr(R™,R"), as every such linear map
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is continuous. Indeed, if (e1,...,e,) denotes the canonical basis
of R" and [ : R™ — R" is linear, for all z = (x1,...,x,) € R™

3t
Ejj - liGes

1/2 " 1/2
(S ||2> () -
i=1

where K = (327, [|l(e;)||?)*/? € R*. Now, the identification of
M, (R) with Lg (R™, R") gives us another obvious topology on
M, (R), namely the one induced by the norm on Lg(R", R"),
specifically the norm || - || defined by:

[1(2)]

IN

IN

JAN n
[M]| = sup{||Mz[ : z € R", [Jz] = 1}
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Because we haven’t yet proved that all norms on a finite dimen-
sional space induce the same topology, we shall now prove that
Il |l2 and || - || induce the same topology on M,,(R), namely the
product topology on RN»*Nn_ Let M € M, (R). We have:

1/2

> M

4,j=1

= | 2D M

j=1i=1

n
= [ D] IMey)?
j=1

[M]]2

1/2
1/2

1/2

> M = v/n|| M|
j=1

IN

lejll=1 —
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Furthermore, if x = (z1,...,2,) € R™ with ||z]| = 1:

n
E ijej
Jj=1

> gl - [ Mej|
j=1
1/2 1/2

n n
> | Me? A D gl
j=1 j=1

[ Mz]|

IN

IN

1/2

= (22 el

j=1i=1
= [IM]l

from which we obtain ||M| < ||M]|2. Hence, we have proved

that ||-]] < |I-ll2 < v/n||-||, which shows that the identity mapping
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J: (MuR), | -]) = Mp(R),| - ||2) is a homeomorphism. So
|||l and || - ||2 induce the same topology on M,,(R), namely the
product topology on RN»*Nn  Having clarified which topology
is to be assumed on M, (R), it is now meaningful to state that
the determinant det : M, (R) — R is a continuous map. As
we haven’t had a tutorial on the determinant, we shall have to
accept this fact. However, for those familiar with the formula:

det M = Z M1 ,o(1) . Mn,a(n)

where the sum is taken over all permutations o : N,, — N,
(and €(0) € {—1,1} denotes the sign of a permutation o), the
fact that det : M, (R) — R is a continuous map is a lot eas-
ier to believe. Indeed, det can be expressed as a linear com-
bination (with coefficients in {—1,1}) of products of the form
Divji - - Dinjns Where p; ; : RN2*Noo R is the (continuous)
canonical projection. Having (hopefully) accepted the continu-
ity of det : M,,(R) — R, we are now in a position to prove that
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J(¢) : @ — R is itself continuous. From definition (132):

J(¢)(a) = det[dg(a)] = (det odg)(a)

This being true for all a € Q, we obtain J(¢) = detodo.
However, since ¢ is assumed to be of class C' on €, the map
dg : Q — Lr(R",R") (or equivalently d¢ : Q@ — M, (R)) is
a continuous map. It follows that J(¢) = detod¢d : Q@ — R is
itself continuous. Likewise, since ¢ : Q" — R™ is of class C! on
Q' J(¥): Q — R is continuous.

2. Let I, : R® — R” be the identity mapping. From 9 = ¢~ we
obtain ¢otp = (I,,)q, where (I,,) o is the restriction of I, to Q.
From exercise (17), (1,,))q is differentiable and d(I,,) o (z) = I,
for all z € Q. Hence, from theorem (110) and for all z €

dp((x)) o dip(x) = d(¢ 0 ¥)(x) = d(In) v (2) = In
3. Similarly to 2., from v o ¢ = (I,,)|o we obtain for all x €
dy(p(x)) o dp(x) = d(¥ 0 ¢)(x) = d(In)ja(z) = In
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4. Let x € . From 2. and definition (132) we obtain:

1 = detl,
— det{dd(()) o di(x)]
Granted — = det[dp(¢(z))] det[di(x)]
Definition (132) — = J(¢)(¢(z))J(¢)(x)

It follows in particular that J(i)(z) # 0 for all z € V.

5. Let z € Q. From 3. we have similarly to 4.:

1

det I,,

det[dy(¢(z)) o dg(x)]
det]dyp((x))] det [dg(a)
J()(o(x)) ] (¢)(x)

=

165

(10)

and it follows that J(¢)(x) # 0 for all x € Q. Note that it is
perfectly acceptable to deduce J(¢)(z) # 0 directly from 3. by
interchanging the roles of ¢ and .
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6. Let x € Q. Going back to (9), we have:
1 1
J - -
WO = e ~ U@ enm
This being true for all z € @', J(¢) = 1/(J(¢) o ). Similarly,
going back to (10) we obtain J(¢) = 1/(J(¢) o ¢).

Exercise 23

www.probability.net


http://www.probability.net

Solutions to Exercises 167

Exercise 24. Let 2 € B(R"™) be a Borel subset of R™ and B € B(£2)
be a Borel subset of 2. Then dx|o(B) is defined by dx|o(B) = dz(B).
For this to be meaningful, we need to ensure that dz(B) is well-
defined, i.e. that B € B(R"™). This amounts to proving the inclusion
B(£2) € B(R™), which can be seen from theorem (10):

BQ) £ o(Ta)
S o(Ta)e)
Theorem (10) — = o(7r~)|0
£ BR" )i
2 [(BNQ:BeBRM}
QeBR") — C BR"Y

So dx|q is well-defined, and it is clearly a measure on (£2, B(12)).
Exercise 24
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Exercise 25.

1. Let ©,Q beopenin R™ and ¢ : Q — Q' be a C'-diffeomorphism.
Being open in R", in particular Q and Q' are Borel subsets of
R". From exercise (24), it follows that dz|o/ is a well-defined
measure on (€',B(€')), while dz| is a well-defined measure
on (92,B(2)). Furthermore, being differentiable, the map ¢ :
Q — Q' is continuous and therefore measurable. It follows from
definition (123) that the image measure ¢(dz|q) is a well-defined
measure on (', B(Q')). We have proved that dz|o and ¢(dz|q)
are well-defined measures on (9, B(?')).

2. Let a € €. Since ' is open in R", there exists n > 0 such
that B(a,n) C ', where B(a,n) denotes the open ball in R".
Let 0 < € < 7. Then B(a,e) C B(a,n) C Q', and consequently
Bla,e) = B(a,e) N Q. Since B(a,¢) is open in R", the equality
B(a,€) = B(a,e) N shows that it is also open in '. In partic-
ular, B(a,€) is a Borel subset of . We have found 7 > 0 such
that B(a,e) € B(Q) for all € > 0 with € < 7. This shows that
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Bla,¢e) € B(Q') for e > 0 sufficiently small.

3. From 2. B(a,€) is an element of B(Q') for € > 0 sufficiently
small. From 1. dr|o and ¢(dw|q) are well-defined measures on
(Q,B(Q)). It follows that the quantities dx | (B(a,€)) and
¢(dxo)(B(a,€)) are meaningful elements of [0, +oc] for € > 0
sufficiently small. In fact, from definition (134), we have:

dzo/(B(a,€)) = dx(B(a,€)) €]0, +o0]

It follows that the ratio ¢(dz|q)(B(a,€))/dr o (B(a,€)) is well-
defined in [0, 4o0] for € > 0 sufficiently small. Hence, it does
make sense to investigate whether the limit:

- 6(dr0)(Bla, )
el10 dx)o/(B(a,€))

exists in [0, +o00], and whether this limit is an element of R.

4. We assume that d¢(a) = I,,. Let r > 0 be given. Since I,
satisfies the requirements of definition (128) in relation to

www.probability.net


http://www.probability.net

Solutions to Exercises 170

at a € ', there exists ¢, > 0 such that for all h € R", the
condition ||| < €; implies that a + h € ', and:
[¥(a+h) —¢(a) = hl| < r[|h]|
5. Let h € R™ with ||h|| < €;. Then a + h € ', and:

[¥(a+h) = 4(a) [¥(a+h) —(a) — b + |[R]]
rllhlf + [|5]
(1 +r)[Rll

IAINA

6. Let € €]0,e1[ and € B(a,e). Then h = x — a satisfies the
condition ||h|| < €, and in particular ||h]| < €. It follows that a+
h € Q" and consequently = € Q. So B(a,¢) C Q. Furthermore,
if z € B(a,¢e) and h = z — a, we obtain from 5.:

[9(z) = (a) [¥(a+h) = d(a)
(L+r)ln]
e(l+r)

ASVAN
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This shows that (z) € B(¢(a),e(1 + r)). This being true for
all x € B(a,¢€), we have proved that:

¥(B(a,€)) € B(y(a), e(1 + 7))
7. From 2. of exercise (23), we have d¢(¢(a)) o dip(a) = I,,. Since
dv(a) = I,,, we obtain do(¢(a)) = I,,.

8. It follows from 7. that I,, satisfies the requirements of defini-
tion (128) in relation to ¢ at ¥ (a) € Q. Having fixed > 0 in
4., there exists €2 > 0 such that for all £ € R™, the condition
Ik]| < €2 implies that ¥(a) + k € €, and:

l¢((a) + k) —a—kl = lo(d(a) +k) = o((a)) — In(k)]|
< 7kl

9. Let k € R™ with ||k|| < e2. Then ¢(a) + k € Q, and:

lop((a) + k) —all < llo(d(a) + k) —a— k| + K|
< (147K
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10. Let € €]0,e2(1 +7)[. Let y € B(¢(a),e(1 +r)~1). Deﬁne k=

11.

y —(a). Then k satisfies the condition ||k|| < e(1 + )~ and
in particular ||k|| < ez. It follows from 9. that ¢ (a) + k €
So y € Q, and we have proved that B(v(a),e(1 +7)~1) C
Furthermore, if y € B(v(a),e(1 +7)~1) and k =y — ¢(a):

l6(y) — lp(¢(a) + k) —
From 9. — < (1+47)|k|

< (T+nme(l+r)t=e
So ¢(y) € B(a,€), i.e. y € {¢ € Bla,e)}. We have proved that:

B(¥(a), 1) € {6 € B(a.0)}

Suppose € > 0 is such that B(a,e) C Q'. We claim that:

¥(B(a,€)) = {¢ € Bla,e)}

Let y € 9(B(a,€)). There is x € B(a,¢) such that y = ¢(z).
It follows that ¢(y) = ¢(¢(z)) = « € Bla,e). Soy € {¢ €
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12.

13.

B(a,€e)}. This shows the inclusion C. To show the reverse in-
clusion, suppose y € Q is such that ¢(y) € B(a,¢). Define

z = o(y). Then o € Ba,) and $(z) = $(4(y)) = y. S0
y € ¥(B(a,€)). This shows the inclusion D.

Let eg = €1 A ea(1 4+ 7). Let € €]0,€9[. In particular, e €]0, €|
and it follows from 6. that B(a,e) C €. Also, from 6. and 11.:

{¢ € Bla,e)} = ¥(B(a,€)) € B(¢(a),e(147))
Moreover, since € €]0, e2(1 + r)[, from 10. we obtain:
B((a), 1) € {6 € B(a,0)}
We have proved that B(a,e) C €, and:

B((a), 755) € {6 € B(a,0)} € B(b(a). (1 +7)

Let € €]0, eo[. From 12. we have B(a,¢) C Q' and consequently:
B(a,€e) = B(a,e) N Q" € B(R") o = B(Q)

www.probability.net


http://www.probability.net

Solutions to Exercises

174

where the last equality has been fully justified in exercise (24).

So B(a,€) € B()). Using exercise (12) of Tutorial 16:

€ €"

(B, ) = igd(B0.)
= (1+7) "dx(B(a,¢€))
= (1+7r) "dr)o (B(a,¢))

Moreover:

dz(B(y(a),e(1 +1))) €"(1+r)"dz(B(0,1))
(1+r)"dz(B(a,¢))

= (1+7)"dzjo/(B(a,e€))

Finally, since B(a,e) € B(f)) and ¢ is measurable, we have
{¢ € B(a,e)} € B(Q2) and consequently from definition (123):

dx({¢ € B(a,€)}) = drjo({¢ € Bla, €)}) = ¢(dxja)(B(a; )
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14.

15.

Let € €]0, eg[. From 12. we have B(a,€) C ', and:
A(BW(a), 1)) < da({6 € B(a,e))) < da(B(p(a) «(1+7))
Since dz|o/ (B(a,€)) = dv(B(a,€)) > 0, using 13. we obtain:

L blden)(Bla, o)
) < o (B(@, )

< (147" (11)

Given r > 0, we have found ey > 0 such that (11) is true for
all € €]0,¢[. Let n > 0. It is clear that lim,_o(1 + 7)™ = 1.
It follows that (1 4+ r)" < 14 n for r > 0 sufficiently small.
Likewise, since lim, o(1+7)"" =1, we have 1 —n < (1 4+7)™"
for r > 0 sufficiently small. Hence, given 1 > 0, it is possible to
find 7 > 0 sufficiently small such that:

1l—-n<Q4r)"<{A+r)"<1+4n
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It follows that given n > 0, there exists ¢y > 0 such that:

¢(dzjn)(B(a, €))
S T (Be)

for all € €]0, €g[. This shows that:

() (Ba,e)
ell0 dx)o(B(a,€))

Exercise 25
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Exercise 26.

1. Let ©,Q beopenin R™ and ¢ : Q — Q' be a C'-diffeomorphism.
Let v = ¢! and a € Q. Let A = di)(a). Then A is a linear
map A : R” — R". Furthermore, from 2. of exercise (23):

do(¢(a)) o dip(a) = In = dp((a)) o A
It follows that A : R™ — R™ is a linear bijection.

2. Let Q" = A7Y(Q). From exercise (11) (part 2.) of Tutorial 17,
the inverse image A~1(2) of Q by A coincides with the direct
image A=1(Q) of Q by A~L. It follows that the definition of Q"
does not depend on whether A=1(Q) is viewed as an inverse or
a direct image.

3. Since A : R™ — R" is linear and defined on a finite dimensional
space, it is continuous. This general statement has not been
proved yet, but the particular case at hand can be found in
exercise (11) (part 1.) of Tutorial 17. Since 2 is open in R",
the inverse image Q" = A~1(Q) is open in R™.
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4. Let ¢ : Q" — Q' be defined by b(x) = ¢ o Ax) for all z € Q.
Then ¢ = ¢ o Ajgr where Ajgr : Q" — R™ is the restriction of
A to Q. Note that for all z € Q" = A~(2), we have A(z) € Q
and consequently Ao/ (Q”) C Q. This shows that ¢ = ¢ o Ajgn
is well-defined on ", (and it has indeed values in ©'). From
exercise (17), Ajgr is of class C' on Q”. Since ¢ : Q@ — Q' is
a C'-diffeomorphism, in particular ¢ : Q@ — R is of class C!
on . Since Ajgr(Q") C €, it follows from theorem (111) that
d=¢o Ajqnr is of class C' on Q". Let ¢ : ' — Q" be defined
by ¥ = A~! o0 ¢. Note that for all z € ', we have 1)(z) € Q
and consequently:

d(x) = A7 (P(z) € ATH(Q) = Q"

So 1 has indeed values in Q” (and it is well-defined on Q). For
all z € Q', we have:

(poth)(z) = ¢oAgmoAtor(z)
= ¢poAoAloy(x)
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= ¢oy(z)=u
and for all z € Q-

(Yod)(z) = A'oryogoAg(z)
= A_loqpquoA(x)
= A l'oAx) =

Hence, we have ¢>o¢ = idg and ¢o¢> = idg, and we have proved
that ¢ : Q” — Q' is a bijection with ¢! = ¢). Having assumed
¢ : Q — Q to be a Cl-diffeomorphism, in particular 1 : Q' —
R is of class C! on Q. From exercise (17), A~! : R® — R" is of
class C' on R". It follows from theorem (111) that p=A"loy
is of class C' on €. We have proved that 6:9" > Qs a
bijection, such that ¢ : Q" — R"™ and ¢~ : Q' — R™ are both
of class C'. From definition (133), we conclude that ¢ : Q" — Q'
is a C''-diffeomorphism.
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5. Using theorem (110) and exercise (17), we obtain:

dd(a) = d(A™ o y)(a)

= d(A7)(¥(a)) o dy(a)
A~ o dip(a)
A loA=1,

6. Since ¢ : Q' — is a C'-diffeomorphism with ¥ = ¢!, and
a € Q' is such that di(a) = I,,, applying 15. of exercise (25):

- Hldra)(Bla.9)
e€ll0 d.%“Q/ (B(G,G))

7. Let € > 0 with B(a,e) C €. Then B(a,¢) € B()') and:

d(dzio0)(Blase)) = dwjgr ({6 € Bla,€)})
Definition (134) — = dz({¢ € B(a,€)})
¢~):¢OA|Q” — = dx({x S QH : ¢OA($) EB(CE,€)})
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(6) = da({z € " Ax) € 671 (B(a, )})
(x%) = de({zx € R": A(z) € ' (B(a,¢))})
Definition (123) — = A(dz)({¢ € B(a,€)})
Theorem (108) — = |det A|"*dz({¢ € B(a,€)})
Definition (134) — = |det A|"'dz|o({¢ € B(a,€)})
Definition (123) — = |det A|"'¢(dz)o)(B(a,¢€))

~—

where the first equality stems from definition (123), and equal-
ity (*) stems from the equivalence, given y € )

¢(y) € Bla,e) & ye ¢ (Blae))
As for equality (%), it follows from the fact that for all z € R™:
A(z) € 971 (B(a,e)) = Az) €Q = 2€Q”

8. For € > 0 sufficiently small, we have B(a,¢) C €', and from 7.:
¢(dx)0)(B(a,e)) = | det Alp(dz|o ) (B(a, €))
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Hence, from 6. we conclude that:

¢(dz0)(B(a, €))

= |det A
ello dzoy (Bla,e)) | det 4]

9. From definition (132) we have det A = det[dy(a)] = J(¢¥)(a).
Hence, given a C'-diffeomorphism ¢ : Q — ', given a € Q" and
1 = ¢!, we have proved that:

¢(dza)(B(a, €))

16 dzio (Ba, €)) = JW)(a)

This completes the proof of theorem (118).

Exercise 26

www.probability.net


http://www.probability.net

Solutions to Exercises 183

Exercise 27.

1. Let 2,9 beopenin R" and ¢ : Q — Q' be a C''-diffeomorphism.
Let 1 = ¢~ '. Let K C Q' be a non-empty compact subset of
Q' such that dzo (K) = 0. Let € . Since the Lebesgue
measure dr on R" is locally finite, there exists U open in R”
such that € U and dz(U) < +oo. It follows that U N Q' is
open in @, x € UNQ and furthermore:

de)o (UNQ) =de(UNQ) <de(U) < +o00

Hence, the Lebesgue measure dz|o on Y is also locally finite.
From theorem (74), dx|q  is therefore a regular measure on
(€Y, B(€Y)). From definition (103), we obtain:

de)o (K) = inf{dz)o/ (V) : K CV, V open in Q'}

Let ¢ > 0. Having assumed that dwo/(K) = 0, in particular
we have dx|o/(K) < e. Since drjo/(K) is the greatest lower-
bound of all dz|o/(V')’s as V ranges through the set of all open
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subsets of ' with K C V., € cannot be such an lower-bound.
Hence, there exists V open in Q' such that K C V(C Q') and
dz)o/ (V') < e. In particular we have dzjo (V) < e.

2. Since V is open in ', from definition (23) of the induced topol-
ogy, there exists U open in R™ such that V = U N Q. Since
is open in R™, we conclude that V is also open in R".

3. Let M = sup,cg ||d¢(z)||. Having assumed that ¢ : Q@ — €'
is a C'-diffeomorphism, in particular ¢ : ' — R is of class
C' on Q. Hence, the differential d¢p : Q' — Lg(R™,R") is
continuous. Since for all [,!" € Lg (R™, R™) we have:

=1 < 112 =)

the norm |- || : Lr(R™ R"™) — R is also continuous. It follows
that ||dy())| : Q' — R¥ is a continuous map, and its restric-
tion [|dy(:)|||x is therefore a continuous map defined on the
non-empty compact topological space K. From theorem (37),
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|di)(-) |l x attains its maximum. In other words, there exists
xzp € K such that:

M = sup |[dy(z)|| = ||dip(xm) ||
rzeK
We conclude that M € Rt.

4. Let z € K. Since K C V, in particular z € V. Since V is open in
R", there exists € > 0 such that B(x,e1) C V. Furthermore,
since K C €, x € Q' and % is therefore differentiable at x.
Applying definition (128) to ¥ and € = 1, there exists § > 0
such that for all h € R", the condition ||h| < § implies that
z+heQ, and:

[z + h) = P(z) — dp(z)(h)]| <[]

Defining €, = min(ey,d/3), we have B(z,e;) C V and for all
h € R™ with ||h|| < 3e,, we obtain x + h € ', and:

[P(z+h) =@ < lldp@) (Rl + [l
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IN

@) - 1] + 4]

< (sup dw<u>) Inl+ ]
weK

(M + DA

A

5. Let x € K. Let y € B(z,3¢;). Define h = y — 2. Then
h € R™ satisfies the condition ||| < 3e,. It follows from 4.
that y = x + h € Q', and we have proved that B(z,3e,) C Q.
Moreover, applying 4. once more, we obtain:

[ (y) — (@)l [z + h) = ¢(a)|

(M +1)]|n]]

and consequently ¥ (y) € B(¥(y),3(M + 1)e;). This being true
for all y € B(x,3¢,), we have proved that:

(B(z,3€2)) € B(¥(x), 3(M + 1)es)

IN
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6. Let x € K. We claim that ¢¥(B(x,3¢;)) = {¢ € B(x,3¢ez)}.
Suppose z € ¥(B(x,3¢;)). There exists y € B(x,3¢;) such
that z = ¥(y). So ¢(z) = ¢(¥(y)) = y and consequently we
have ¢(z) € B(z,3¢;), i.e. z € {¢ € B(x,3¢;)}. This shows
the inclusion C. To show the reverse inclusion, suppose ¢(z) €
B(z,3¢€;). Then z = 9(¢p(z)) € (B(x,3€;)). This shows the
inclusion D.

7. We claim the existence of a finite subset {z1,...,z,} of K with:
K C B(x1,€2,)U...UB(xp,€z,) (12)

Since K is compact and K C U,c i B(z, €,) where each B(z, €;)
is open, from exercise (2) (part 5.) of Tutorial 8, there exists
{1,...,2,} C K such that the inclusion (12) holds. Note that
since K # (), we must have p > 1.

8. Since B(x1,€,),- .., B(xp, €;,) is a finite sequence of open balls
in R™, from exercise (14) of Tutorial 16, there exists S finite
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subset of N, such that (B(z;,¢€s,))ics is a family of pairwise
disjoint open balls, and furthermore:

p
U B(xia €Ii) - U B(xi73€zi)
i=1 i€s

It follows from 7. that:

K C | B(wi, 3es,)
€S

9. Using 5., 6. and 8. we obtain:
{pe K} = ¢ U(K)
From8. — C ¢! (U B(xi,3ezi)>
i€s

= Yo' Bl3e)

€S
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From 6. —

From 5. —

10. From 9. and exercise (1

A

¢(drq) (K)

<

IN

189

J{¢ € B(xi,3e.,)}

€S

U w(B(

€S

U B(w(

€S

xl? 36$L

M + 1)sz)

2) of Tutorial 16, we obtain:

drjo({¢ € K})

dz o (U B(t(xi),3(M + 1)%))
€S

> dao(B( 3(M +1)ey,))

€S

€S
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11.

= > 3"(M +1)"€} du(B(0,1))
€S

— Z3”(M + 1)"dx(B(x4, €z,))
€S

Since (B(x;, €z,))ies is a family of pairwise disjoint (Borel) sets:

dx (H—J B(x;, €q,) ) de (i, €xz,))

€S €S
Hence, having proved in 4. that B(z,¢,) CV for all x € K, we
obtain from 10.:

$drjo)(K) < Y 3"(M +1)"de(B(xi,ex,))
€S

= Sn(M + 1)"dx (H‘J B(xi7€zi)>
€S
3"(M 4 1)"dz(V)

IN
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12. Since dz(V') = dx|o/ (V) < ¢, it follows from 11.:
d(dzo)(K) < 3" (M +1)"e (13)

13. We have found M € R* for which inequality (13) holds for all
€ > 0. It follows that ¢(dz)n)(K) =0

14. Let 2 € Q. Then ¢(z) € Q. Since dz|q is a locally finite
measure on 2, there exists W open in 2, such that ¢(x) € W
and dz)o(W) < 400. Define U = ¢~ *(W). Then U is open in
Q) and z € U. Moreover:

¢(dzi)(U)

dzio (¢~ (U))

= dajo(¢” (¥ H(W)))
= dajo(( o)1 (W))
= dro(W) < 400

Hence, given z € Q" we have found U open in Q' such that x € U
and ¢(dz|o)(U) < +oo. From definition (102), we conclude that
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15.

16.

17.

¢(dx|0) is a locally finite measure on (€', B(Q')).

Having proved in 14. that ¢(dz|q) is a locally finite measure,
from theorem (74) it follows that ¢(dz|q) is a regular measure.
Given B € B(Q'), from definition (103) we obtain:

¢(dx)o)(B) = sup{¢(dz|o)(K) : K € B, K compact }

Let B € B(Q') with dx)o/(B) = 0. Let K be a compact subset
of B. Then in particular, K is a compact subset of €' with
dxio (K) = 0. If K # 0, it follows from 13. that ¢(dz|)(K) =
0. This is obviously still true if K = (). Hence we see that
¢(dx)o)(B) is the supremum of the set {0}, and consequently
¢(dx)o)(B) = 0. We have proved that for all B € B(€Y'):

dro/(B) =0 = ¢(dujq)(B) =0 (14)

Given Q,€Q open in R™ and ¢ : Q — Q' C'-diffeomorphism, we
have proved that for all B € B(Q') the implication (14) holds.
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From definition (96), it follows that the image measure ¢(dx|q)
is absolutely continuous with respect to dz|o/, i.e.:

d)(dxm) << dxml
This completes the proof of theorem (119).

Exercise 27
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Exercise 28.

1. Let 2,9 beopenin R" and ¢ : Q — Q' be a C''-diffeomorphism.
Let ¢ = ¢~'. Since R" is metrizable and strongly o-compact,
since ' is open in R, from theorem (76), €’ is itself strongly o-
compact. From definition (104), there exists a sequence (V})p>1
of open subsets of €', such that V, T Q" and for all p > 1 the
closure of V;, in €' (denoted V') is compact.

2. Being open in ', each V,, can be written as V,, = U, N Q' where
U, is open in R™. Since Q' is itself open in R", it follows that V},
is also open in R"™. Let V}, denote the closure of V,, in R". We
claim that V¥ = Vj,. Since ' is open in R", from exercise (19)
of Tutorial 13 we have \7119/ = V,NQ'. However, having assumed
that VPQ/ is a compact subset of ', it is also a compact subset
of R", and R" is Hausdorff. It follows from theorem (35) that
V¥ is a closed subset of R", which furthermore contains Vj,
in the inclusion sense. From exercise (21) of Tutorial 4, V), is
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the smallest closed subset of R™ containing V}, in the inclusion
sense. Hence, we see that Vp - V;,Q/ and in particular ‘7p cqQ.
We conclude from V;,Q/ =V, N Q' that V;,Q/ =V,

3. Let p > 1. Using 14. of exercise (27), the image measure ¢(dx|q)
is a locally finite measure on (€', B(€')). From exercise (10)
of Tutorial 13, since VpQ is a compact subset of ' we have

qﬁ(dxm)(vpg/) < +o00. Since V;,Q/ = V), we conclude that:

P(dr)o)(Vy) < ¢(dain)(Vp) < 400

4. Tt follows from 3. that (V},),>1 is a sequence of Borel subsets of
Q' such that V,, T Q' and ¢(dz|q)(V,) < 400 for all p > 1. From
definition (61), we conclude that ¢(dz|q) is a o-finite measure
on (', B(€')). Similarly, since dz|q is a locally finite measure,

from exercise (10) of Tutorial 13, Vpﬂl being compact:

dx‘Q/(Vp) S d{l?lQ/(‘?IJ) = d{ElQ/(‘ZDQ/) < +00
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It follows that dz o is also a o-finite measure on (€', B(€Y')).

5. From theorem (119), we have ¢(dr)q) << dx|o. Further-
more from 4. ¢(dx|q) and dx|o are two o-finite measures on
(€, B(Y)). From the Radon-Nikodym theorem (61), there is
h:(,B(Q)) — (R*,B(R")) measurable such that:

VB € B(Q) dﬂim / hdxml

6. Given p > 1, we define h;, = hly,, and we put:

n 7 A hy(x) if zeQ
VreR ,hp(x)z{op() it oo

Using exercise (19) of Tutorial 16, h,, is measurable, and:

hydr = | hwdaiar
RTL
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V

p

From 5. — = &(dzxq)(V})
From3. - < +oo

We conclude that h, € Lk (R", B(R"), dx).
7. Applying theorem (101) to ﬁp, dz-almost every x € R™ is a

Lebesgue point of ﬁp. In other words, there exists N, € B(R"™)
with dz(N,) = 0 such that for all z € N, z is a Lebesgue point

of hy, and in particular from exercise (17) of Tutorial 16:

- 1 i
P o) = lim — hyd 1
p(x) eﬁ% dg;(B(l‘, 6)) /B(a:,e) - ( 5)

Defining N = Up>1N,, we have N € B(R") and dz(N) = 0,
and furthermore (15) holds for all z € N¢ and p > 1.
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8. Let N'=NnNQ'". Then N’ € B(R") o = B('), and:
dz)o (N') = dx(N') < dz(N) =0
9. Let z € Q. Suppose p > 1 is such that z € V,. Let € > 0 be
such that B(z,€) C V,. Then in particular B(z,¢) C Q' and:
B(z,€) = B(x,e) N Q" € BR") | = B(Y)
It follows that dx|o/ (B(z,€)) is meaningful, and:
dx(B(z,€)) = dijor (B(z,€))
Furthermore, it is clear that:

if wed
if ugq

Yu € R, (1p(s.0hy) (1) = { élB(w,e)hp)(U)

where we have used that same notation 1p(, ) to denote suc-
cessively the characteristic function of B(xz,¢) on R™ and on ',
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Applying exercise (19) of Tutorial 16, we obtain:

/ ilpd:L‘ = / 1B(m7€)ilpd.%'
B(x,e€) R

Ex. (19) of T.16 — = / 1B(m7€)hpd.’l,"g/
Q/
10. Since h,, = hly, and B(z,€) €V}, using 5. we have:
/ 1B(a:,e)hpdx\9/ = / lB(gc,e)hl\/pdx\Q/
ol ol

= / 1B(a,e)hdz |0
Q/

= / hdl‘m/
B(x,e€)

From 5. — = ¢é(dz)q)(B(x,¢))

www.probability.net


http://www.probability.net

Solutions to Exercises 200

11. Let x € Q" \ N'. Since N’ = N N Q’, we have:
A\N = QAnN(NnQ)*
QA N(NUQ))=0 NN
So in particular x € N€. It follows from 7. that for all p > 1:

- 1 i
P o) = lim hyd 1
p(x) eﬁ% dg;(B(l‘, 6)) /B(a:,e) pe ( 6)

However, by assumption V,, T ©'. Since z € ', there exists
p > 1 such that = € V,,. In particular we obtain:

hy(x) = hy(2) = h(2)1y, (x) = h(z) (17)

Furthermore, since z € V}, and V,, is open in R", there exists
n > 0 such that B(z,n) C V,. For all € > 0 with € < 1 we have
B(z,¢e) C V, and consequently from 9. and 10. we obtain:

[ e = o(doo) (B, o) as)
B(x,e)
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12.

and furthermore:
dz(B(z,¢€)) = dz|o (B(z,€)) (19)

Having proved the equalities (18) and (19) for € > 0 sufficiently
small, we conclude from (16) and (17) that:

 6(dape) (B, )
h(@) = m dz oy (B(z,€))

Hence, we have proved (20) for all z € Q' \ N'.

(20)

Applying theorem (118), for all z € ' we have:

i Odzie) (B, €)
T @) = i = (B, o)

It follows from (20) that h and |.J(¢)| coincide on "\ N’. Having
proved in 8. that dx|o/(N') = 0, we conclude that h = [.J(¢)],
dx|o/-almost surely.
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13. From 5. and 12. we see that for all B € B(Y'):
odrie)(B) = | ndog
- [ V@)oo
B

This being true for all B € B(£)'), we conclude that the image
measure ¢(dr)q) has density |.J(¢)| with respect to the Lebesgue
measure dzjo on ', ie.:

P(dr)q) = / |J(¢)]dx)qr
This completes the proof of theorem (120).

Exercise 28
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Exercise 29. Let Q,Q be open in R"® and ¢ : Q — Q' be a C'-
diffeomorphism. Let ¢ = ¢! and f : (@, B()) — [0,+0cc] be a
non-negative and measurable map. Applying the integral projection
theorem (104), we have:

[ rootna = [ rotdng) (21)

and furthermore, from theorem (120):

odz) = [ 110)ldoie

So from the stack integral theorem (21), we obtain:

| sotane) = [ flawids (22)
From equations (21) and (22) we conclude that:
[ rovtna= [ flrwdse (23
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Having proved in exercise (23) that J(1) is continuous, and further-
more that J(v)(z) # 0 for all x € Q', the map f/|J(¢)| is well-defined,
non-negative and measurable. Applying equation (23) to f/[J(¥)|:

/Q, fdzjor = /Q , (ﬁ) | ()| dzj o

Equation (23) — = /Q |J(f )¢¢|d$|§z
Exercise (23) —» = /Q(fOQS)‘J(QS)‘deQ

This completes the proof of theorem (121).
Exercise 29
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Exercise 30. Let ©,Q be open in R and ¢ : Q — Q' be a C'-
diffeomorphism. Let ¢ = ¢~ ! and f : (', B()) — (C,B(C)) be
a measurable map. Since ¢ and |J(¢)| are continuous, in particular
they are Borel measurable and consequently f o ¢ and f|J(¢)| are
Borel measurable. Furthermore, applying the Jacobian formula (121)
to the non-negative and measurable map |f|, we obtain:

[ieslana = [ if1o o0

Theorem (121) — = /|f\ V) |dx o

- / FI@) Az
N

Hence, we have proved the equivalence:

fodeLe(QB(Q),drjo) & flI(W) € Le(,B(Y), dzjor)
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Similarly, since ¢ and |J(¢)| are continuous, both (f o ¢)|J(¢)| and f
are Borel measurable, and from theorem (121):

[ ldea = [ (sl ez

= [ 1 e0I@)drg

Hence, we have proved the equivalence:
(fod)|J(9)l € Le(Q,B(),dxo) & f € Le(Q,B(Q), drjgr)

Now suppose that f o ¢ € Lg(Q,B(2),dr)g). Let u = Re(f) and
v=1Im(f),sothat f =ut—u"+i(vT—v7). Since u™,u™ < |u| < |f|
and vt 0™ < Ju| < |f|, each u* o ¢ and v* o ¢ is an element of
L&(9,B(2), dx|q). It follows that each u™|J(1)| and v*|J(¢)] is an
element of Li(Q', B(R), dz)o/), and we have:

/Qfoqsdxm _ /Q(u+o¢)dxm—/ﬂ(u*o¢)dxm
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+ z‘(/g(qﬁogz))dxg —/Q(u— ogi))dﬂ;g)
Theorem (121) — = /lu+|J('l/J)|de;‘Q/ —/Q/ u” [J(¢)|dz)or
v i ([ v - [ i@l

= /f\J ¥)|dz o

Suppose now that f € L& (€, B(Q'), dxo). Then ut, u™, v and v~
are all elements of L{ (Q’ B(Q ), dx|o), and furthermore:

fd1'|Q/ = / [U+ —Uu + i(U+ — U_)}dl'lgl
Q/ ’

= / u+dxm/—/ u”drgy
’ Q/
+ ) (/ ’U+d$|Q/ —/ ’Ud.’L'Q/)
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Theorem (121) — = /(u+ 0 ¢)|J(¢)|dx|q
Q
- [ ool
Q
+o /Q (v 0 6)|J(6)ldziq
— /Q (v 0 $)T(®)\daje
- / (f 0 )T (@)ldz g

This completes the proof of theorem (122).
Exercise 30
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Exercise 31.
1. Let f: R? — [0, +00] be defined by:
V(z,y) e R*, f(x,y) = exp(—(2® +¢*)/2)

Using Fubini’s theorem (31) we obtain:

| faasdy = [ exp(—(a? +7)/2)dudy
Theorem (31) — = /R ( /R exp(—x2/2)exp(—y2/2)dx) dy
[ esv-sr2 ( [ expl- /21 dy
([ exvtea?r2ac) [ exp-s2/21a
()
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2. We define the following subsets of R?:

A 2 {(z,y) eR*: 2>0, y >0}
Ay 2 {(z,y) eR*: 2<0, y>0}
As 2 {(z,y) eR*: 2>0, y<0}
Ay 2 {(z,y) eR*: 2<0, y <0}

and:
As = {(z.y) €R?: 2= 0}U{(z,y) €R*: y =0}
Then A1, As, Az, Ay and Ay are pairwise disjoint, and:
R?=A1 WA W A3 6 Ay Ap

Moreover, since {z = 0} and {y = 0} are one-dimensional sub-
spaces of R?, from theorem (109) we have:

drdy(As) < dedy({z = 0}) + dady({y = 0}) =0
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Hence, we have:

/ fla,y)dedy = / f(z,y)dedy
R?2 A

1w WAg

/A fay)dedy + | fay)dedy

1. WA, As

/ f(z,y)dzdy
A

1. WA,

3. Let Q : R?> — R? be defined by Q(z,y) = (—2,y). Then Q is a
linear bijection and furthermore:

-1 0
detQ—det( 0 1)——1

From theorem (108), we have:

Q(dzdy) = |det Q| ' dady
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and consequently:

fla,y)dedy = / 1a, fddy

Ay

/ (1a, 0 Q0 Q)(f 0 Q' 0 Q)dudy
Theorem (104) — = / (1a, 0 Q" Y)(f 0 Q" )Q(dxdy)

| det Q[ / (1a, 0 Q@ )(f 0 QV)dudy

/1A2(f o Q Y)dxdy

foQ Nz, y)dudy
Ao
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4. Since f(z,y) = exp(—(2% +?)/2), foQ~ 1 = f. So, from 3.:

f(z,y)drdy = [z, y)dzdy
Al A2
Similarly, using Q'(z,y) = (x, —y) and Q" (z,y) = (—z, —y):
f(z,y)dedy = [z, y)dzdy
Al A3
= [z, y)dzdy
Ay

We conclude from 2.:

/ fla,y)dedy = / f(z,y)dedy
R?2 A

18, WA,

4
Zl/A f(x,y)dady

4 [ flx,y)dzdy
Ay
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5. Let Dy =]0, +00[x]0,7/2[ and ¢ : D1 — Aq be defined by:

Y(r,0) € D1, ¢(r,0) = (rcos,rsind)
Let ¢ : A1 — D1 be defined by:
V(z,y) € Ar, Y(a,y) = (Va2 + y?, arctan(y/z))
Then for all (r,0) € Dy, we have:
Yoo(r,d) = (rcosf,rsind)
= [\/(rcosf)? + (rsin )2, arctan(sin 6/ cos 6)]

= (Mm, arctan(tan 6))

- (T’ 0)
So 1 o ¢ = idp,. Furthermore, for all  €]0,7/2[ we have:

) sinf 1 —cos?6

cos? cos2 6
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and consequently, since cos > 0, we obtain:
1
cosf) = —— 24
V1 +tan?6 (24)

Similarly, from:
sin® B sin? 6
cos2f 1 —sin%0
and the fact sinf > 0 and tan € > 0, we obtain:
tan 6
sinf = ——— 25
V1 +tan? 6 (25)

From (24) and (25) we see that for all (z,y) € A;:

1 X
cos(arctan(y/z)) = S+ R+

tan? 0 =

and:
y/x Yy

))\/14—y2/962 B Va2 + y2
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It follows that for all (x,y) € Ay:

pov(z,y) = ¢(Va?+y? arctan(y/x))
= /a2 + y?[cos(arctan(y/x)), sin(arctan(y/z))]

/2% + 42 r Yy

Va? £y a

= (z,y)
and we have proved that ¢ o1 = ida,. Having proved that
o ¢=idp, and ¢ o) = ida,, we conclude that ¢ : D1 — Ay
is bijective and 1 = ¢~ 1.

6. In order to show that ¢ : D; — A; is a C'-diffeomorphism,
we need to show that both ¢ : D; — R? and v : A; — R?
are of class C1. Given (r,0) € Dy, define ¢,(r,0) = rcosf and
¢y(r,0) = rsinf. Then, we have:

09z
or

¢
o0

(r,0) =cosf (r,0) = —rsiné
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aqSy 3(;5,,
or o0

Ods  O¢u

So it is clear that <=, <=, 8;: and agﬁ Y exist and are continuous
on Dj. From theorem (117), it follows that ¢ : D; — R? is of
class C* and for all (r,0) € Dy, we have:

do(r, 0) = ( cos) —rsinf )

sinf rcosd
Given (x,y) € Ay, define ¥, (z,y) = /22 + y? together with
Yg(x,y) = arctan(y/z). As some of us may have forgotten,
recall that the map tan:] — 7/2,7/2[— R is differentiable, and:
sinf\’ (sin )’ cos @ — (cos ) sin 6
cos? 0

(r,0) =sinf (r,0) =rcosf

(tan @) = (

cos

cos? 0 + sin? 0
cos? 0

= 1+tan’6
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Moreover, the map arctan : R —] — 7/2,7/2[ is also differen-
tiable, and one way to remember its derivative is to differentiate
both sides of the identity x = tan(arctanx), to obtain:

1 = tan'(arctanz) - (arctanz)
(14 tan®(arctanz)) - (arctanz)’
= (1+2%) - (arctanz)’

and consequently for all x € R:

1
(arctanzx) = i
It follows that given (x,y) € Ay, we have:
0, x 0Py y
O (z,y) = \/TT% ) 8—y($»y) = \/TTyQ
and furthermore:
%(x,y) = (—j—2) - arctan’ (y/x)
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Y 1

22 1442 /a2
Yy

a2 42

as well as:
-arctan’(y/x)

1
1+ y2/a?
x
x? + y?
Hence, we see that 8;;, 3{;2 r 8;;9 and 8w9 exist and are contin-

uous on A;. From theorem (117), it follows that ¢ : Ay — R?
is of class C! and for all (x,y) € A1, we have:

x Y
dw(:c,w:( Vo ety )

z24y? 24 y?

K= 8=
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We have proved that ¢ : D1 — A; is a C''-diffeomorphism.

7. From 6. and definition (132), for all (r,0) € Ds:

cosf) —rsinf
J()(r0) = det(sin@ 7 cos 0 )

= cosf- (rcosf) —sinf(—rsind)
= r(cos? + sin®0)

= r

8. From 6. and definition (132), for all (x,y) € Aq:

T wy) = det( Vi w;;yz)

B 22 N y?
(22 +y2)3/2 (22 4 y2)3/2
1

www.probability.net


http://www.probability.net

Solutions to Exercises 221
9. Applying the Jacobian formula (121) to fia, : A1 — [0, +o0]:

fla,y)dady = / 1a, fdady
Aq R?

Definition (45) — = / fia, (dzdy)|a,

Theorem (121) — / (fla, o )| (d)[(drdf) p,

fiayod(r)y=e " — = —12/2)r(drdf)p,

Definition (45) — = p, exp(—r?/2)rdrdf

Fubini (31) — ( 1p, exp(— 2/2)rd9) dr

10,400] exp( 2 /2)rdr

Jo, o
o’
A
i
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MON (19) —
Theorem (99) —

10. Using 1., we obtain:

1 oo 2
_— —u /24
e u
V2T /700
From 4. —

From 9. —

222

/1[07+m[exp(—r2/2)rdr

R

. ™ 2

lim = [ 1jgnexp(—r/2)rdr
2 Jg

7r

lim g[l —exp(—n?/2)] =

n—-+oo 2

( 1/2
L < flz,y) dxdy)

(4

(

This complete the proof of theorem (123).

Exercise 31
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